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Preface

My goal in teaching communications (and in authoring this text) is to provide
students with

® an exposition of the theory required to build modern communication systems.

® an insight into the required trade-offs between spectral efficiency of trans-
mission, fidelity of message reconstruction, and complexity of system imple-
mentation that are required for a modern communication system design.

® 3 demonstration of the utility and applicability of the theory in the homework
problems and projects.

® 3 logical progression in thinking about communication theory.

Consequently, this textbook will be more mathematical than most and does not
discuss examples of communication systems except as a way to illustrate how
important communication theory concepts solve real engineering problems. My
experience has been that my approach works well in an elective class where
students are interested in communication careers or as a self-study guide to
communications. My approach does not work as well when the class is arequired
course for all electrical engineering students as students are less likely to see
the advantage of developing tools they will not be using in their career. Matlab
is used extensively to illustrate the concepts of communication theory as it is
a great visualization tool and probably the most prevalent system engineering
tool used in practice today. To me the beauty of communication theory is the
logical flow of ideas. I have tried to capture this progression in this text. Only
you the reader will be able to decide how I have done in this quest.

Teaching from This Text

This book is written for the modern communications curriculum. The course
objectives for an undergraduate communication course that can be taught from
this text are (along with their ABET criteria)

® Students learn the bandpass representation for carrier modulated signals.

(Criterion 3(a))

Xv

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.



XVi

Preface

® Students engage in engineering design of communications system compo-
nents. (Criteria 3(c),(k))

® Students learn to analyze the performance, spectral efficiency and complexity
of the various options for transmitting analog and digital message signals.
(Criteria 3(e),(k))

® Students learn to characterize noise in communication systems. (Criterion

3(a))

Prerequisites to this course are probability and random variables and a signal
and systems course.

I have taught out of this book material in several ways. I have been lucky
to teach at three universities (Purdue University, the Ohio State University,
and the University of California Los Angeles) and each of these experiences
has profoundly impacted my writing of this book. The material in this book has
been used to teach three classes

® Undergraduate analog communications and noise (30 lecture hours)
® Undergraduate digital communications (30 lecture hours)

® Undergradute communications (40—45 lecture hours)
The course outline for the 30 lecture hours of analog communication is

1. Chapters 1 & 2 — 1 hour. This lecture was a review of a previous class.

2. Chapter 4 — 2 hours. These lectures build heavily on signal and system
theory and specifically the frequency translation theorem of the Fourier
transform.

3. Chapter 5 — 1 hour. This lecture introduces the concept of analog modu-
lation and the performance metrics that engineers use in designing analog
communication systems.

4. Chapter 6 — 5 hours. These lectures introduce amplitude modulation and
demodulation algorithms. Since this course was an analog only course, I
spend more time on the practical demodulation structures for DSB-AM
and VSB-AM.

5. Chapter 7 — 5 hours. These lectures introduce angle modulation and de-
modulation algorithms. I like to emphasize that the understanding of the
spectrum of angle modulations is best facilitated by the use of the Fourier
series.

6. Chapter 8 — 2 hours. These lectures introduce multiplexing and the phase-
locked loop. Multiplexing is an easy concept and yet students enjoy it be-
cause of the practical examples that can be developed.

7. Chapters 3 & 9 — 6 hours. These lectures introduce random variables and
random processes. This, from the student’s perspective, is the most difficult
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part of the class as the concept of noise and random processes are mathe-
matically abstract. Undergraduates are not used to abstract concepts being
important in practice.

. Chapter 10 — 3 hours. These lectures introduce bandpass random pro-

cesses. This goes fairly well once Chapter 9 has been swallowed.

. Chapter 11 — 3 hours. These lectures introduce fidelity analysis and the

resulting SNR for each of the modulation types that have been introduced.
The payoff for all the hard work to understand random processes.

10. Test — 1 hour.

The 30 hour digital only communication course followed the analog course so

it could build on the material in the previous course. This course often contained
some graduate students from outside the communications field that sat in on
the course so some review was necessary. The course outline for 30 lecture hours
of digital communications is

1.

Chapter 1 & 4 — 2 hours. These lectures introduce communications and
bandpass signals.

. Chapter 9 & 10 — 2 hours. These lectures introduce noise and noise in

communication systems.

. Chapter 12 — 1 hour. This lecture introduces the concept of digital modula-

tion and the performance metrics that engineers use in designing systems.
This lecture also introduces Shannon’s limits in digital communications.

. Chapter 13 — 6 hours. These lectures emphasize the five-step design process

inherent in digital communications. In the end these lectures show how far
single-bit transmission is from Shannon’s limit.

. Chapter 14 — 4 hours. These lectures show how to extend the single bit

concepts to M-ary modulation. These lectures show how to achieve different
performance-spectral efficiency trade-offs and how to approach Shannon’s
limit.

. Chapter 15 — 8 hours. These lectures introduce most of the modulation

formats used in engineering practice by examing the complexity associated
with demodulation.

. Chapter 16 — 3 hours. These lectures introduce bandwidth efficient trans-

mission and tools used to test digital communication systems.

. Chapter 17 — 2 hours. These lectures introduce coded modulations as a way

to reach Shannon’s bounds.

. Test — 1 hour.

The 40—45 hour analog and digital communication course I taught tradition-

ally had a much more aggressive schedule. The course outline for 40 lecture
hours of communications is
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. Chapters 1 & 2 — 1 hour. The signal and systems topics were a review of a

previous class.

. Chapter 4 — 2 hours. These lectures build heavily on Fourier transform

theory and the frequency translation theorem of the Fourier transform.

. Chapter 5 — 1 hour. This lecture introduces the concept of analog modula-

tion and the performance metrics that engineers use in designing systems.

. Chapter 6 — 4 hours. These lectures introduce amplitude modulation and

demodulation algorithms. The focus of the presentation was limited to co-
herent demodulators and the envelope detector.

. Chapter 7 — 4.5 hours. These lectures introduce angle modulation and

demodulation algorithms. I like to emphasize that the understanding of the
spectrum of angle modulations is best facilitated by the use of the Fourier
series.

6. Chapter 8 — 0.5 hour. Only covered multiplexing.

10.

11.

12.

13.

14.

15.

16.

. Chapters 3 & 9 — 5 hours. This is the toughest part of the class as the

concept of noise and random processes are mathematically abstract. Un-
dergraduates are not used to abstract concepts being important in practice.

. Chapter 10 — 2 hours. This goes fairly well once Chapter 9 has been swal-

lowed.

. Chapter 11 — 2 hours. The payoff for all the hard work to understand

random processes.

Chapter 12 — 1 hour. This lecture introduces the concept of digital modula-
tion and the performance metrics that engineers use in designing systems.
This lecture also introduces Shannon’s limits in digital communications.

Chapter 13 — 6 hours. These lectures emphasize the five-step design pro-
cess inherent in digital communications. In the end these lectures show
how far single-bit transmission is from Shannon’s limit.

Chapter 14 — 4 hours. These lectures show how to extend the single bit
concepts to M-ary modulation. These lectures show how to achieve different
performance-spectral efficiency trade-offs and how to approach Shannon’s
limit.

Chapter 15 — 3 hours. These lectures introduce most of the modulation
formats used in engineering practice by examing the complexity associated
with demodulation.

Chapter 16 — 1 hours. These lectures introduce bandwidth efficient trans-
mission and tools used to test digital communication systems.

Chapter 17 — 1 hours. These lectures introduce coded modulations as a
way to reach Shannon’s bounds.

Test — 1 hour.

The 45 hour course added more details in the digital portion of the course.
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Style Issues

This book takes a stylistic approach that is different than the typical commu-
nication text. A few comments are worth making to motivate this style.

Property-Proof

One stylistic technique that I adopted in many of the sections, especially where
tools for communication theory are developed, was the use of a property state-
ment followed by a proof. There are two reasons why I choose this approach

1. The major result is highlighted clearly in the property statement. Students,
in a first pass, can understand the flow of the development without getting
bogged down in the details. I have found that this flow is consistent with
student (and my) learning patterns.

2. Undergraduate students are increasingly not well trained in logical thinking
in regard to engineering concepts. The proofs give them some flavor for the
process of logical thinking in engineering systems.

General Concepts Followed by Practical Examples

My approach is to teach general concepts and then follow up with specific ex-
amples. To me the most important result from a class taught from this book
is the learning of fundamental tools. I emphasize these tools by making them
the focus of the book. Students entering the later stages of their engineering
education want to see that the hard work they have put into an engineering
education has practical benefits. The course taught from this book is really fun
for the students as old tools (signals and systems and probability) and newly
developed tools are needed to understand electronic communication.

Two Types of Homework Problems

This book contains two types of homework problems: (1) direct application
problems and (2) extension problems. The application problems try to define
a problem that is a straightforward application of the material developed in
the text. The extension problem requires the student to think “outside the box”
and extend the theory learned in class to cover other important topics or cover
practical applications. As a warning to students and professors: Often times
the direct application problems will appear ridiculously simple if you carefully
read the text and the extension problems, as they are often realistic engineer-
ing problems, appear to be much too extensive for a homework problem. I have
found that both types of problems are important for undergraduate education.
Direct application problems allow you to practice the theory but are usually not
indicative of the types of problems an engineer sees in practice. Alternatively
students often desire realistic problems as they want a feel for “real” engineer-
ing but often get overwhelmed with the details needed in realistic problems. All
direct application leads to a boring sterile course and all extension problems
discourage all but the exceptionally smart and motivated. Having a book with
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both types of problems allows the student to both exercise and extend their
learning in the proper balance.

Examples and Example Solutions

My learning style is one where a very succinct presentation of the issues works
best. I originally wrote this book where the material was presented in a con-
densed version with little or no examples. I then followed each chapter with a
set of example solutions to homework problems. During the many revisions of
the book I came to realize that many students learn best with examples along
with a presentation of the theory. I added a significant number of in-text exam-
ples to meet this learning need. I still like a succinct presentation so I did not
move all example solutions to in chapter examples. Consequently, each chapter
has a set of in-chapter examples and a set of worked solutions. This method was
viewed as a compromise between a succinct presentation (my learning style and
hopefully a few others) and lots of examples (many students’ learning style).

Miniprojects

Both for myself and the students I have taught, learning is consumated in
“doing.” I include “Miniprojects” in the book to give the students a chance to
implement the theory. The project solutions are appropriate for oral presenta-
tion and this gives the students experience that will be a valuable part of an
engineering career. The format of the project is such that it is most easily done
in Matlab as that is the most common computer tool used in communication
engineering systems. To aid students who are not familiar with Matlab pro-
gramming I have included the code for all the Matlab generated figures in the
text on the book web page. This also allows students to see how the theory can
be implemented in practice.

Writing of the Book

The big question that has to be answered in this preface is “Why should anyone
write another communication theory book?” The short answer is “There is no
good reason for the book and a rational person would not have written the book.”
The book resulted from a variety of random decisions and my general enjoyment
of communication engineering. A further understanding of this book and my
decision to write it can be obtained by understanding the stages I perceived
in looking back on the writing this book. This documentation is done in some
sense for those who will follow in my folly of attempting to write a book to give
them a sense of the journey.

1. Captured. As a child, a high school student and a college student I was
always drawn to math and science, to problem solving, and to challenges.
Quickly my career path steered toward engineering, toward electrical en-
gineering, and finally toward communication engineering. I took a job as a
communication engineer while pursuing a graduate education. In the first
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four years of working I used all of my graduate classes in solving communi-
cation problems and was a key engineer in a team that built and field tested
a sophisticated wireless modem. I was hooked by communications engineer-
ing: It is a field that has a constant source of problems, a well-defined set of
metrics to be used in problem solving, and a clear upperbound (due to Claude
Shannon) to which each communication system could aspire.

2. Arrogance. I started my academic career, after being reasonably success-
ful while working in industry, with the feeling that I knew a great deal. 1
was convinced that my way of looking at communications was the best and I
started teaching as such. I found the textbooks available at the time to have
inadequate coverage of the complex envelope representation of bandpass sig-
nals and bandpass noise and other modern topics. Hence my writing career
started by preparing handouts for my classes on these topics. I quickly got
up to 100 pages of material.

3. Humbled but Learning. It was not too long after starting to teach and
direct graduate student research that I came to the realization that the field
of communications was a mighty river and I had explored only a few fairly
minor tributaries. I came to realize I did not know much and still needed to
learn much. This realization began to be reflected in my teaching as well. I
branched out and learned other fields and reflected my new understanding in
my teaching methods and approaches. Much to my students’ chagrin, I often
used teaching as a method to explore the boundaries of my own learning. This
resulted in many poorly constructed homework problems and lectures that
were rough around the edges. As I am not very bright, when I synthesized
material I always had to put it into my own notation to keep things clear in
my own mind. After these bouts with new material that were very confusing
for my students, I often felt guilty and wrote up notes to clarify my ramblings.
Soon I was up to 200 pages of material on digital communications. As I would
discover later these notes, while technically correct, were agonizingly brief
for students and lacked sufficient examples to aid in learning.

4. Cruise Control. I soon got to the point where I had reasonable notes and
homework and my family and professional committments had grown to the
point where I needed not to focus so much on my teaching and let things run
a bit in cruise control. During this time I added a lot of homework and test
problems and continued to write up and edit material that was confusing to
students. My research always seems filled with interesting side issues that
make great homework problems. I started the practice of keeping a note book
of issues that have come up during research and then tried to morph these
issues into useful homework problems. Some problems were successes and
some were not. In 2002, I was up to about 300 pages.

5. Well T have 300 Pages... At the point of 300 pages I felt like I turned a
corner and had a book almost done and started shopping this book around
to publishers. My feeling was that there was not much left to complete and
once I signed a contract the book would appear in 6 months. This writing
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would magically take place while my professional and family life flourished.
I eagerly wrote more material and was up to 400 pages.

6. ...And Then Depression Set In. When I looked at my project with the
critical eye produced by signing a contract, it quickly became apparent that
lots of pages do not necessarily equate to a book of any quality. At this time
I also got my first reviews back on the book and quickly came to realize
why all textbooks on communications look the same to me. If you took the
union of the reviews you would end up with a book close to all the books
on the market (that I obviously did not fully appreciate). During this time I
struggled mightily at trying to smooth out the rough edges of the book and
address reviewers’ concerns, while trying to keep what I thought was my
personal perspective on communications. This was a significant struggle for
me, as I learned the difficult lesson that each person is unique in how they
perceive the world and consequently in what they want in a textbook but I
stubbornly soldiered through to completion.

In summary the book resulted not from a well thought out plan but from two
disjointed themes: (1) my passionate enjoyment of communication engineering,
(2) my constant naive thinking as a professional. The book is done and it is
much different than I first imagined it. It is unique in its perspective but not
necessarily markedly different than the other books out there. It is time to
release my creation.

Heresies in the Book

The two things I learned in writing this book is that engineering professionals
do not see the field the same and engineering professors do not like change.
In trying to tell my version of the communication story I thought long and
hard about how to make the most consistent and compelling story of commu-
nication engineering for my students. In spite of what I considered a carefully
constructed pedagogy, I have been accused (among other things) of making up
nomenclature and confusing the student needlessly. Since I now realize that
I am guilty of several potential heresies to the field of communication educa-
tion, I decided to state these heresies clearly in the preface so all (especially
those that teach from this book) know my positions (and structure their classes
appropriately).

1. System Engineering Approach. I have worked as a communication en-
gineer in industry and academia. I do not have a detailed knowledge of
circuit theory and yet from all outward appearances I have thrived in my
profession by only being an expert in system modeling and analysis. This
text will not give circuits to build communication systems as circuits will
change over time but will discuss mathematical concepts as these are con-
sistent over time. I am a firm believer that communications engineering is
perhaps unique in how theory directly gets implemented in practice.
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2. Fidelity, Complexity, and Spectral Efficiency. Everything in electronic
communications engineering comes down to a trade-off between fidelity of
message reconstruction, complexity/cost of the electronic systems used to
implement this communication, and the spectral efficiency of the transmis-
sion. I have decided to adopt this approach in my teaching. This approach
clearly deviates from past practice and has not proven to be universally
popular.

3. Stationary versus Wide-Sense Stationary. An interesting characteris-
tic in my education was that a big deal was made out of the difference be-
tween stationary and wide-sense stationary random processes — and most
likely for all communication engineers of my generation. As I went through
my life as a communication engineering professional I came to the real-
ization that this additional level of abstraction was only needed because
the concept of stationarity was arbitrarily introduced before the concept of
Gaussianity. For my book, I introduce Gaussian processes first and then the
idea of wide-sense stationarity is never needed. My view is clearly not ap-
preciated by all' but my book has only stationary Gaussian processes and
random variables. I felt the less new concepts in random processes that
are introduced in teaching students how to analyze the fidelity of message
reconstruction, the better the student learning experience would be.

4. Information Theory Bounds. My view is that digital communication is
an exciting field to work in because there are some bounds to motivate what
we do. Claude Shannon introduced a bound on the achievable fidelity and
spectral efficiency in the 1940s [Sha48]. Communication engineers have
been pursuing how to achieve these bounds in a reasonable complexity
ever since. Many people feel strongly that Shannon’s bounds cannot be
introduced to undergraduates and I disagree with that notion! It is arguable
that Claude Shannon has a bigger impact on modern life than does Albert
Einstein yet name recognition among engineering and science students
is not high for Claude Shannon. Hopefully introducing Shannon and his
bounds to undergraduates can give him part of his due.

5. Erfc(e) versus Q(e). The tail probability of a Gaussian random variable
comes up frequently in digital communications. The tail probability of a
Gaussian random variable is not given by a simple expression but instead
must be evaluated numerically. Past authors have used three different tran-
scendental functions to specify tail probabilities: Erfc(e), ®(e), and the Q(e).
Historically, communication engineers have gravitated to the use of Q(e) as
its definition matches more closely how the usage comes up in digital com-
munications. I have chosen to buck this trend because of one simple fact:
Matlab is the most common tool used in modern communications engineer-
ing and Matlab uses Erfc(e). Most people who read this text after having

1Some reviewers went so far as to suggest I needed to review my random processes background
to get it right!
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used other communication texts do not appreciate the usage of Erfc(e) but
frankly this book is written for students first learning communications.
This notation serves these students much better (even while it irritates
reviewers) as it gives a more consistent view betweeen the text and the
common communication tools.

. Signal Space Representations. A major deficiency in my approach, ac-

cording to some reviewers, is that I do not include signal space represen-
tations of digital signals. While I understand the advantages and insights
offered by this approach I think signal space representations lead the stu-
dents off course. Specifically, I do not know of a single communication sys-
tem that uses the signal space concepts in designing a demodulator or a
modulator other than to exploit orthogonality to send bits independently
(see orthogonal modulations below). The best example of a high dimension
signaling scheme is a direct sequence code division multiple access (DS-
CDMA) system. To the best of my knowledge no DS-CDMA system does
“chip” level filtering and then combining as would be suggested by a signal
space approach but directly implements each spreading waveform or each
spreading waveform matched filter. All demodulators I am familiar with
are based on the concept of the matched filter. I feel taking the matched
filter approach leads to a more consistent discussion, while many of my
colleagues feel a signal space approach is necessary for their students to
comprehend digital communications.

. Noncoherent and Differentially Coherent Detection in Digital Com-

munications. These subjects never enter this introductory treatment of
communication theory as they are really secondary topics in modern com-
munications theory. When I started my career there were three situations
where tradition ruled that noncoherent or differentially coherent tech-
niques were mandatory for high performance communications: (1) in the
presence of jamming, (2) with short packets, and (3) in land mobile wire-
less communications. In the past 15 years I have worked on these types of
systems in both an academic environment and as part of commercial en-
gineering teams and not once were noncoherent or differentially coherent
techiques used? in modern communication systems. I decided that rather
than confuse the student with a brief section on these topics that I would
just not present them in this book and let students pick up this material,
if needed, in graduate school or with experience.

. Cyclostationarity and Spectrum of Digital Modulations. This is a

sensitive subject for many of my professional colleagues. I am strongly of
the opinion that spectral efficiency is a key component of all digital com-
munication discussions. Consequently, all digital transmissions must have
an associated bandwidth. Interestingly nowhere in the previous teaching

2Except to support legacy systems.
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texts was there a method to compute the spectral content of finite length
transmissions even though this must be done in engineering practice. To
be mathematically consistent with the standard practice for defining the
power spectrum of random processes, I settled on the concept of an average
energy spectrum. Here the average is over the random data sequences that
are transmitted. For students to understand this concept they only need to
understand the concept of expectation over a random experiment. This av-
erage energy spectrum is defined for any modulation format and for finite
or infinite length transmissions. In contrast, many professors who teach
communications are wed to the idea of computing the power spectrum of
digital transmissions by

(a) Assuming an infinite length transmission

(b) Defining cyclostationarity

(c) Averaging over the period of the correlation function of a cyclostationary
process to get a one parameter correlation function

(d) Taking the Fourier transform of this one parameter correlation function
to get a power spectrum

This procedure has four drawbacks: (1) it introduces a completely new
type of random process (to undergraduates who struggle with random pro-
cesses more than anything else), (2) it introduces a time averaging for no
apparent logical reason (this really confused me as a student and as a young
engineer), (3) it only is precise for infinite length transmissions (no station-
arity argument can be used on a finite length transmission), and (4) these
operations are not consistent with the theory of operation of a spectrum
analyzer that will be used in practice. Hopefully it is apparent why this
traditional approach seems less logical than computing the average energy
spectrum. In addition, the approach used in this book gives the same an-
swers in the cases when cyclostationarity can be used (without the strange
concept of cyclostationarity) and gives answers in cases where cyclostation-
arity cannot be used, and is consistent with spectral analyzer operations.
Unfortunately, I have learned (perhaps too late in life) that when you are a
heretic, logic does not help your case against true believers of the status quo.

9. Orthogonal Modulations. My professional career has led me on many in-
teresting rides in terms of understanding of communication theory. Early
in my career the communciation field was roiled by a debate of narrowband
modulation versus wideband modulation sparked by Qualcomm’s introduc-
tion of IS-95. At the time I felt wideband modulation was a special case of a
general modulation theory. I remember at the time (roughly 1990) someone
making the comment during a discussion that narrowband modulation was
a special case of wideband modulation® and at the time I was dismissive of

31 believe this discussion was with Wayne Stark or Jim Lehnert.
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10.

11.

this attitude. These concepts stayed in the back of my mind and fermented.
My research focus around 1994 went to multiple antenna modems and in
this field one of the most powerful and interesting ideas proposed was the
Alamouti signaling scheme [Ala98]. Alamouti signaling was a method to
multiplex data across antennas in an orthogonal fashion. Unfortunately, to
further upset my thinking, I started doing research on wireless orthogonal
frequency division multiplexing (OFDM) systems (2000) and at first the uni-
fication of all of these concepts was not apparent to my simple mind. Then
I struck upon the idea that Nyquist’s criteria, Alamouti signaling, OFDM,
and orthogonal spreading waveforms in CDMA systems were all just vari-
ations on a theme of orthogonality. This orthogonality allows bits to be sent
and decoded independently in a very simple way. Once the orthogonality
thread was put in place in my teaching then the relationship among all
these apparent disparate systems, with wideband signaling being the most
general modulation fell into place nicely. Finally, I hated the idea of calling
“normal” modulation “orthogonal time division multiplexing” and wanted
a shorter nomenclature. Since the idea was that bits were sent one after
another in time and that students were comfortable with the idea of stream-
ing video that comes with internet usage, I adopted the notation of stream
modulation. Many of my colleagues and book reviewers really were frus-
trated by my unified view and by my making up this new terminology*. Also
the methodology of teaching a general concept (orthogonality) applicable to
multiple situations did not resonate with many professors’ teaching styles.

Pulse Shapes. My discussion of spectrally efficient digital modulations
again does not follow standard practice. The key ideas in pulse shaping re-
sult from orthogonality. I develope these ideas and introduce a cosine pulse
shape and a squared cosine pulse shape that can be used either in the time
or frequency domain. This approach gives a better understanding of why
the pulse shapes evolved but does not use the standard notation in the lit-
erature (e.g., spectral square root raised cosine). Hence I have introduced
new notation but this notation is only used to make the material more clear
conceptually.

OMWM. Communication engineers have approached Shannon’s limits by
adding structured redundancy into transmitted waveforms. I try to capture
this idea in this undergraduate book and keep a consistent theme by in-
troducing the concept of orthogonal modulations with memory (OMWM).
OMWM as a paradigm does not limit coding to time or frequency domain
signaling but enables a general approach. This general approach is different
from what has been done in the past and hence is not universally accepted
as the correct way to teach this subject. A new notation was introduced as
a way to highlight the important ideas of modern communications without
writing a toothless chapter on capacity approaching signaling.

4The first time I taught stream modulation a student Googled the term with zero hits!
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Key Teachable Moments in the Book

I thought it useful to enumerate my view of the key teachable moments in an
undergraduate communications course. My view will likely give the users of
the book a better idea of how to get the most out of the book.

1. Communication Signals Are Two Dimensional. Bandpass communi-
cation signals are inherently two dimensional. Electronic communication
is about embedding information in these two dimensions and retrieving in-
formation from the two dimensions of a corrupted received bandpass signal
in a manner that best achieves a set of engineering trade-offs. Using the
complex envelope representation throughout the book emphasizes this idea
of communications signals being two dimensional in a continuous manner.

2. Fidelity, Complexity, and Spectral Efficiency. Communication engi-
neering is a vibrant field because there is no one best solution to all com-
munication problems but a wide variety of solutions that define a different
operating point within a three dimensional trade-off space. The dimensions
of the trade-off space for all communication systems are: (1) the fidelity of
message reconstruction, (2) the cost and complexity of the electronics to
implement the system, and (3) the amount of bandwidth used to accomo-
date the electronic transmission of information. An important concept that
must be understood is that this trade-off is a constantly changing trade-off.
The reason this trade-off evolves with time is that the cost of electronics is
decreasing for a fixed complexity with time or equivalently the complexity
is increasing for a fixed cost with time. It is important for the readers of this
book to understand engineering decisions made in the last century should
not be the same as the engineering decisions made in the coming century.
Consequently, communications engineering requires lifelong learning.

3. Filter Design to Improve Spectral Efficiency. When I was taught about
single-sideband and vestigial-sideband amplitude modulation (AM), I came
away with the impression that the modulation resulted from a particular
judicious choice of a bandpass filter. This gave me no insight into the prob-
lem and how I might apply the solution to different problems. I was directly
faced with the shortcoming of my education when I had a chance to work
on digital television broadcast where vestigial sideband transmission is one
option and I realized there was no straightforward way to generalize my
education to apply to digital transmissions. My approach in teaching these
concepts is to note that a degree of freedom is not used in traditional AM
(the quadrature channel) and to turn a desire to achieve better spectral effi-
ciency into a design problem with an intuitive answer. This approach gives
a much better flavor for what communication engineering tasks are like
as well as giving a nontrivial answer to why single-sideband and vestigial-
sideband amplitude modulations are used in communication systems.

4. Fourier Series to Analyze the Bandwidth of Angle Modulation.
Finding the spectrum of an angle modulated signal is the first problem



xxviii

Preface

encountered by a communication engineer that cannot be solved by ap-
plication of signal and system theory (as angle modulation is a nonlinear
transformation). This is a great case study of how engineers gain insight
into complex problems by examining simple special cases, here a simple
periodic message signal. This analysis is important for both the insight
it provides and the demonstration of a critical engineering approach that
works in a wide variety of problems. Additionally, there is no better example
of how the Fourier series can help solve practical communication problems.

. Pre-emphasis/De-emphasis in FM. My favorite example of how engi-

neering understanding can lead to significant performance gains is the idea
of pre-emphasis and de-emphasis in angle modulations. Pre-emphasis and
de-emphasis is used in broadcast radio because engineers realized that
in demodulation of frequency modulation (FM) that the noise spectrum
at the demodulator output was shaped in the frequency domain (a col-
ored noise). This colored noise and the constant envelope characteristic
of FM led to an improved signal processing technique that increased the
output demodulation fidelity. It is a great example of how true understand-
ing leads to a 10-dB gain in demodulation fidelity with little increase in
complexity.

. Single Bit Modulation and Demodulation. I find the single bit trans-

mission and demodulation process very illustrative of the tasks communi-
cation engineering professionals must complete. The process of identifying
a need (sending a bit of information), building a mathematical model of
the processing (detection theory), and then completing a series of design
problems (best threshold, best filter, best signals) to optimize performance
of the system is very typical in a communication engineering career. The
issue related to single bit detection are all developed in detail to build a
comprehensive understanding of the communication engineering process.

. Digital Communications and Shannon’s Bound. The generalization

of the modulation and demodulation of multiple bits is a straightforward
extension of single bit ideas. The interesting part occurs when examples
are examined and the realization is made that choices in modulation di-
rectly translate to different points in the fidelity versus spectral efficiency
performance space parameterized by Shannon’s bounds. Showing this re-
lationship between simple modulation ideas and the bound proposed by
Shannon demonstrates the power of Shannon’s theory.

. Two Dimensional Digital Signaling. The idea of linear modulation is

a simple and insightful one. The mapping of bits into symbols in the com-
plex plane is simple to understand. The demodulation by computing the
distances between the received signal and all the constellation points is in-
tuitive. What really makes this a teachable moment is that probably more
than 90 percent of the digitial communication systems use linear modula-
tions in some form.
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Orthogonality to Reduce Complexity. Almost all modern digital com-
munication systems use the concept of orthogonality but sometimes in dis-
parate forms. The traditional way of introducing these topics is for each
type of orthogonality to be a special advanced topic. For example, mobile
telephone service is often used to introduce the idea of code division mul-
tiplexing. Unfortunately, what is lost in this discussion is that the orthog-
onality is designed into modems primarily to reduce the complexity of the
demodulator. Modern communication engineers should be able to see the big
picture and consequently this book teaches a general idea (orthogonality)
and introduces code division multiplexing, frequency division multiplexing,
and Nyquist theory as the important examples of this general idea. Modern
engineers need modern training to understand the trade-offs these systems
offer.

Spectral Shaping in Communications. No modern communication sys-
tem can afford to ignore the spectral impacts of modulation as that is one
of the three dimensions that define the operating point of a modern com-
munication system. Since spectral efficiency has such importance in mod-
ern communications, techniques to achieve the practical spectral charac-
teristics are introduced in a separate chapter. The nontrivial idea of pulse
shaping in communications is one of the first steps a communication engi-
neer must take to really understand the practical aspects of communication
engineering. As an interesting contrast of practice versus academia, aca-
demics tend to dismiss this spectral shaping as relatively unimportant and
straightforward while most engineering teams in practice agonize over the
practical aspects of spectral shaping and meeting the prescribed spectral
mask.

11. Adding Memory to Improve Performance. While this is a first course

in communications, there is a final chapter that shows how far modern com-
munications has progressed and how close the profession of communication
engineering is to the bounds Shannon identified in certain situations. This
chapter highlights these ideas by showing the fundamental signal design
techniques from a communication theory perspective, i.e., signal design to
address the Euclidean distance spectrum and average energy spectrum.
This is a powerful final perspective on modern communication engineering
for an engineer/student to take away from the book.
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Chapter

Introduction

The students who read this book have grown up with pervasive communica-
tions. A vast majority have listened to broadcast radio and television, used a
mobile phone, surfed the World Wide Web, and played a compact or video disk
recording. Hence there is no need for this book to motivate the student about
the utility of communication technology. They use it everyday. This chapter will
consequently be focused on the engineering aspects of communication technol-
ogy that are not apparent from a user perspective.

1.1 Historical Perspectives on Communication

Theory

The subject of this book is the transportation of information from point A
to point B using electricity or magnetism. This field was born in the mid-
1800s with the telegraph and continues today in a vast number of applications.
Humans have needed communications since prehistoric times for capitalistic
endeavors and the waging of war. These social forces with the aid, at various
points in time, of government-sponsored monopolies have continuously pushed
forward the performance of communications. It is perhaps interesting to note
that the first electronic communications (telegraphy) were sending digital data
(words were turned into a series of electronic dashes and dots). As the inven-
tion of the telephone took hold (1870s), communication became more focused
on analog communication as voice was the information source of most interest
to convey. The First World War led to great advances in wireless technology
and television and radio broadcast soon followed. Again the transmitted infor-
mation sources were analog. The digital revolution was spawned by the need
for the telephone network to multiplex and automatically switch a variety of
phone calls. A further technology boost was given during the Second World
War in wireless communications and system theory. The Cold War led to rapid
advances in satellite communications and system theory as the race for space

1.1
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gripped the world’s major technology innovation centers. The invention of the
semiconductor transistor and the impact of Moore’s law have spurred the march
of innovation since the early 1980s. The evolving power of the microprocessor,
the embedded computer, and the signal processor has enabled algorithms, that
were considered preposterous at their formulation, to see cost-effective imple-
mentation. Distilling this 150 plus years of innovation into a small part of an
engineering curriculum is a challenge but one this book arrogantly attempts.

The relative growth rate of electronic communications is phenomenal. Con-
sider, for example, transatlantic transmission of information using undersea
cables. This system has gone from roughly 10 bits/s in 1866 to roughly 102 bits/s
in the year 2000 [Huu03]. The world community has gone in a very short period
of time from accepting message delivery delays of weeks down to seconds. The
period from 1850-1900 was one filled with remarkable advances in technol-
ogy. It is noteworthy that the advances in communications prior to 1900 can
almost all be attributed to a single individual or invention. This started to
change as technology became more complex in the 1900s. Large corporations
and research labs began to be formed to support the large and complex sys-
tems that were evolving. The evolution of these technologies and the personal-
ities involved in their development are simply fascinating. Several books that
are worth some reading if you are interested in the history of the field are
[Huu03, Bur04, SW49, Bra95, Les69]. It is a rare invention that has an uncon-
tested claim to ownership. These intellectual property disputes have existed
from the telegraph up until modern times, but the tide of human innovation
seems to be ever rising in spite of who gets credit for all the advances.

The ability to communicate has been markedly pushed by advances in tech-
nology but this book is not about technology. From the invention of the mi-
crophone, to the electric motor, to the electronic tube, to the transistor, and
to the laser, engineers and physicists have made great technological leaps for-
ward. These technological leaps have made great advances in communications
possible. As technology has advanced, the job of an engineer has become multi-
faceted and specialized over time. What once was a field where nonexperts
could contribute! prior to 1900 became a field where great specialization was
needed in the post 1900 era. Two areas of specialization formed through the
1900s: the devices engineer and the systems engineer. The devices engineer is
focused on designing technology to complete certain tasks. Devices engineers,
for example, build antennas, amplifiers, and/or oscillators are heavily involved
with current technology. Systems engineers try to put devices together in a way
that will work as a system to achieve an overall goal. System engineers try to
form mathematical models for how systems operate and use these models to
design and specify systems. This text is written with a systems engineering
perspective. In fact, as a reflection of this focus, this book has exactly one cir-
cuit diagram. This is not an academic shortcoming of this book as the author,

1For example, Samuel Morse of Morse code and telegraph systems fame in the United States
was a professor in the liberal arts.
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for example, has worked for 20 years and for five companies designing com-
munication systems with only a rudimentary knowledge of circuit theory. Sys-
tems engineering in communications did not really come to be a formalized
field until the early 1900s, hence few of the references in this book were pub-
lished before 1900. Some interesting historical system engineering references
are [Car26, Nyq28a, Arm35, Har28, Ric45, Sha48, Wie49]. This systems level
perspective is very useful for education in that; while technology will change
greatly during an engineer’s career, the theory will be reasonably stable.

1.2 Goals for This Text

What this text is attempting to do is to show the mathematical and engineering
underpinings of communication systems and systems engineering. While most
students have used communication technology, few realize that the technology
is built upon a strong core of engineering principles and over 100 years of hard
work by a large group of talented people. Without a talented engineering work-
force who understood the fundamental theory and put this theory into practice,
humans would not have been able to deploy the pervasive communications soci-
ety experiences. The goal for this text is to have some small part in the education
of the workforce that will implement the next 50 years of progress. To reach
this goal this text will focus on teaching the fundamentals of communication
theory by:

® demonstrating that the mathematical tools the students have learned in their
undergraduate education are useful in engineering practice.

® showing that with modern integrated circuits the theory is directly reflected
in engineering practice.

® detailing how engineering trade-offs in a communication system are ever
evolving and that these trade-offs involve fidelity of message reconstruction,
bandwidth efficiency, and complexity of the implementation.

Hopefully in addition to these professional goals, the reader of this text will
come away with:

® g historical perspective on the hard work that has led to the current state of
the art.

® 3 sense of how fundamental engineering tools have real impact on system
design.

® g realization that fundamental engineering tools have changed little even as
the technology to implement designs has evolved at a withering pace.

® an understanding that communications engineering is a growing and evolv-
ing entity and that continued education will be an important part of a career
as a communication engineer.



1.4

Chapter One

1.3 Modern Communication System Engineering

Modern communication systems are very complex systems and no one engi-
neer can be an expert in all the areas of the system. The initial communication
systems were very simple point-to-point communication systems (telegraphy)
or broadcast systems (commercial radio). As these systems were simple, the
engineering expertise could be common. As systems started to get more so-
phisticated (public telephony), a bifurcation of the needed expertise to address
problems became apparent. There was a need to have an engineer who under-
stood the details of the physical channel and how the information was trans-
mitted and decoded. In addition there was a need to have an engineer who
abstracted the problem at a higher level. This “higher level” engineer needed to
think about switching architectures, supporting multiple users, scalability of
networks, fault tolerance, and supporting applications. As the amount of infor-
mation, system design options, and technology to implement these options grew,
further subdisciplines arose within the communications engineering field.

Modern communication systems are typically designed in layers to compart-
mentalize the different expertise and ease the interfacing of these multitude of
expertises. In a modern system, the communication system has a high-level net-
work architecture specification. This high-level architecture is typically broken
down into layers for implementation. The advantage of the layered architecture
in the design process is that in designing a system for a particular layer the
next lower layer can be dealt with as an abstract entity and the higher layer
functions do not impact the design. Another advantage to the layered design
is that components can be reused at each layer. This allows services and sys-
tems to be developed much more quickly in that designs can reuse layers from
previous designs when appropriate. This layered design eliminated monolithic
communication systems and allowed incremental changes much more readily.

An example of this layered architecture is the open systems interconnection
(OSI) model. The OSI model was developed by the International Organization
for Standardization (ISO) and has found significant utilization in practice. The
OSI reference model is shown in Figure 1.1. Each layer of abstraction communi-
cates logically with entities at the same layer but produces this communication
by calling the next lower layer in the stack. Using this model, for instance,
it is possible to develop different applications (e.g., e-mail vs. web browsing)
on the same base architecture (e.g., public phone system) as well as provide a
method to insert new technology at any layer of the stack without impacting the
rest of the system performance (e.g., replace a telephone modem with a cable
modem). This concept of a layered architecture has allowed communications
to take great advantage of prior advances and leap-frog technology along at a
phenomenal pace.

This text is entirely focused on what is known as physical layer commu-
nications. The physical layer of communications refers to the direct transfer
of physical messages (analog waveforms or digital data bits) over a commu-
nications channel. The model for a physical layer communication abstraction
is shown in Figure 1.2. Examples of physical communication channels include
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Application 1 Application 2
Application Layer Application Layer
Presentation Layer Presentation Layer
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Transport Layer ™| Transport Layer
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Physical Layer (<= Physical Layer [« Physical Layer < Physical Layer

The Communication Network

Figure 1.1 The OSI reference model.

copper wire pairs (telephony), coaxial cables, radio channels (mobile telephony),
or optical fibers. It is interesting to note that wireless computer modems for local
area networking are typically referred to as WiPhy in popular culture, which is
an acronym for wireless physical layer communications. The engineering tools,
the technology, and design paradigms are significantly different at the physical
layer than at the higher layers in the stack. Consequently, systems engineer-
ing expertise in practice tends to have the greatest divide at the boundary to
the physical layer. Engineering education has followed that trend and typically
course work in telecommunications at both the undergraduate level and the
graduate level tends to be bifurcated along these lines. To reflect the trend in
both education and in industrial practice, this book will only try to educate in
the area of physical layer communication systems. To reflect this abstraction
the perspective in this text will be focused on point-to-point communications.
Certainly multiple-access communications is very important in practice but it
will not be considered in this text to maintain a consistent focus. Students who

Digital or
Analog
Information

Digital or
Analog
Information

Analog
‘Waveforms

Modulator Channel Demodulator
Information to Decoded

be Sent Information

Figure 1.2 The physical layer model.
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want a focus more on the upper layers of the communication stack should refer
to [KR04, LGWO00, Tan02] as examples of this higher layer perspective.

1.4 Technology’s Impact on This Text

This text has been heavily influenced by the relatively recent trends in the field
of physical layer communications system engineering:

® Advanced communication theory finding utility in practice

® Baseband processing power increasing at a rate predicted by Moore’s law

Physical layer communications (with the perhaps partial exception of fiber
optics) is filled with examples of sophisticated communication theory being di-
rectly placed into practice. Examples include wireless digital communications
and high-speed cable communications. A communication engineer should truly
feel lucky to live in a time when theory and practice are linked so closely. It
allows people to work on very complex and sophisticated algorithms and have
the algorithms almost immediately be put into practice. Because of this rea-
son it is not surprising that many of the prominent communication theorists
have also been very successful entrepreneurs (Andrew Viterbi [VO79] and Irwin
Jacobs [WJ65] being two obvious examples). In this text, we will attempt to fea-
ture the underlying theory as this theory is so important in practical systems
from mobile phones to television receivers.

The reason that theory is migrating to practice so quickly is the rapid ad-
vance of baseband processing power. Moore’s law is now almost outstrip-
ping the ability of communication theory to use the available processing. In
fact, a great paradigm shift occurred in the industry (in my humble opinion)
when Qualcomm, in championing the cellular standard IS-95, started the de-
sign philosophy of designing a system that was too complicated for the current
technology with the knowledge that Moore’s law would soon enable the design
to be implemented in a cost-effective fashion. Because of this shift in the design
philosophy, future engineers are going to be exploring ways to better utilize this
ever increasingly cost-efficient processing power. Since the future engineers will
be using baseband processing power to implement their algorithms, this text
is written with a focus on the baseband signal processing. To reflect this focus,
this text starts immediately with the complex envelope representation of car-
rier signals and uses this representation throughout the entire text. This is a
significant deviation from most of the prior teaching texts but directly in line
with the notation used in research and in industry.

This book is constructed to align with the quote by Albert Einstein:

Everything should be made as simple as possible, but not one bit simpler.

Consequently, this text will be void of advanced topics in communication
theory that I did not see as fundamental in an introductory communication
theory book. Examples of material left out of the treatment in this text include,
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for example, details of noncoherent detection of digital signals, information
theory and source coding. While these topics are critical to the training of a
communications engineer, it is not necessary to the understanding of analog
and digital information transmission. The goal is essentially not to lose the
proverbial forest for the trees. Many interesting advanced issues and systems
are pursued in the homework problems and projects. The text is written to build
up a tool set in students that allow them to flourish in their profession over a
full career. Readers looking for a buzzword-level treatment of communications
will not find the text satisfactory. Since the focus of this text is the tools that
will be important in the future, many ideas are not discussed in detail that
traditionally were prominent in communication texts (e.g., pulse modulations).
While a communication text can often take the form of an encyclopedia I have
purposely avoided this format for a more focused tool-oriented version. Writing
this paragraph I feel a little like my mom telling me to “eat my vegtables” but
as I grow in age (and hopefully wisdom), I more fully appreciate the wisdom of
my parents and of learning fundamental tools in physical layer communication
engineering.

1.5 Book Overview

The book consists of four parts:

I Mathematical Foundations
IT Analog Communication
III Noise in Communications Systems
IV Fundamentals of Digital Communications
This organization allows a slow logical buildup from a base knowledge in
Fourier transforms, linear systems, and probability to an understanding of the

fundamental concepts in communication theory. A significant effort has been
made to make the development logical and to cover the important concepts.

1.5.1 Mathematical Foundations

This part of the book consists of three chapters that provide the mathematical
foundations of communication theory. There are three pieces of test equipment
that are critical for a communication engineer to be able to use to understand
and troubleshoot communication systems: the oscilloscope, the spectrum ana-
lyzer, and the vector signal analyzer. Most communications laboratories contain
this equipment and examples of this equipment are:

1. Digital oscilloscope and logic analyzer — Agilent 54622D
2. Spectrum analyzer — Agilent E4402B
3. Vector signal analyzer — Agilent 89600
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The first chapter of this part of the book covers material that is included in the
core undergraduate electrical engineering curriculum that provides the theory
for the operation for the oscilloscope (time domain characterizations of signals)
and the theory for the operation of the spectrum analyzer (frequency domain
characterization of signals). The fundamental difference between a communi-
cation engineer and a technician is that engineers will consider noise to provide
a complete characterization of the system trade-offs. The tools used to charac-
terize noise are based on probability theory. The second chapter reviews this
material. Courses covering the material on signal and systems and probability
theory are taken before a course in communication theory. These two chapters
are included strictly as review and to establish notation for the remainder of
the book. The chapter on bandpass signals and the complex envelope notation
is where the student steps into modern communication systems theory. This
chapter will teach students how to characterize bandpass signals in the time
domain and in the frequency domain. This chapter also introduces the vector di-
agram, the theoretical basis of the vector signal analyzer. This tool is frequently
used by the modern communication engineer. These mathematical foundations
will provide the basis for communications engineering.

1.5.2 Analog Communication

This part of the book consists of four chapters that introduce the theory of
bandpass analog communication. The approach taken here is to introduce ana-
log communications before the concepts of random processes. Consequently, the
message signal is treated as a known deterministic waveform in the discussion
of analog communications. The downside of this approach is that many of the
powerful results on the power spectrum of analog communication waveforms
cannot be introduced. The advantage of this approach is that since the message
signals are known and deterministic, the tools of Fourier series, Fourier trans-
forms, and signals and systems can be applied to the understanding of analog
modulation systems. This approach allows students to ease into the world of
communications by building upon their prior knowledge in deterministic sig-
nal and system analysis. By tying these tools from early undergraduate courses
into the process of assessing the spectral efficiency and complexity of analog
communications, the student will see the efficacy of an education in the fun-
damentals of electrical engineering. The first chapter of this part of the book
presents the performance metrics in communications: performance, complex-
ity, and spectral efficiency. This three-level trade-off is a recurring theme in the
book. The following chapters introduce the classic methods of communicating
analog information; amplitude and angle modulation. Amplitude modulation
is a modulation format where the message signal is impressed upon the am-
plitude of the bandpass signal. Similarly, angle modulation is a modulation
format where the message signal is impressed in some way in the phase of
the bandpass signal. Finally, the important ideas in analog communications of
multiplexing and the phase-locked loop are presented.
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Many of my professional colleagues have made the suggestion that analog
modulation concepts should be removed from the modern undergraduate cur-
riculum. Comments such as “We do not teach about vacuum tubes so why should
we teach about analog modulations?” are frequently heard. I heartily disagree
with this opinion but not because I have a fondness for analog modulation but
because analog modulation concepts are so important in modern communica-
tion systems. The theory and notation for analog signals learned in this text is a
solid foundation for further explorations into modern communication systems
because modern digital communications use analog waveforms. For example,
in the testing of modern communication systems and subsystems analog modu-
lation and demodulation concepts are used extensively. In fact, most of my good
problems for the analog communication chapters have come as a result of my
work in experimental wireless communications even though my research work
has always been focused on digital communication systems! Another example
of the utility of analog communications is that I am unaware of a synthesized
signal generator that does not have an option to produce amplitude modulated
(AM) and frequency modulated (FM) test signals. While modern communica-
tion engineers do not often design analog communication systems, the theory is
still a useful tool. Consequently, this part of the book focuses on analog commu-
nications but using a modern perspective that will provide students the tools
to flourish in their careers.

1.5.3 Noise in Communication Systems

Understanding the effects of noise and interference on communication systems
what makes a communication system engineer uniquely trained. I have always
been struck by the fact that engineering technicians have a training in time
domain analysis, Fourier analysis, modulation techniques, and demodulation
techniques. The main thing a technician does not understand is how to char-
acterize how noise impacts the trade-offs that must be made in system design.
On the other hand, the understanding of noise is often a frustrating subject for
students as the level of mathematics and abstraction can often seem not worth
the gains in useful skills. The approach taken in this text is to introduce the
minimal amount of abstraction necessary to get useful results for engineering
practice.

There are four topics/chapters that are presented in this section to introduce
the techniques to analyze the impact of noise and interference. The first chapter
focuses on the characterization of Gaussian stationary random processes and
how linear filters impact this characterization. This material builds heavily on
probability and random variable concepts. This text offers little new insights
than has been available since the 1950s [DR87, Pap84] other than a reordering
of topic presentation. The next chapter generalizes the concepts of random pro-
cesses to the case of noise in bandpass communication receivers. The impact of
filters in the receiver on the noise characteristics is explored. After these prelim-
inary tools are in place, a revisiting of all the forms of analog communications in
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the presence of noise is completed. At this point an understanding of the trade-
offs associated with analog communications can be completed and interpreted.

1.5.4 Fundamentals of Digital Communication

This part of the book consists of six chapters that introduce the theory of dig-
ital communication. The first chapter of this part of the book again presents
the performance metrics in communications: fidelity, complexity, and spectral
efficiency and reinterprets these metrics for digital communications. This re-
emphasizes the trade-off first introduced with analog modulation. Interestingly
there is a more powerful statement, due to Claude Shannon, that can be made
about the achievable fidelity and spectral efficiency that will frame this in-
troductory presentation of digital communication presented in this book. The
following chapter introduces the classic methods of communicating 1 bit of in-
formation. This is developed by going through a five-step design process. The
digital communication design problem is generalized for the transmission of
multiple bits of information in the following chapter. The unfortunate situation
exists with multiple bit transmission that the complexity of the optimum de-
coder grows exponentially with the number of bits to be transmitted. To address
this exponential growth in complexity, signal structures that offer reduced com-
plexity optimum demodulation structures are introduced. Several examples of
these reduced complexity modulations that are used in engineering practice are
introduced and these examples are considered in detail. The penultimate chap-
ter of the book considers techniques to greatly improve the spectral efficiency
of digital communications. A section of this part of the book considers the tools
used to test digital communication systems in practice. The ideas and uses of
the vector diagram and the eye diagram in the testing of digital communication
systems are explained and motivated. The idea of modulations with memory,
which provides the structure to approach Shannon’s bounds on communication
fidelity and spectral efficiency, are briefly introduced in the final chapter.
Now on to the fun stuff!

1.6 Homework Problems

Problem 1.1. Research the following person whose letter matches the first letter
of your last name and write a paragraph about why they were important in
communication theory.

(a) Jean Baptiste Joseph Fourier  (b) Antoine Parseval (c) John R. Carson

(d) Friedrich Wilhelm Bessel (e) John William Strutt (f) Samuel B. Morse

(g) Emile Baudot (h) Georg Simon Ohm (i) Reginald Fessenden

(j) Stephen O. Rice (k) Claude Shannon (1) Alexander Graham Bell
(m) Hedy Lamarr (n) Claude Berrou (o) Lee de Forest

(p) Harold Nyquist (q) Andrei Andreyevich Markov (r) Reverend Thomas Bayes
(s) Gottfried Wilhelm Leibniz (t) Carl Friedrich Gauss (u) Pierre Simon Laplace
(v) Christian Doppler (w) Norbert Wiener (x) David Hilbert

(y) Gordon Moore (z) Euclid of Alexandria
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Problem 1.2. Research the following person whose letter matches the first letter
of your last name and write a paragraph about why they were important in

communication theory.

(a) James Maxwell (b) Ralph Vinton Lyon Hartley (c) David Sarnoff

(d) William Shockley (e) Guglielmo Marconi (f) Hermann Schwarz

(g) Charles Hermite (h) Philo Farnsworth (i) Leonhard Euler

(j) Max Planck (k) Edwin A. Armstrong (1) Ludwig Boltzmann

(m) Aleksandr Yakovlevich Khinchin (n) Thomas Edision (o) Dwight O. North

(p) Andrew dJ. Viterbi (@) Edwin A. Armstrong (r) John Bertrand Johnson
(s) Andre Marie Ampere (t) Gottfried Ungerboeck (u) Robert G. Gallagher
(v) Jules Henri Poincare (w) Alessandro Volta (x) Heinrich Hertz

(y) Charles Wheatstone (z) Vladimir Zworykin
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Chapter

Signals and Systems Review

This chapter provides a brief review of signals and systems theory usually
taught in an undergraduate curriculum. The purpose of this review is to
introduce the notation that will be used in this text. Most results will be given
without proof as these can be found in most undergraduate texts in signals and
systems [May84, ZTF89, OW97, KH97].

2.1 Signal Classification

A signal, x(¢), is defined to be a function of time (¢ € R). Signals in engi-
neering systems are typically described with five different mathematical
classifications:

Deterministic or random

Energy or power

Periodic or aperiodic

Complex or real

o W o=

Continuous time or discrete time

We will only consider deterministic signals at this point as random signals
are a subject of Chapter 9.

2.1.1 Energy versus Power Signals

Definition 2.1 The energy, E,, of a signal x(¢) is

T, /2

E,= lim lx(¢)|2dt 2.1)
T — 00 /2

241
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x(t) is called an energy signal when E, < oo. Energy signals are normally
associated with pulsed or finite duration waveforms (e.g., speech or a finite
length information transmission). In contrast, a signal is called a power signal if
it does not have finite energy. In reality, all signals are energy signals (infinity is
hard to produce in a physical system) but it is often mathematically convenient
to model certain signals as power signals. For example, when considering a
voice signal it is usually appropriate to consider the signal as an energy signal
for voice recognition applications but in radio broadcast applications we often
model voice as a power signal.

EXAMPLE 2.1
A pulse is an energy signal:

= 0<t<T
x(t) =4 VT, P E,. =1 2.2)

0 elsewhere

A common signal that will be used frequently in this text is the sinc function.

Definition 2.2 The sinc function is

sin(mwx)

sinc(x) = (2.3)

X

It should be noted that no standard definition exists among authors for sinc(e)
so care must be exercised in using results from other authors. This text uses
the definition of sinc(e) as adopted by Matlab.

EXAMPLE 2.2
Not all energy signals have finite duration:
x(t) = 2w STV _ oy ine(2 W) B, =2W (2.4)
2n Wt
EXAMPLE 2.3

A voice signal. Figure 2.1 shows the time waveform for a computer-generated voice
saying “Bingo.” This signal is an obvious energy signal due to its finite time duration.

Definition 2.3 The signal power, Py, is

1 T /2
P, = lim —— / lx(2)2d¢ (2.5)
Tm—>00 Tm _Tm/2

Note that if E, < oo, then P, = 0 and if P, > 0, then E, = oc.
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x(t)
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Figure 2.1 The time waveform for a computer-generated voice saying “Bingo.”

EXAMPLE 2.4
x(t) = cos(2m fet)
1 T /2
P, = lim — / cos?(27 fot)dt
1 (2101 1
= lim — =+ = cos(4 == 2.
Tmlinoon /_Tm/2 (2 + 2cos( nfct)> dt 3 (2.6)
EXAMPLE 2.5

The waveform in Figure 2.2 is an analytical representation of the transmitted signal
in a simple radar or sonar system. A signal pulse is transmitted for t seconds and the
receiver then listens for 7' seconds for returns from airplanes, ships, stormfronts, or
other targets. After T seconds another pulse is transmitted. For this signal

.1 (T2 0 1 [T T
Py= lim o /Tm/z x(¢)|2dt = F/0 dt= o 2.7
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x(2)

T T T+1

Figure 2.2 A periodic pulse train.

Throughout this text, signals will be considered and analyzed independent
of physical units but the concept of units is worth a couple of comments at this
point. Energy is typically measured in Joules and power is typically measured
in Watts. Most signals electrical engineers consider are voltages or currents,
so to obtain energy and power in the appropriate units a resistance needs to
be specified (e.g., Watts = Volts®/Ohms). To simplify notation, we will just
define energy and power as earlier which is equivalent to having the signal x(¢)
measured in Volts or Amperes and the resistance being unity (R = 1Q).

2.1.2 Periodic versus Aperiodic

A periodic signal is one that repeats itself in time.

Definition 2.4 x(¢) is a periodic signal when
x(t) =xt+To) V¢ and for some Ty #0 (2.8)
Definition 2.5 The signal period is
T =min(|Ty|) (2.9)

The fundamental frequency is then

1
fr = o (2.10)

EXAMPLE 2.6
A simple example of a periodic signal is

x(t) = cos(27 fint) To=— T = — (2.11)

Most periodic signals are power signals (note if the energy in one period is
nonzero, then the periodic signal is a power signal) and again periodicity is a
mathematical convenience that is not rigorously true for any real signal. We
use the model of periodicity when the signal has approximately the property in
Eq. (2.8) over the time range of interest. An aperiodic signal is defined to be a
signal that is not periodic.
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EXAMPLE 2.7
Examples of aperiodic signals are

x(t)=e 7 x(t) = % (2.12)

2.1.3 Real versus Complex Signals

Complex signals arise often in communication systems analysis and design.
The most common example is Fourier transforms which is discussed later in
this chapter. Another important communication application of complex signals
is in the representation of bandpass signals and Chapter 4 discusses this in
more detail. For this review, we will consider some simple characteristics of
complex signals. Define a complex signal and a complex exponential to be

2(¢8) = x(t) + jy(t) e’? = cos(0) + j sin(h) (2.13)

where x(¢) and y(¢) are both real signals. Note this definition is often known as
Euler’s rule. A magnitude («(#)) and phase (8(¢)) representation of a complex
signal is also commonly used, i.e.,

2(¢) = a(t)el?? (2.14)

where

a(t) = |2(t)| = /x2(t) + y2(t) 0(¢) = arg(z(t)) = tan"1(y(t), x(t)) (2.15)

It should be noted that the inverse tangent function in Eq. (2.15) uses two
arguments and returns a result in [0, 277]. The complex conjugate operation is
defined as

Z5(t) = x(8) — jy(t) = alt)e ™"V (2.16)
Some important formulas for analyzing complex signals are
2] = a(t)? = 2()2*(¢) = x*(¢) + y*(t) cos(6)? + sin(9)? = 1
Rlz(8)] = x(¢) = a(t) cos(0(2)) = 2[2(t) +2*(¢)]  cos(d) = [/’ +e~/°] (2.17)
)] = y(t) = a(t) sin(@(1)) = 55 [2() — 2] sin(0) = g [e’” —e /"]

EXAMPLE 2.8
The most common complex signal in communication engineering is the complex expo-
nential, i.e.,

explj 27 ft] = cos(27 fint) + j sin(27 fint)

This signal will be the basis of the frequency domain understanding of signals.
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2.1.4 Continuous Time Signals versus Discrete Time Signals

A signal, x(¢), is defined to be a continuous time signal if the domain of the
function defining the signal contains intervals of the real line. A signal, x(¢), is
defined to be a discrete time signal if the domain of the signal is a countable
subset of the real line. Often a discrete signal is denoted by x(%k), where & is an
integer and a discrete signal often arises from (uniform) sampling of a contin-
uous time signal, e.g., x(k) = x(kT;), where T is the sampling period. Discrete
signals and systems are of increasing importance because of the widespread
use of computers and digital signal processors, but in communication systems
the vast majority of the transmitted and received signals are continuous time
signals. Consequently since this is a course in transmitter and receiver design
(physical layer communications), we will be primarily concerned with contin-
uous time signals and systems. Alternately, the digital computer is a great
tool for visualization and discrete valued signals are processed in the com-
puter. Section 2.4 will discuss in more detail how the computer and specifically
the software package Matlab can be used to examine continuous time signal
models.

2.2 Frequency Domain Characterization of Signals

Signal analysis can be completed in either the time or frequency domains. This
section briefly overviews some simple results for frequency domain analysis. We
first review the Fourier series representation for periodic signal, then discuss
the Fourier transform for energy signals and finally relate the two concepts.

2.2.1 Fourier Series

If x(¢) is periodic with period 7', then x(¢) can be represented as

x(t) = Z X, eXp {JQ;M] = Z X, explj2n fr nt] (2.18)

n=—oo n=—oo

where fr =1/T and

T
Xp = Ti/ x(t) expl—j2x fr ntldt (2.19)
0

This is known as the complex exponential Fourier series. Note a sine-cosine
Fourier series is also possible with equivalence due to Euler’s rule. Note in
general the x, are complex numbers. In words: A periodic signal, x(t), with
period T can be decomposed into a weighted sum of complex sinusoids with
frequencies that are an integer multiple of the fundamental frequency

(fr =1/T).
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EXAMPLE 2.9
Consider again the signal in Example 2.4 where

x(t) = cos(2m ft) = %exp[j2nfmt] + % expl—j 2 fmt]

X, =0 for all other n (2.20)

EXAMPLE 2.10
Consider again the signal in Example 2.8 where

x(t) = exp(j 27 fint)
fr =fm x1=1, x, =0  for all other n (2.21)

EXAMPLE 2.11
Consider again the signal in Example 2.5. The Fourier series for this example is

1 /[F ( ,27rnt>
Xp = — exp| —Jj—— | dt

T J, T
1 exp(=L7)

= T —j2nn

T 0

11— exp( —_j%”m)

= =—— = (2.22)

2
T 3zn
Using sin(9) = eﬂ;g_ﬁ gives
T .wnt] sin(Fpt) ot .wntl . (Nt
Xn = ? exp |:—J T] ? = ? exp |:—J T] sinc (T) (223)

A number of things should be noted about this example

1. r and the bandwidth of the waveform are inversely proportional, i.e., a smaller t
produces a larger bandwidth signal.

2. 7 and the signal power are directly proportional.

3. If T /v = integer, some terms will vanish (i.e., sin(mnr) = 0).

4. To produce a rectangular pulse requires an infinite number of harmonics.
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Properties of the Fourier Series
Property 2.1 If x(¢) is real, then x, = x*,. This property is known as Hermitian

symmetry. Consequently the Fourier series of a real signal is a Hermitian symmet-
ric function of frequency. This implies that the magnitude of the Fourier series is an
even function of frequency, i.e.,

%] = |x—nl (2.24)
and the phase of the Fourier series is an odd function of frequency, i.e.,

arg(x,) = —arg(x_p) (2.25)

Property 2.2 If x(¢) is real and an even function of time, i.e., x(¢) = x(—t), then all the
coefficients of the Fourier series are real numbers.

EXAMPLE 2.12
Recall Example 2.4, where x(¢) = cos(27 fi,t). For this signal T = 1/f5, and the only
nonzero Fourier coefficients are x; = 0.5, x_; = 0.5.

Property 2.3 If x(¢) is real and odd, i.e., x(¢) = —x(—t¢), then all the coefficients of the
Fourier series are imaginary numbers.

EXAMPLE 2.13
For x(¢) = sin(2x f,t), where T = 1/f,, and the only nonzero Fourier coefficients are
x1=-—750.5,x_1=j0.5.

Theorem 2.1 (Parseval)

oo

1 ’ 2 2
Pi= 7 /0 x(O)Pdt = )l (2.26)

n=—oo

Parseval’s theorem states that the power of a signal can be calculated using
either the time or the frequency domain representation of the signal and the
two results are identical.

EXAMPLE 2.14
For both x1(¢) = cos(27 f,t) and x9(¢) = sin(27 fi,t) it is apparent that

P, =(0.5)%2 +(0.5)%2 = 0.5 = Py, (2.27)
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2.2.2 Fourier Transform

If x(¢) is an energy signal, then the Fourier transform is defined as

X(f) = / ” x(B)e 7Pt = Flx(t)) (2.28)

o0

X(f) is in general complex and gives the frequency domain representation of
x(¢). The inverse Fourier transform is

() = / Y X(Pel T df = FUX ()

EXAMPLE 2.15
Example 2.1 (cont.). The Fourier transform of

1 0<t=<T,
x(t) = (2.29)
0 elsewhere

is given as
L —i2 B
X(f) = / ei2nftgy — SPEIZTIONT _ p o inf Tolsine(FT,) (2.30)
0 —j2rf 0
EXAMPLE 2.16
Example 2.2(cont.). The Fourier transform of
sin(27 Wt) .
is given as
xip = {2 I=W (2.31)
|0 elsewhere '

Properties of the Fourier Transform

Property 2.4 If x(¢) is real then the Fourier transform is Hermitian symmetric, i.e.,
X(f) = X*(—f). This implies

X =1X(=f) arg(X(f)) = — arg(X(~f)) (2.32)

Property 2.5 If x(¢) is real and an even function of time, i.e., x(¢) = x(—t¢), then X(f) is
a real valued and even function of frequency.
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Property 2.6 Ifx(¢)isreal and odd, i.e., x(¢) = —x(—¢), then X (f) is an imaginary valued

and odd function of frequency.

Theorem 2.2 (Rayleigh’s Energy)

oo o0
E, = / lx(¢)|2dt = / X (F)1df (2.33)
—00 —0o0
EXAMPLE 2.17
Example 2.1 (cont.). For the Fourier transform pair of
1 0<t=<T, . .
x(t) = 0 elsewhere X(f) =Ty expljnfTplsinc(fTp) (2.34)
the energy is most easily computed in the time domain
T,
E.= / lx(t)|?dt = T, (2.35)
0
EXAMPLE 2.18
Example 2.2 (cont.). For the Fourier transform pair of
. 1 Ifl=w
x(t) = 2Wsinc(2Wt) X(f) = (2.36)
0 elsewhere
the energy is most easily computed in the frequency domain
w
Bo= [ (pPdr-2w 237
-W

Theorem 2.3 (Convolution) The convolution of two time functions, x(¢) and A(¢), is

defined as

y(&) = x(t) x h(t) = / x(MA(t — 1)dA

—00

The Fourier transform of y(¢) is given as
Y(f) =Fly@®)} = HO)X()
Theorem 2.4 (Duality) If X(f) = F{x(¢)}, then

x(f) = F{X(-t)} x(=f)=F{X@®)}

(2.38)

(2.39)

(2.40)
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Theorem 2.5 Translation and Dilation If y(¢) = x(at + b), then

Y(f):iX (L> exp {jZnéf] (2.41)
a a

|a|

Theorem 2.6 Frequency Translation Multiplying any signal by a sinusoidal signal
results in a frequency translation of the Fourier transforms, i.e.,

%o(t) = 2(0) cos(2nfel) = Xelf) = LX(f — fo) + SX(F + fo) (2.42)
1 1
wet) = x(O)sin@nfet) > Xe() = S X(f = fo) = X(F + o (243)

Definition 2.6 The correlation function of a signal x(¢) is

V(o) = / x($)x* (¢ — 7)dt (2.44)

o0

Three important characteristics of the correlation funtion are
1. V.(0) = [% |x(¢)|?dt = E,

2. Vu(r) =V i(-1)

3. |V.(1)] < V,(0)

EXAMPLE 2.19
Example 2.1 (cont.). For the pulse

(t) L 0=t=Tp (2.45)
= 0 elsewhere '

the correlation function is

Izl
Vi ={ P (1 - T_p> It =1 (2.46)

0 elsewhere

Definition 2.7 The energy spectrum of a signal x(¢) is
G(f) = X(HX*(f) = X (F)I? (2.47)

The energy spectral density is the Fourier transform of the correlation
function, i.e.,

G:(f) = F{Vi(1)} (2.48)

The energy spectrum is a functional description of how the energy in the signal
x(t) is distributed as a function of frequency. The units on an energy spectrum
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are J/Hz. Because of this characteristic, two important properties, of the energy
spectral density are

G.(f)>0 \7 (Energy in a signal cannot be negative valued)
E.= [ word= [ cir (2.49)

This last result is a restatement of Rayleigh’s energy theorem and the analogy
to Parseval’s theorem should be noted.

EXAMPLE 2.20
Example 2.1(cont.). For the Fourier transform pair of

w={1 2= ) expljuf Tylsine(FT,) (250
= 0 elsewhere ) =T, expl—jnfTplsine(fT, )

the energy spectrum is
G(f) = T, (sinc( £ Tp))? (2.51)

The energy spectrum of the pulse is shown in Figure 2.3 (a).

EXAMPLE 2.21
Example 2.2(cont.). For the Fourier transform pair of
: 1 Ifi=w
x(t) = 2Wsinc(2Wt) X(f) = (2.52)
0 elsewhere
the energy spectrum is
Gap={t 1=V (2.53)
7710 elsewhere ’

EXAMPLE 2.22

Example 2.3(cont.). The energy spectrum of the computer-generated voice signal is
shown in Figure 2.3 (b). The two characteristics that stand out in examining this spec-
trum are that the energy in the signal starts to significantly drop off after about 2.5 kHz
and that the DC content of this voice signal is small.
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Figure 2.3 (a) The energy spectrum of a pulse from Example 2.1 and (b) the computer-generated voice signal from
Example 2.3.

Theory of Operation: Signal Analyzers

Electronic test equipment (such as power meters and spectrum analyzers) are
tools that attempt to provide the important characteristics of electronic sig-
nals to the practicing engineer. The main differences between test equipment
and the theoretical equations like those discussed in this chapter are that test
equipment only observes the signal over a finite interval. For instance a power
meter outputs a reading, which is essentially a finite time average power.

Definition 2.8 The average power over a measurement time, 7T},, is

1 T /2
P(T,) = — / lx(®)2dt W (2.54)
T J-m, /2

Definition 2.9 The Fourier transform of a signal truncated to a time length of T}, is

T/2 )
X7, (f) = / x(t)e 27l Ly (2.55)
—T/2

An ideal spectrum analyzer produces the following measurement for a span
of frequencies

1
S (f, Tw) = T—|XTm(f)|2 W/Hz (2.56)

The function in Eq. (2.56) is often termed the sampled power spectral density
and it is a direct analog to the energy spectral density of Eq. (2.47). The sampled
power spectrum is a functional description of how the power in the truncated
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signal x(¢) is distributed as a function of frequency. The units on a power spec-
trum are Watts/Hz. Because of this characteristic, two important characteristics
of the power spectral density are

S(f, Tn) >0 vf (Power in a signal cannot be negative valued)
T, /2

P.(T,) = i/ lx(¢)|2dt = /Oo S:(f, Tp)df (2.57)
Tm —Tn/2 —00

In practice, the actual values output by a spectrum analyzer test instrument
are closer to

- 1 f+B;/2
Su(f, Tw) = —/ X7, (W)?dr W (2.58)
Tm f—B,/2

where B, is denoted as the resolution bandwidth (see [Pet89] for a good dis-
cussion of spectrum analyzers). Signal analyzers are designed to provide the
same information for an engineer as signal and systems theory does within the
constraints of electronic measurement techniques.

Also when measuring electronic signals practicing engineers commonly use
the decibel terminology. Decibel notation can express the ratio of two quanti-
ties, i.e.,

P = 10log [%} dB 2.59)
2

In communication systems, we often use this notation to compare the power
of two signals. The decibel notation is used because it compresses the mea-
surement scale (10° = 60 dB). Also multiplies turn into adds, which is often
convenient in the discussion of electronic systems. The decibel notation can
also be used for absolute measurements if Py becomes a reference level. The
most commonly used absolute decibel scales are dBm (P, = 1 mw) and dBW
(P2 = 1 W). In communication systems, the ratio between the signal power and
the noise power is an important quantity and this ratio is typically discussed
with decibel notation.

2.2.3 Bandwidth of Signals

Engineers often like to quantify complicated entities with simple parameteriza-
tions. This often helps in developing intuition and simplifies discussion among
different members of an engineering team. Since the frequency domain descrip-
tion of signals is not often easily parameterized, engineers often like to describe
signals in terms of a single number. Most often in communications engineering,
this single parameter is a description of the bandwidth. Bandwidth in commu-
nication engineering most often refers to the amount of positive frequency
spectrum that a signal occupies. Unfortunately, the bandwidth of a signal does
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not have a common definition across all engineering disciplines. The common
definitions of bandwidth used in engineering practice can be enumerated as

1. X dB relative bandwidth, Bx Hz
2. P% energy (power) integral bandwidth, Bp Hz

For lowpass energy signals we have the following two definitions

Definition 2.10 If a signal x(¢) has an energy spectrum G, (f), then By is determined as

10 log(mﬁx G:(f)) = X + 101log(G<(Bx)) (2.60)

where G(Bx) > Gy(f) for |f | > Bx

In words, a signal has a relative bandwidth By, if the energy spectrum is at
least XdB down from the peak at all frequencies at or above Bx Hz. Often used
values for X in engineering practice are the 3-dB bandwidth and the 40-dB
bandwidth.

Definition 2.11 If a signal x(¢) has an energy spectrum Gy(f), then Bp is deter-
mined as
B
. Ge(f)df

Pp=—T_— 2.61
z. (2.61)

In words, a signal has an integral bandwidth Bp if the percent of the total
energy in the interval [—-Bp, Bp] is equal to P%. Often used values for P in
engineering practice are 98% and 99%.

EXAMPLE 2.23
Consider the rectangular pulse which is given as

1 0<t=<T,
x(t) = (2.62)
0 elsewhere

The energy spectrum of this signal is given as
Go(f) = IX(F)I? = T, (sine( £ T))? (2.63)

Figure 2.3 shows a normalized plot of this energy spectrum. Examining this plot carefully
produces the 3-dB bandwidth of By = 0.442/T, and the 40-dB bandwidth of B4y =
31.54/T,. Integrating the power spectrum in Eq. (2.63) gives a 98% energy bandwidth
of Bgg = 5.25/T),. These bandwidths parameterizations demonstrate that a rectangular
pulse is not very effective at distributing the energy in a compact spectrum.
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EXAMPLE 2.24
Example 2.2 (cont.). For the Fourier transform pair of

. { 1 |fl=W
x(¢) = 2Wsinc(2Wt) Gx(f) = (2.64)
0 elsewhere

the 3-dB bandwidth, B3 = W, and the 40-dB bandwidth, B4y = W, are identical.
Integrating the power spectrum gives a 98% energy bandwidth of Bgg = 0.98W. These
bandwidths parameterization demonstrate that a sinc pulse is effective at distributing
the energy in a compact spectrum.

EXAMPLE 2.25

Example 2.3 (cont.). For the computer generated voice signal the 3-dB bandwidth is
B3 = 360 Hz and the 40-dB bandwidth is B4y = 4962 Hz. Integrating the power spec-
trum gives a 98% energy bandwidth of Bgg = 2354 Hz.

Itis clear from the preceding examples that one parameter such as bandwidth
does not do a particularly good job of characterizing a signal’s spectrum. There
are many definitions of bandwidth and these numbers while giving insight into
the signal characteristics, do not fully characterize a signal.

For lowpass power signals similar ideas hold with G,(f) being replaced with
Sx(f, Tw).

Definition 2.12 If a signal x(¢) has a sampled power spectral density S,(f, T},), then
Bx is determined as

10log(max Sy(f, ) = X + 1010g(Sx(Bx, T) (2.65)

where Sy(Bx, Tr) > Sx(f,Tp) for |f| > Bx.

Definition 2.13 If a signal x(¢) has a sampled power spectral density S,(f, Ty,), then
Bp is determined as

. S Se(f, Tw)df
PA(T,)

(2.66)

2.2.4 Fourier Transform Representation of Periodic Signals

The Fourier transform for power signals is not rigorously defined and yet we
often want to use frequency representations of power signals. Typically the
power signals we will be using in this text are periodic signals that have a
Fourier series representation. A Fourier series can be represented in the fre-
quency domain with the help of the following result

)f — f1)=/ explj2n f1t] expl—j2x ftldt (2.67)

oo
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In other words, a complex exponential of frequency f; can be represented in
the frequency domain with an impulse at f;. Consequently the Fourier trans-
form of a periodic signal is represented as

o0

X(f)z/"o Z X, €Xp {sz;w—nt} expl—j2rftldt = Z Xnd (f —T£> (2.68)

® p=—c0 n=—o0

Throughout the remainder of the text the spectrum of a periodic signal will
be plotted using lines with arrows at the top to represent the delta functions.
The bandwidth of periodic signals can be defined now by using the results of
Section 2.2.3.

EXAMPLE 2.26
Consider again the the cosine signal introduced in Example 2.5.

1 1
F(eos(2m fmt)) = 58(1” — fm) + ié(f + fm)

By all definitions the bandwidth of this signal is B = f;,.

EXAMPLE 2.27
Consider again the the periodic pulse signal introduced in Example 2.5. The plot of the
resultant energy spectrum is given in Figure 2.4 for t = 0.27.For r = 0.27,B3 =3/T,

0.045 T T T T T

0.04 A i

T
»
»
»
»
1

0.035

0.03

0.025

0.02

G,(f), dB

0.015

0.01 | .

0.005 .

0 AAAAAA¢T+AT TA*T?AAA‘AA
-15 -10 -5 0 5 10 15

Normalized Frequency, f/T

Figure 2.4 The energy spectrum of the periodic pulse. r = 0.27T'.
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B4y =152/T ,and Bgg = 26/ T . Note the computation of Bgg required a Matlab program
to be written to sum the magnitude square of the Fourier series coefficients. By4g can
only be identified by expanding the x-axis in Figure 2.4 as the spectrum has not yet gone
40 dB down in this figure.

2.2.5 Laplace Transforms

This text will use the one-sided Laplace transform for the analysis of tran-
sient signals in communications systems. The one—sided Laplace transform of
a signal x(¢) is

X(s) = L{x(t)} = /OO x(t) exp[—st]dt (2.69)
0

The use of the one-sided Laplace transform implies that the signal is zero for
negative time. The inverse Laplace transform is given as

x(t) = i jl{X(s) explstlds (2.70)
21

The evaluation of the general inverse Laplace transform requires the evalu-
ation of contour integrals in the complex plane. For most transforms of interest
the results are available in tables.

EXAMPLE 2.28

27 fm
s2 4+ (2w fm)?
S
82 4+ (27 fm)?

x(¢) = sin(27 fint) X(s) =

x(t) = cos(27 fint) X(s) =

2.3 Linear Time-Invariant Systems

Electronic systems are often characterized by the input/output relations. A block
diagram of an electronic system is given in Figure 2.5, where x(¢) is the input
and y(¢) is the output.

Definition 2.14 A linear system is one in which superposition holds, i.e.,

ax1(t) + bxg(t) — ay1(t) + bys(t) (2.71)

Electronic System

Figure 2.5 A system block
diagram.
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Definition 2.15 A time-invariant system is one in which a time shift in the input only
changes the output by a time shift, i.e.,

x(t —1) —> y({t — 1) (2.72)

A linear time-invariant (LTI) system is described completely by an impulse
response, A(t). The output of the linear system is the convolution of the input
signal with the impulse response, i.e.,

y(t) = /Oo (MRt — Mdr = x(¢) = h(2) (2.73)

]

The Fourier transform (Laplace transform) of the impulse response is denoted
the frequency response (transfer function), H(f) = F{Wt)}(H(s) = L{A())}),
and by the convolution theorem for energy signals we have

Y(f)=H(HX() (Y(s)=H(s)X(s)) (2.74)

Likewise the linear system output energy spectrum has a simple form

G,(f) = HIHH*(G(f) = IH()IPG(f) = Gr(f)G(f) (2.75)

EXAMPLE 2.29
If a linear time-invariant filter had an impulse response given in Example 2.2, i.e.,
sin(27 Wt¢) .

it would result in an ideal lowpass filter. A filter of this form has two problems for an
implementation: (1) the filter is anticausal and (2) the filter has an infinite impulse
response. The obvious solution to having an infinite duration impulse response is to
truncate the filter impulse response to a finite time duration. The way to make an
anticausal filter causal is simply to time shift the filter response. Figure 2.6 (a) shows
the resulting impulse response when the ideal lowpass filter had a bandwidth of W =
2.5 kHz and the truncation of the impulse response is 93 ms and the time shift of
46.5 ms. The truncation will change the filter transfer function slightly while the delay
will only add a phase shift. The resulting magnitude for the filter transfer function
is shown in Figure 2.6 (b). If the voice signal of Example 2.3 is passed through this filter,
then due to Eq. (2.75), the output energy spectrum should be filtered heavily outside of
2.5 kHz and roughly the same within 2.5 kHz, as shown in Figure 2.7. Figure 2.7 shows
the measured energy spectrum of the input and output and these measured values match
exactly that predicted by theory. This is an example of how communications engineers
might use linear system theory to predict system performance. This signal will be used
as a message signal throughout the remainder of this text to illustrate the ideas of
analog communication.
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5000 " " . . . 10
4000 | 1 0t
3000 1 -10¢
= 2000 1 o =20
< 1000} { = 30}
0 MVV\AAN\AMAW —40
—1000 [ 1 =50t
-2000 - - - - - -60 - s ;
0.038 0.042 0.046 0.05 0.054 -5000 -3000 -10000 1000 3000 5000
Time, t, sec Frequency, f, Hz
(a) The impulse response. (b) The spectrum, |H(f)|.

Figure 2.6 A lowpass filter impulse response and the spectrum. (a) The impulse response, A(¢), of a filter obtained
by truncating (93 ms) and time-shifting (46.5 ms) (b) an ideal lowpass (W = 2.5 kHz) filter impulse response.

EXAMPLE 2.30

In this example the signal from Example 2.1 is to be filtered by the filter from the
previous example. For this example we assume that T, = 907us. Figure 2.8 shows the
measured energy spectrum of the input and output, and Figure 2.9 shows the input and
output time waveforms for this example. The impact of filtering in the frequency domain
is clearly evident. The elimination of the high-frequency components of the pulse signal
eliminates the sharp transitions and produces some ringing effects.

-30 . =30
35 =35
—40 —40+
—45t —45¢
=] =50t =50+t
o =35 < -55¢
& —60 3 -60}
—65 —65}
=70t =70+
=75t =75t
-80 - - -80 - - - .
-5000 -3000 -10000 1000 3000 5000 -5000 -3000 -1000 0 1000 3000 5000
Frequency, f, Hz Frequency, f, Hz
(a) Input (b) Output

Figure 2.7 (a) The energy spectrum of the voice signal before and (b) after filtering by a lowpass filter of bandwidth
2.5 kHz.
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Figure 2.8 (a) The energy spectrum of the pulse signal before and (b) after filtering by a lowpass filter of band-
width 2.5 kHz.

For a periodic input signal the output of the LTI system will be a periodic
signal of the same period and have a Fourier series representation of

y(t) = i H (Ti) X, exp [jZ;nt] = i Y, exXp [jZnnt} (2.76)

T

n=—oo

where y, = H (7 )x,. In other words the output of an LTI system with a periodic
input will also be periodic. The Fourier series coefficients are the product of
input signal’s coefficients and the transfer function evaluated at the harmonic

frequencies.
H— | M
0.8} ] 0.8
0.6} ] 0.6
Ed e
0.4} ] 0.4}
0.2¢ : 0.2+ E
(0)8 0 \/\M/\/\/V\/\/\/\) \/\/\/m\/\/\/\/\/\

0 0.002 0.004 0.006 0.008 0.01 0.042 0.044 0.046 0.048 0.05 0.052
Time, t, sec Time, t, sec
(a) Input (b) Output

Figure 2.9 (a) The time domain signals of the pulse signal before and (b) after filtering by a lowpass filter of
bandwidth 2.5 kHz.
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EXAMPLE 2.31
Consider the signal from Example 2.1, x(¢) = cos(27 f,t) input into an arbitrary filter
characterized with a transfer function H (f). The output Fourier series coefficients are

_ H(fw) _ H(—fw)
=—> yo1=

and denoting the amplitude of the transfer funtion with H4(f) and the phase of the
transfer function with Hp (f) the output signal is

fr = fm Nl xn =0 (2.77)

y(t) = Ha(fm) cos(2x fmt + Hp(fm)) (2.78)

EXAMPLE 2.32

Consider the repeating pulse signal with 1/7 = 500 Hz and t = 2500 Hz from Example
2.5, input into a filter with an impulse response given in Example 2.2, i.e.,

sin(27 Wt) .
h(t) 9 Wi sinc(2Wt)

where W = 2500 Hz. The input signal spectrum is given in Figure 2.4. The output
Fourier series coefficients are the same over the passband of the filter and are zero out-
side the passband. The output spectrum and output time plot are shown in Figure 2.10.

Animportant linear system for the study of frequency modulated (FM) signals
is the differentiator. The differentiator is described with the following transfer
function

n
sy = T2 Y(f) =G2rf "X () (279)
0.045
0.04} b
0.035} | 4
0.03+
S 0.025} -
% 0.02} =
0.015¢
0.01¢
0.005 [ \
Ol ssssssasas i Y eiaaaaaa 0.2 X X X X X X X
-8000 —6000 —-2000 0 2000 6000 8000 0O 05 1 15 2 25 3 35 4
Frequency, f, Hz Time, t, sec x 1073
(a) Spectrum (b) Time signal

Figure 2.10 A filtered repetitive pulse, 7 = 1/2500 and 7' = 1/500.
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2.4 Utilizing Matlab

The signals that are discussed in a course on communications are typically
defined over a continuous time variable, e.g., x(¢). Matlab is an excellent package
for visualization and learning in communications engineering and will be used
liberally throughout this text. Unfortunately Matlab uses signals that are de-
fined over a discrete time variable, x(k). Discrete time signal processing basics
are covered in the prerequisite signals and linear systems and comprehensive
treatments are given in [Mit98, 0S99, PM88, Por97]. This section provides a
brief discussion of how to transition between the continuous time functions
(communication theory) and the discrete time functions (Matlab). The exam-
ples considered in Matlab will reflect the types of signals you might measure
when testing signals in the lab.

2.4.1 Sampling

The simplest way to convert a continuous time signal, x(¢), into a discrete time
signal, x(%), is to sample the continuous time signal, i.e.,

x(k) =x(kTs + €)

where T is the time between samples. The sample rate is denoted f; = % This
conversion is an important part of analog—to—digital conversion (ADC) and is
a common operation in practical communication system implementations. The
discrete time version of the signal is a faithful representation of the continuous
time signal if the sampling rate is high enough.

To see that this is true it is useful to introduce some definitions for discrete
time signals.

Definition 2.16 For a discrete time signal x(k), the discrete time Fourier transform
(DTFT) is

X (/2 ) = Z x(k)e/ 2Tk (2.80)

k=—00

For clarity when the frequency domain representation of a continuous time
signal is discussed it will be denoted as a function of f, e.g., X(f) and when
the frequency domain representation of a discrete time signal is discussed it
will be denoted as a function of /27 | e.g., X (e/271 ). This DTFT is a continuous
function of frequency and since no time index is associated with x(%), the range
of where the function can potentially take unique values is f € [-0.5,0.5].
Matlab has built-in functions to compute the discrete Fourier transform (DFT),
which is simply the DTFT evaluated at uniformly spaced points.

For a sampled signal, the DTFT is related to the Fourier transform of the
continuous time signal via [Mit98, 0S99, PM88, Por97].

xe=h =5 3 x (1) (2.81)
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Examining Eq. (2.81) shows that if the sampling rate is higher than twice
the highest significant frequency component of the continuous time signal then

. 1 f
J2nfy _
X(e ) = _TSX <_Ts> (2.82)
and
X(f) = T X (/27 1) (2.83)

Note the highest significant frequency component is often quantified through
the definition of the bandwidth (see Section 2.2.3). Consequently the rule of
thumb for sampling is that the sampling rate should be at least twice the band-
width of the signal. A sampling rate of exactly twice the bandwidth of the signal
is known as Nyquist’s sampling rate.

Integration

Many characteristics of continuous time signals are defined by an integral. For
example, the energy of a signal is given in Eq. (2.1) as an integral. The Fourier
transform, the correlation function, convolution, and the power are other exam-
ples of signal characteristics defined through integrals. Matlab does not have
the ability to evaluate integrals but the values of the integral can be approx-
imated to any level of accuracy desired. The simplest method of computing
an approximation solution to an integral is given by the Riemann sum first
introduced in calculus.

Definition 2.17 A Riemann sum approximation to an integral is

’ (t)dth_azN: P i) —th: &) (2.84)
: X ~ N xXxl|a € N = X .

k=1 k=1

where € € [-(b—a)/N,0] and h = Z’N;a is the step size for the sum.

A Riemann sum will converge to the true value of the finite integral as the
number of points in the sum goes to infinity. Note that the DTFT for sampled
signals can actually be viewed as a Riemann sum approximation to the Fourier
transform.

2.4.3 Commonly Used Functions

This section details some Matlab functions that can be used to implement the
signals and systems that are discussed in this chapter. Help with the details of
these functions is available in Matlab.

Standard Stuff
® cos — cosine function

® sin — sine function

® sinc — sinc function
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® sgrt — square root function
® 10g10 — log base ten, this is useful for working in dB
® max — maximum of a vector

® sum — sum of the elements of a vector

Complex signals
®abs — | e]

® angle — arg(e)
B real — Nle]

B imag — J[e]

® conj — (e)*

Input and Output

® plot — 2D plotting

B xlabel, ylabel, axis — formatting plots
® sound, soundsc — play vector as audio

® 1oad — load data

B save — save data

Frequency Domain and Linear Systems
® fft — computes a discrete Fourier transform (DTF)

m fftshift — shifts an DFT output so when it is plotted it looks more like a
Fourier transform

® conv — convolves two vectors

2.5 Homework Problems

Problem 2.1. Let two complex numbers be given as

21 =x1+ jy1 = arexp(jbr) 29 = X2 + jy2 = az exp(j fe) (2.85)

Find

(a) Nlz1 + 2]
() |21 + 22|
(¢) Jlz122]
(d) arglzize]

(e) |z122]
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Problem 2.2. Plot, find the period, and find the Fourier series representation of
the following periodic signals

(a) x(¢) = 2c0s(2007t) + 5 sin(4007¢)

(b) x(¢) = 2cos(2007¢t) + 5sin(300x¢)

(¢) x(t) = 2cos(150x¢t) + 5sin(2507¢)

Problem 2.3. Consider the two signals
x1(¢) = m(t) cos(2m f,t) x9(t) = m(t) sin(27 f,t)

where the bandwidth of m(¢) is much less than f.. Compute the simplest form
for the following four signals

(a) y1(¢) = x1(¢) cos(2n f.t)
(b) yo(t) = x1(¢) sin(27 f.t)
(e) y3(t) = xo(t) cos(2m f.t)
(d) ya(2) = x2(t) sin(27 fet)

Postulate how a communications engineer might use these results to recover
a signal, m(¢), from x1(¢) or xo(¢).

Problem 2.4. (Design Problem) This problem gives you a little feel for microwave
signal processing and the importance of the Fourier series. You have at your
disposal

(1) asignal generator that produces + 1V amplitude square wave in a 1 Q sys-
tem where the fundamental frequency, /1, is tunable from 1 kHz to 50 MHz
(2) anideal bandpass filter with a center frequency of 175 MHz and a bandwidth
of 30 MHz (+15 MHz).
The design problem is

(a) Select an f; such that when the signal generator is cascaded with the filter
that the output will be a single tone at 180 MHz. There might be more than
one correct answer (that often happens in real life engineering).

(b) Calculate the amplitude of the resulting sinusoid.

Problem 2.5. This problems exercises the signal and system tools. Compute the
Fourier transform of

(a)

A 0=<t=<T,
t) = - - 2.86
x(8) {O elsewhere ( )
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(b)

o (nt
() = Asin (7;) 0<t<T, (2.87)
0 elsewhere

and give the value of A such that E, = 1. Compute the 40-dB relative band-
width, By, of each signal.

Problem 2.6. This problem is an example of a problem which is best solved with
the help of a computer. The signal x(¢) is passed through an ideal lowpass filter
of bandwidth B /T, Hz. For the signals given in Problem 2.5 with unit energy
make a plot of the output energy versus B.

Hint: Recall the trapezoidal rule from calculus to approximately compute this
energy.

Problem 2.7. This problem uses signal and system theory to compute the output
of a simple memoryless nonlinearity. An amplifier is an often used device in com-
munication systems and is simply modeled as an ideal memoryless system, i.e.,

¥(@) = arx(¢)

This model is an excellent model until the signal levels get large then non-
linear things start to happen, which can produce unexpected changes in the
output signals. These changes often have a significant impact in a communica-
tion system design. As an example of this characteristic consider the system in
Figure 2.11 with the following signal model

x(¢) = b1 c0s(2000007¢) + by cos(2020007¢)

the ideal bandpass filter has a bandwidth of 10 kHz centered at 100 kHz, and
the amplifier has the following memoryless model

y(t) = ar1x(t) + aza®(¢)
Give the system output, z(¢), as a function of ay, a3, b1, and bs.

Problem 2.8.(PD) A nonlinear device that is often used in communication systems
is a quadratic memoryless nonlinearity. For such a device if x(¢) is the input
the output is given as

y(t) = ax(t) + ba(t)

x(1) y(1)

Amplifier Ideal BPF |20

Figure 2.11 The system diagram
for Problem 2.7.
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(a) If x(¢) = Acos(2nf,ut), what is y(¢) and Y (f)?
(b) If

X(f)={A 171 = fel < fn (2.88)

0 elsewhere

what is y(¢) and Y (f)?

(¢) A quadratic nonlinearity is often used in a frequency doubler. What com-
ponent would you need to add in series with this quadratic memoryless
nonlinearity such that you could put a sine wave in and get a sine wave out
of twice the input frequency?

Problem 2.9. Consider the following signal

x(t) = cos(2mf1t) + asin(2x f1t)
= Xala) cos(27 f1t + X p(a)) (2.89)

(a) Find X s(a).
(b) Find X ,(a).
(¢) What is the power of x(¢), P,?

(d) Is x(¢) periodic? If so, what is the period and the Fourier series
representation of x(¢)?

Problem 2.10. Consider a signal and a linear system as depicted in Figure 2.12

where
x(t) = A+ cos(2m f1t)
and
1 0<t<T,
ht) =< /T, - h (2.90)
0 elsewhere
Compute the output y(¢).
Problem 2.11. For the signal
sin(27147¢)

x()——1  h()

() Figure 2.12 The system for
Problem 2.10.
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(a) Compute X (f).
(b) Compute E,.

(¢) Compute y(t) =
(d) Compute Y (f).

dx(t)
dt -

Hint: Some of the computations have an easy way and a hard way so think
before turning the crank!

Problem 2.12. The three signals seen in Figure 2.13 are going to be used to exer-
cise your signals and systems theory. If no functional form is given for the pulse,
assume ideal rectangular transitions to simplify the computations. Compute for
each signal

1
0.5
2 0
=
-0.5
_1 ‘
0 0.25 0.5 0.75 1
Normalized Time, t/T, b
1
0.5
2 0
=
-0.5
-1 |
0 0.25 0.5 0.75 1
Normalized Time, t/T, b
1
0.8
‘? 06 u,(f)= V2sin TL
0.4 p
0.2
0 \
0 0.2 0.4 0.6 0.8 1

Normalized Time, t/ Tp

Figure 2.13 Pulse shapes considered for Problem 2.12.
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(a) The Fourier transform, U;(f),i =1, 2, 3.
(b) The energy spectral density, G, (f).
(c¢) The correlation function, V,,(t). What is the energy, E,,?

Hint: Some of the computations have an easy way and a hard way so think
before turning the crank!

Problem 2.13. This problem looks at several simplifying approximations for com-
plex numbers that will be useful in analyzing the characteristics of analog
modulations and demodulators. Assume z is a complex number of the form

z=14+¢€1+ jeo (2.92)

where ¢; is a real number with ¢, < 1fori =1, 2.

(a) Show a logical argument to justify the approximation |z| ~ 1 + €;.

(b) Assume €1 = €2 and find the values of €1, where this approximation results
in a error of less than 1%.

(c) Show a logical argument to justify the approximation arg{z} ~ ¢,.

(d) Assume €; = €2 and find the values of €1, where this approximation results
in a error of less than 1%.

Problem 2.14. Pulse shapes will be important in digital communication systems.
A Gaussian pulse shape arises in several applications and is given as

x(t) =

2

t2
omo exp {—ﬁ} (293)

(a) Plot x(¢) for 0 = 0.25, 1, 4.
(b) Calculate X (f). Hint:
X2

2
\/_ / exp {—— +ax] dx = exp [az } (2.94)

(¢) Plot Gx(f) for o = 0.25, 1, 4 using a dB scale on the y-axis.
Problem 2.15. A common signal has a Fourier series representation of

(=1

x(t)——
T O2k +1

cos(107(2k + 1)¢) (2.95)
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0.01

1 I
-200 200f

Figure 2.14 An example energy spectrum.

(a) Plot x(¢) for one period of the signal.
(b) Find P,.
(c) What is the 98% power bandwidth, Bgg, of x(¢)?

Problem 2.16. Show that
FUXH(f)) = x*(—1) (2.96)

Problem 2.17. For the energy spectrum shown in Figure 2.14 find

(a) E,.

(b) The 3dB bandwidth, Bs.

(¢) The 40dB bandwidth, Byg.

(d) The 98% energy bandwidth, Bgg.

Problem 2.18. A signal has a series expansion given as

8 v 1 27 (2n — Dt
m(t) = — ; T O ( T ) (2.97)

(a) Characterize the Fourier series.

(b) Find the 3-dB bandwidth, Bs.

(¢) Find the 40-dB bandwidth, Byy.

(d) Find the 98% power bandwidth, Bys.
(e) Find the 99% power bandwidth, Bgg.

Problem 2.19. Prove that Bgy < Bgs.
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Problem 2.20. An energy spectrum has a peak value of 0.02. Find the value the
energy spectrum must go below to be

(a) 40-dB below the peak.

(b) 3-dB below the peak.

Problem 2.21. A concept that sometimes finds utility in engineering practice is
the concept of RMS bandwidth. The RMS bandwidth is defined as

Wr = \/ / N f2G(Hdf (2.98)

For the energy spectrum in Figure 2.14 find the RMS bandwidth.

Problem 2.22. A concept that often finds utility in engineering practice is the
concept of group delay. For a linear system with a transfer function denoted

H(f) = Ha(f) explj Hp(f)] (2.99)

the group delay of this linear system is defined as

1d

W) = ~5 () (2.100)

Group delay is often viewed as the delay experienced by a signal at frequency
f when passing through the linear system H(f).

(a) An ideal delay element has an impulse response given as h(¢) = §(¢ — 74),
where 7y > 0 is the amount of delay. Find the group delay of an ideal delay
element.

(b) An example low pass filter has

1
Hf) = ——— 2.101
) Jj2nf +a (2.101)
Plot the group delay of this filter for 0 < f < 5a.
(c) Give a nontrivial H(f) that has 4(f) = 0. In your example is the filter
causal or anticausal?

Problem 2.23. (RW) An interesting characteristic of the Fourier transform is lin-
earity and linearity can be used to compute the Fourier transform of complicated
functions by decomposing these function into sums of simple functions.

(a) Prove if y(¢) = x1(¢) + x2(¢), then Y (f) = X1(f) + Xo(f).
(b) Find the Fourier transform of the signal given in Figure 2.15.
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(@)
1.5

I
-1.0 -0.5 0.5 1.0

Figure 2.15 The rocket signal.

2.6 Example Solutions

Problem 2.24. Recall that the Fourier series is given as

x(t) = Z‘X’: X, €Xp [jZnTit}

n=—0o

Each of these waveforms in this chapter can be put in a Fourier Series rep-
resentation by the use of Euler’s formula or

cos(0) = %[eﬁ +e7 79 (2.102)

sin(9) = i,[efe —e 7] (2.103)
2j

(a)

x(¢) = 2c0s(200xt) + 5sin(4007¢)
= explj27(100)¢] + explj 27 (—100)¢] + J% explj27(200)¢t]
—j% explj27(—200)¢]

The waveform is plotted in Figure 2.16.

+=100 x=1 x1=1
T =0.01 xgzj% x_ZZ;—S
x, =0 otherwise
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x(t)

x(t)

x(t)

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Time, t, sec

Figure 2.16 Plots of the time waveforms for Problem 2.2.

(b) x(¢) = 2co0s(2007¢) + 5sin(300x¢). The waveform is plotted in Figure 2.16.

T 1 X_9 = 1
5 -5

T =0.02 x3:j—2 3(37321.—2

x, =0 otherwise

(¢) x(t) = 2cos(150xt) + 5sin(2507x¢). The waveform is plotted in Figure 2.16.

+=25 ax3=1
T =004 x5=7; x5

J
x, =0 otherwise
Problem 2.25. The output of the quadratic nonlinearity is modeled as

y(t) = ax(t) + ba’(t) (2.104)
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It is useful to recall that multiplication in the time domain results in convo-
lution in the frequency domain, i.e.,

A8) = x(t) x x(t)  Z(F) = X(F) « X(F) (2.105)
(a) x(t) = Acos(2n f,t), which results in
Y(t) = aAcos(2 ft) + bAZ cosX (2 fnt)
— aAcos(27 fint) + bAZ (% + 2 cos(ar fmt)>

b

— a?Aexp[janmt] + %Aexp[_jznfmt] + 9

2 2
—}—% expljdnfint] + % expl—j4n fint] (2.106)

The frequency domain representation for the output signal is given as

2 2
Y(f) = %A(S(f )+ ‘%“a(f +f) + %a(f) + %a(f —2fw)

2
+%5(f +2fm) (2.107)

The first two terms in Eq. (2.107) are due to the linear term in Eq. (2.104)
while the last three terms are due to the square law term. It is interesting
to note that these last three terms can be viewed as being obtained by
convolving the two “delta” function frequency domain representation of a
cosine wave, i.e., 2 cos(27 f,,t) = explj 27 fiut] + expl—j 27 fint], with itself.

(b) The input signal is

X(f)={A 11— fel < fm (2.108)

0 elsewhere

Taking the inverse Fourier transform gives

sin(rw fit)
7Tt

The output time signal of this quadratic nonlinearity is

x(t) = 4Af, cos(2m fet) (2.109)

Sin(sr fiut)
7Tt
Sin(m fout) Sin(rr frt) \ 2
7T fmt 7 fmt )

1 1
X <§ + 5 cos(4rrfct)) (2.110)

sin(m fint)

y(t) = 4daAfn, —y

2
cos(2rnf.t)+b <4Afm cos(2nfct)>

— daAf,, cos(2nfut) +b <4Afm
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Y(f) |
4Af,b
2Af, b

Figure 2.17 Output spectrum of the quadratic nonlinearity for part (b).

The frequency domain representation of y(¢) can be computed by taking the
Fourier transform or by using Y (f) = aX (f) +b(X (f)* X (f)). The resulting
Fourier transform is plotted in Figure 2.17.

(¢) Looking at part (a) one can see that a tone in will produce a tone out if all
frequencies except those at 2 f,, are eliminated. Consequently a quadratic
nonlinearity followed by a BPF will produce a frequency doubler. The block
diagram for this frequency doubler is shown in Figure 2.18.

2.7 Miniprojects

Goal: To give exposure

1. To a small scope engineering design problem in communications
2. To the dynamics of working with a team

3. To the importance of engineering communication skills (in this case oral
presentations)

Presentation: The forum will be similar to a design review at a company
(only much shorter). The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). Each team
member should be prepared to make the presentation on the due date.

Quadratic BPF
Nonlinearity @2f¢

cos(2m f,.1) C cos(4m f,1)

Figure 2.18 A frequency doubler.
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2.7.1 Project1

Project Goals: In designing a communication system, bandwidth efficiency
is often a top priority. In analog communications one way to get bandwidth
efficiency is to limit the bandwidth of the message signal. The big engineering
trade-off is how narrow to make the bandwidth of the message signal. If the
bandwidth is made too narrow, the message will be distorted. If the bandwidth
is made too wide, spectrum will be wasted. This project examines this trade-off
for a realistic signal.

Get the Matlab file sigsex2 .m from the class web page along with the com-
puter generated voice signal. Use this file to make an estimate how small the
bandwidth of a voice signal can be and still enable high-fidelity communications.
There is no single or right answer to the problem but engineering judgment
must be used. How would your answer be different if you were only concerned
with word recognition or if you wanted to maintain speaker recognition as well.
Please detail your reasons for your solution. Relate your results to the different
notions of bandwidth that were discussed in the text.

2.7.2 Project2

Project Goals: The computation of a percent energy bandwith, Bp, requires
a numerical integration to be performed for most signals that are used in com-
munications. This project will assign you to do this integration for a realistic
signal.

Get the computer-generated voice signal from the class web page. Write a
program to estimate the the 90% bandwidth of this signal.
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Chapter

Review of Probability and
Random Variables

This chapter is intended to review introductory material on random variables,
typically covered in an undergraduate curriculum. The most important use of
this chapter will be the introduction of the notation used in this text. More proofs
will be provided in this chapter than the last chapter because typically this
subject matteris not as synthesized at the start of a senior level communications
course. Texts that give a more detailed treatment of the subject of probability
and random variables are [DR87, LG89, Hel91, CM86, Dev00, Sti99, YG98].

3.1 Axiomatic Definitions of Probability

Characterization of random events or experiments is critical for communication
system design and analysis. A majority of the analyses of random events or
experiments are extensions of the simple axioms or definitions presented in this
section. A random experiment is characterized by a probability space consisting
of a sample space 2, a field 7, and a probability measure P (e). This probability
space will be denoted (2, F, P).

EXAMPLE 3.1
Consider the random experiment of rolling a fair dice

©=1{1,23,4,5,6} 3.1

The field, F, is the set of all possible combinations of outputs, i.e., consider the fol-
lowing outcomes A; = {the die shows a 1}, Ay = {the die shows an even number}, A3 =
{the die shows a number less than 4}, and A4 = {the die shows an odd number}, which
implies

Al,Az,Ag,A4 eF (3.2)

3.1

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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Definition 3.1 Events A and B are mutually exclusive if AN B =@

Axioms of Probability. A probability measure, P, for a probability space
(R, F, P) with events A, B € F must satisfy the following axioms

® For any event A, P(A) >0

" P(Q)=1

® [f A and B are mutually exclusive events then P(AU B) = P(A) + P(B).
These three axioms are the building blocks for probability theory and an

understanding of random events that characterize communication system
performance.

EXAMPLE 3.2
Example 3.1(cont.). The rolling of a fair die

A =(1} Ay =1{2,4,6} A3=1{1,2,3} A4={1,3,5}

P11 = P[{2})] =--- = P[{6}] (8.3)

P[A1]=% P[A2]=% P[A31=% P[A4]=%

Definition 3.2 (Complement) The complement of a set A, denoted A€, is the set of all
elements of 2 that are not elements of A.

Theorem 3.1 Poincare For N events Ay, Ay, ..... AN
P[AJUAyU...UAN] =S1—Sg + - - +H(~DN-18y
where

Sy, = Z PIA, NA,N...0Al  i1>1,i <N

i1<i2<....<ik

Proof: The results are given for N = 2 and the proof for other cases is similar
(if not more tedious). Note that events A and B N A® are mutually exclusive
events. Consequently we have

P[AUB] =P[(ANB®)UB]=P[ANBC] + P[B] (3.4)
P[AUB] =P[(BNA®)UA] = P[BNA°]+ P[A] (3.5)
P[AUB] = P[(ANB®)U(ANB)U(B nA%)]

= P[ANBC]+ P[ANB] + P[B N A°] (3.6)

Using Eq. (3.4) + Eq. (3.5) — Eq. (3.6) gives the desired result. O
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EXAMPLE 3.3
P[AUB] = P[Al+ P[B] - P[AN B]

P[AUBUC] = P[Al+ P[B]+PIC] - P[AN B]

—P[BNC]-P[ANC]+P[ANBNC] (8.7
EXAMPLE 3.4
Example 3.1(cont.).
P[Ay U Azl = P[As] + P[As] — P[Ay N Al (3.8)
1
A20A3=2 P[AgﬂA?,]:g (3.9)
1 1 1 5
_ — -4 -_-== 1
P[Ay UA3]l = P[1,2,3,4,6] 2+2 6= 5 (3.10)

Definition 3.3 (Conditional Probability) Let (2, 7, P) be a probability space with sets
A, B € F and P[B] # 0. The conditional or a posteriori probability of event A given an
event B, denoted P [A|B], is defined as

P[ANB]

P[A|B] = W

P[A|B] is interpreted as event A’s probability after the experiment has been
performed and event B is observed.

Definition 3.4 (Independence) Two events A, B € F are independent if and only if

P[ANnB] = P[A]P[B]

Independence is equivalent to
P[A|B] = P[A] (3.11)

For independent events A and B, the a posteriori or conditional probability
P[A|B] is equal to the a prioir probability P [A]. Consequently, if A and B are
independent, then observing B reveals nothing about the relative probability
of the occurrence of event A.
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EXAMPLE 3.5
Example 3.1(cont.). If the die is rolled and you are told the outcome is even, Ay, how
does that change the probability of event Ag?

P(A2 N Ag) _
P(49)

1
P[A3]Ag] = 3

DOl |l

Since P[A3|As] # P[As], event Az is not independent of event A,.

Definition 3.5 A collectively exhaustive set of events is one for which
AjUAU....UAN =Q

Theorem 3.2 Total Probability For N mutually exclusive, collectively exhaustive

events (A1, Ay, ..... Apn) and B € Q, then
N

P[Bl=> PIB|A;IP[A]]
i=1

Proof: The probability of event B can be written as

N N
P[Bl=P[BNQ]=P [BmUA,-] =P [UB mAi]

i=1 i=1

The events B N A; are mutually exclusive, so

P[B]=P

N N N
UB mAi] => PIBNA]l=> PIBIA]IP[A] O

i=1 i=1 i=1

EXAMPLE 3.6
Example 3.1(cont.). Note Ay and A4 are a set of mutually exclusive collectively exhaust-
ive events with

P[AsnA4  PI{1,3)]
P[A] — Pl[Ad

PAg|Aql =

I

This produces

PlAg] = PlAslAg]P(Ay) + PlAsLAJP(Ap) = © E] N [3} H _3_1

Theorem 3.3 (Bayes) For N mutually exclusive, collectively exhaustive events
{A1, Ag,...An} and B € Q, then the conditional probability of the event A; given that
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event B is observed is

P[B|A;]1P[A)] _ P[B|Aj]P[A)]
P[B] SN PIBNA;

P[Aj|B] =

Proof: The definition of conditional probability gives
P[A;NB]=P[A;|B]P[B] = P[B|A;]P[A}]

Rearrangement and total probability complete the proof. O

EXAMPLE 3.7

(Binary symmetric channel) A facsimile machine divides a document up into small
regions (i.e., pixels) and decides whether each pixel is black or white. Reasonable a
priori statistics for facsimile transmission is

P [A pixel is white] = P[W] =0.8 P [A pixel is black] = P[B] = 0.2

This pixel value is transmitted across a telephone line and the receiving fax machine
makes a decision about whether a black or white pixel was sent. Figure 3.1 is a sim-
plified representation of this operation in an extremely noisy situation. If a black pixel
is decoded (B D) what is the probability a white pixel was sent, P(W|B D)? Bayes rule
gives a straightforward solution to this problem, i.e.,

PIBD|W]P
P(W|BD) = # (3.12)
~ PIBD|WIP W]
= PIBDWIPW] + PIBD|BIP[B]
(0.1)0.8

= (0.1(0.8) +(0.9)(0.2)

=0.3077 (3.13)

White P[WDIW]=0.9 White
Pixel > Pixel
Sent Decoded
P[BDW]=0.1 P[WDB]=0.1
Black Black
Pixel Pixel
Sent p[ BD| B] =09 Decoded

Figure 3.1 The binary symmetric channel.
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3.2 Random Variables

In communications, the information transmission is often corrupted by random
noise. This random noise manifests itself as a random voltage (a real number)
at the output of the electrical circuits in the receiver. The concept of a random
variable (RV) links the axiomatic definition of probability with these observed
real random numbers. A random variable has an underlying random exper-
iment. The set of all experimental outcomes are denoted 2 and a particular
outcome of the random experiment is denoted with w.

Definition 3.6 Let (2, F, P) be a probability space. A real random variable X(w) is a
single-valued function or mapping from 2 to the real line (R).

There are three types of random variables: discrete, continuous, and mixed.
A discrete random variable has a finite (or countably infinite) number of possible
values. A continuous random variable takes values in some interval of the real
line of nonzero length. A mixed random variable is a convex combination of a
discrete and a continuous random variable. To simplify the notation when no
ambiguity exists, X represents the random variable X (w) (the experimental
outcome index is dropped) and x = X (w) represents a particular realization of
this random variable.

Definition 3.7 An observed real number resulting from the random experiment is
denoted a sample from the random variable.

EXAMPLE 3.8

Matlab has a built-in random number generator. In essence this function when executed
performs an experiment and produces a real number output (a sample of the random
variable). Each time this function is run, a different real value is returned. Go to Matlab
and type rand (1) and see what happens. Each time you run this function, it returns a
number that is unable to be predicted. The output can be characterized in many ways,
but the outputs are not completely predictable.

Random variables are completely characterized by either of two related func-
tions: the cumulative distribution function (CDF) or the probability density
function (PDF)!. These functions are the subject of the next two sections.

3.2.1 Cumulative Distribution Function

Definition 3.8 For a random variable X (w), the CDF is a function Fx(x) defined as

Fx(x)=P({w: X(w) <x}) YV xR

LContinuous RVs have PDFs but discrete random variables have probability mass functions
(PMF).
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Figure 3.2 Example CDF for (a) discrete RV, (b) continuous RV, and (c¢) mixed RV.

Again to simplify the notation when no ambiguity exists, the CDF of the
random variable X will be written as Fx(x) = P(X < x). Figure 3.2 shows
example plots of the CDF for discrete, continuous and mixed random variables.
The discrete random variable has a CDF with a stairstep form, the steps occur
at the points of the possible values of the random variable. The continuous
random variable has a CDF, that is a continuous function and the mixed random
variable has a CDF containing both intervals where the function is continuous
with non-zero derivative and points where the function makes a jumps.
Properties of a CDF

® Fx(x) is a monotonically increasing function?, i.e.,
X1 < X = Fx(x1) < Fx(xo)

)< Fxx) =<1

B Fy(—o0)=P(X <—-o0)=0and Fx(co) =P(X <o00) =1

® A CDF is right continuous, i.e., limy_,o Fx(x + |h|) = Fx(x)

B P(X>x)=1—Fx(x)and P(x; < X <x9) = Fx(x3) — Fx(x1)

® The probability of the random variable taking a particular value, a, is given as

P(X =a)=Fx(a) - %in(l)Fx(x — 1A

Continuous random variables take any value with zero probability since the
CDF is continuous, while discrete and mixed random variables take values with

2This is sometimes termed a nondecreasing function.
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nonzero probabilities since the CDF has jumps. The discrete random variable
has a CDF with the form

N
Fx(x) =ZP(X=ak)U(x—ak) (8.14)
k=1

where U () is the unit step function, N is the number of jumps in the CDF, and
ay are the locations of the jumps.

3.2.2 Probability Density Function

Definition 3.9 For a continuous random variable X(w), the PDF is a function fx(x)
defined as

dP(X(0) <x) dFx(x)

I ax xeR (3.15)

fx(x) =

Since the derivative in Eq. (3.15) can be rearranged to give
: . A A
lim fx(x)A =lim P (x— — <X <x+ _),
A—0 A—0 2 2

the PDF can be thought of as the probability “density” in a very small interval
around X = x. Discrete random variables do not have a probability “density”
spread over an interval but do have probability mass concentrated at points. So
the idea of a density function for a discrete random variable is not consistent.
The analogous quantity to a PDF for a continuous RV in the case of a discrete
RV is the probability mass function (PMF)

px(x) =P(X =x)

The idea of the probability density function can be extended to discrete and
mixed random variables by utilizing the notion of the Dirac delta function
[CM86].

Properties of a PDF
» Fx(x) = [" fx(B)dp
" fx(x) >0
" Fx(oo)=1= [T fx(B)dp
= P(x; <X <x) = [ fx(B)dp
Again, if there is no ambiguity in the expression, the PDF of the random
variable X is written as f (x) and if there is no ambiguity about whether a
RV is continuous or discrete, the PDF is written p(x). Knowing the PDF (or

equivalently the CDF) allows you to completely describe any random event
associated with a random variable.
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EXAMPLE 3.9

The rand (e) function in Matlab produces a sample from what is commonly termed a
uniformly distributed random variable. The PDF for a uniformly distributed random
variable is given as

—1 <x<b
fx@) =0 b—a == (3.16)

0 elsewhere

The function in Matlab has a = 0 and b = 1. Likewise the CDF is

0 x<a

Fxx)={¢ 7% 4<x<b (3.17)
b—a
1 x>b

Experimenting in Matlab will give you some insight.

3.2.3 Moments and Statistical Averages

A communications engineer often calculates the statistical average of a function
of a random variable. The average value or expected value of a function g(X)
with respect to a random variable X is

E(g(X)) = / g(x) px(x)dx

Average or expected values are numbers, that provide some partial informa-
tion about the random variable. Average values are one number characteriza-
tions of random variables but are not a complete description in themselves like
a PDF or CDF. A good example of a statistical average often used to characterize
RVs is given by the mean value. The mean value is defined as

oo

E(X)=mx = / xpx(x)dx
—0Q
The mean is the average value of the random variable. The nth moment of a
random variable is a generalization of the mean and is defined as

oo
EX") =mx,= / x"px(x)dx
—0o0
The mean square value, E (X 2), is frequently used in the analysis of a commu-
nication system (e.g., average power). Another function of interest is a central
moment (a moment around the mean value) of a random variable. The nth
central moment is defined as

o0

E((X — mx)") = o = / (x — mx)"px(x)dx

—00
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The most commonly used second central moment is the variance, ox 2, which
provides a measure of the spread of a random variable around the mean. The
variance has the shorthand notation ox s = 02 = var(X). The relation between
the variance and the mean square value is given by

E(X?) =m2 +of
The expectation operator is linear, i.e.,

E(g1(x) + g2(x)) = E(g1(x)) + E(ga(x))

EXAMPLE 3.10
Consider again the rand (e) function in Matlab as an example of a random variable.

Since
1 <x<b
— a<x
fxx)=4¢ b—a - (3.18)
0 elsewhere
the mean is given as
b 2 2
b —a b+a
E[X]= — dx=—— = "= 3.19
X =52 ) = 56-0~ 2 (3.19)
and the variance is
Y
var(X) = G 12(1) (3.20)

3.2.4 The Gaussian Random Variable

The most common RV encountered in communications system analysis is the
Gaussian random variable. This RV is a very good approximation to many
of the physical phenomena that occur in electronic communications (e.g., the
noise voltage generated by thermal motion of electrons in conductors). The
reason for the common usage of the Gaussian RV is the Central Limit Theorem
(see Section 3.3.5) and that analysis with Gaussian RVs is often tractable. This
section will review the characteristics of the Gaussian RV. A Gaussian or normal
RV, X, of mean mx and variance o ¢ is denoted N (mx, 02). The Gaussian RVis a
continuous random variable taking values over the whole real line and a PDF of

1 exp { (x — mx)z}
_ - B
\/2m02 205

The Gaussian RV is characterized completely by its mean and variance. The
Gaussian PDF is often referred to as the bell-shaped curve. The mean shifts the
centroid of the bell-shaped curve as shown in Figure 3.3(a). The variance is a
measure of the spread in the values the random variable realizes. A large vari-
ance implies that the random variable is likely to take values far from the mean,

fx(x) =
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0.4 0.8 —
0.35 07 Variance = 0.25
0.3 0.6
0.25 0.5
= <
< 02 < 04
o s
0.15 03 Variance = 1
0.1 0.2
Variance = 4
0.05 0.1
0 o —— 0 .
-5 4 3 -2 -1 0 1 2 3 4 5 -5 4 -3 -2-1 0 1 2 3 4 5
X X
(a) Constant variance and varying mean. (b) Constant mean and varying variance.
o%=1landmy=0, 1. 6% =0.25,1,4and my = 0.

Figure 3.3 Plots of the PDF of a Gaussian random variable.

whereas a small variance implies that a large majority of the values a random
variable takes is near the mean. As an example, Figure 3.3(b) plots the density
functions for three zero mean Gaussian RVs with variances of 0.25, 1, and 4.

A closed form expression for the CDF of the Gaussian RV does not exist. The
CDF is expressed as

_ 2
Fy(x) — (¢ —mx) }d

/ \/ﬁep[ 202

The CDF can be expressed in terms of the erf function [Ae72], which is given as

2 ¥4
erf(z) = ﬁ/ et dt
0

The CDF of a Gaussian RV is then given as
1 1 X —mx
Fx(x) = t3 f( )
b¢ 5 V2ox

While the CDF of the Gaussian random variable is defined using different
functions by various authors, this function is used in this text because it is
commonly used in math software packages (e.g., Matlab). Three properties of
the erf function important for finding probabilities associated with Gaussian
random variables are given as

erfloo) =1
erfe(z) =1 — erf(z)
erf(—z) = —erf(2)
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EXAMPLE 3.11
The randn (e) function in Matlab produces a sample from a Gaussian distributed ran-
dom variable with mx = 0 and ox = 1.

3.2.5 A Transformation of a Random Variable

In the analysis of communication system performance it is often necessary to
characterize a random variable, which is a transformation of another random
variable. This transformation is expressed as

Y =g(X)

This section is concerned with finding the PDF or the CDF of the random
variable, Y . The general technique is a two step process.

Step 1: Find the CDF of Y as a sum of integrals over the random variable X
such that g(X) < y. This is expressed mathematically as

Fy(n=Y" /R _ px(pp
i ily

where the R;(y) are intervals on the real line where X is such that g(X) < y.

Step 2: Find the PDF by differentiating the CDF found in Step 1 using Leibniz
rule from calculus.

dFy(y) d /
) = = — (B)d
py(y & Z & Sy P B)dp
Liebnitz Rule:
d [b® db(t) da(t) b®) of (x,t)
E/a“) f(x,t)dx = f(b(t),t)w— f (a(t),t) 7t +/a(t) de

To illustrate this technique, three examples are given, which are common to
communication engineering.

EXAMPLE 3.12
Y = aX (the output of a linear amplifier with gain a having an input random voltage X).

Step 1:

i px(BYdp if a>0
Fy(y)=< Uy if a=0
[ px(B)dp  if a<0
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where U (X) is the unit step function. Note for a > 0 that only one interval of the real
line exists, where g(x) < y and that is x € [—o0, y/a).

Step 2:

ipx(2) if a>0
py(») =1 8(y) if a=0

—%PX(%) if a<O.

EXAMPLE 3.13
Y = X 2 (the output of a square law or power detector with an input random voltage X).

Step 1:

[ px(®)dp if, y=0

0 if y<0

Fy(y) =

Step 2:

o 7= px(J¥) + 55 px(=y3) if =0
pyly) =
0 if y<0

EXAMPLE 3.14
Y = XU (X). This example corresponds to the output of an ideal diode with an input
random voltage X.

Step 1:
[ px(B)dB if y=0
Fy(y) =
if y<0
y
= U(y)/ px(B)dp
=UyFx(y) (3.21)
Step 2:

py () =U(y)px(y) + 3(y)Fx(0)
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3.3 Multiple Random Variables

In communication engineering, performance is often determined by more than
one random variable. To analytically characterize the performance, a joint
description of the random variables is necessary. All of the descriptions of a
single random variable (PDF, CDF, moments, etc.) can be extended to the sets
of random variables. This section highlights these extensions.

3.3.1 Joint Density and Distribution Functions

Again the random variables are completely characterized by either the joint
CDF or the joint PDF. Note, similar simplifications in notation will be used
with joint CDF's and PDF's, as was introduced in Section 3.2, when no ambiguity
existed.

Definition 3.10 The joint CDF of two random variables is

Fxy(,y) =P{X <x}nN{Y <y) =P(X <x,Y <y)
Properties of the Joint CDF
® Fxy(x,y)is a monotonically nondecreasing function, i.e.,

X1 <x2 and y; <ye = Fxy(x1,y1) < Fxy(x2, y2)

0<Fxy(x,y) <1

Fxy(—o00,-00) = P(X < —00,Y < —00) = 0 and Fxy(oc0,00) = P(X <
00,Y <o0)=1

Fxy(x,—00) =0and Fxy(—o0,y) =0

Fx(x) = Fxy(x,00) and Fy(y) = Fxy (oo, y)

P(x; < X <x9,91 <Y < y9) = Fxy(xo,y2) — Fxy(x1,y2) — Fxy(x2, y1) +
Fxy(x1, y1)

Definition 3.11 For two continuous random variables X and Y, the joint PDF,
fxy(x,y),is

PPX <x,Y <y) _ 3*Fxy(x,y)
dxdy - dxdy

fxy(x,y) = V x,yeR

Note, jointly distributed discrete random variables have a joint PMEF,
pxy(x,y), and as the joint PMF and PDF have similar characteristics this
text often uses pxy (x, y) for both functions.

Properties of the Joint PDF or PMF

» Fxy(x,y) = [ [* pxy(a, B)dedp

" pxy(x,y) >0

® px(x) = [% pxv(x,y)dy and py(y) = [*_ pxy(x,y)dx
" P(x1 <X <x9,01 <Y <) = [.7 [* pxv (e, f)dadp
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Definition 3.12 Let X and Y be random variables defined on the probability space
(22, F, P). The conditional or a posteriori PDF of Y given X = x, is

pxy(®y) (3.22)

py x(y1X =x) =
px(x)

The conditional PDF, py x(y|X = x), is the PDF of the random variable Y after
the random variable X is observed to take the value x.

Definition 3.13 Two random variables x and y are independent if and only if
pxy (%, ) = px(x)py (y)

Independence is equivalent to
prix(y|X =x) = py(y)

i.e., Y isindependent of X if no information is in the RV X about Y in the sense
that the conditional PDF is not different than the unconditional PDF.

EXAMPLE 3.15
In Matlab each time rand (e) or randn (e) is executed it returns an ostensibly inde-
pendent sample from the corresponding uniform or Gaussian distribution.

Theorem 3.4 Total Probability Fortworandom variables X and Y the marginal density
of Y is given by

py (y) =/ py i x(¥1X = x)px(x)dx

oo

Proof: The marginal density is given as (Property 3 of PDF's)
[o¢]
py(y) = / pxy (x, y)dx
—o0
Rearranging Eq. (3.22) and substituting completes the proof. a
Theorem 3.5 Bayes For two random variables X and Y the conditional density is
given by

pxiy &Y =y)py(y) _ pxiy &Y =y)py(y)
px(x) [°2, pxy (x, y)dy

pyix(yIX =x) =

Proof: The definition of conditional probability gives

pxy(x,y) = pyix(y1X =x)px(x) = pyx(x|Y = y)py(y)

Rearrangement and total probability completes the proof. O
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A majority of the results presented in this section correspond to two random
variables. The extension of these concepts to three or more random variables
is straightforward.

3.3.2 Joint Moments and Statistical Averages

Joint moments and statistical averages are also of interest in communication
system engineering. The general statistical average of a function g(X, Y) of two
random variables X and Y is given as

ElgX,Y)] = / / g(x, y) pxy (x, y)dxdy

A commonly used joint moment or statistical average is the correlation be-
tween two random variables X and Y, defined as

E[XY]=corr(X,Y) = / / xypxy (x, y)dxdy

A frequently used joint central momentis the covariance between two random
variables x and y, defined as

El(X —mx)Y —my)]l =cov(X,Y) = / / (x —mx)(y —my)pxy (x, y)dxdy

Definition 3.14 The correlation coefficient is

_ v(X,Y)  ElX —mx)Y —my)l
PXY = arXvar(Y) ox0Y
The correlation coefficient is a measure of the statistical similarity of two
random variables. If |pxy| = 1 for random variables X and Y, then X is a
scalar multiple of Y. If pxy = 0 then the random variables are uncorrelated.
Values of | pxy | between these two extremes provide a measure of the similarity
of the two random variables (larger |poxy | being more similar).

3.3.3 Two Gaussian Random Variables

Two jointly Gaussian random variables, X and Y, have a joint density
function of

1

fxy(x,y)=
2noxoy\/1— p%y

1 <(x—mx)2 _ 2pxy(x —mx)(y —my) +(y—my)2>}
2(1 — p%y) o oxoy o2
where mx = E(X), my = E(Y), 0 = var(X), 0¢ = var(Y), and pxy is the

correlation coefficient between the two random variables X and Y . This density
function results in a three-dimensional bell-shaped curve which is stretched and

X exXp [—
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Figure 3.4 Plots of the joint PDF of two zero mean, unit variance, uncorrelated
Gaussian random variables.

shaped by the means, variances, and the correlation coefficient. As an example,
Figure 3.4 is a plot of the joint density function of two zero mean, unit variance,
uncorrelated (oxy = 0) Gaussian random variables. The uncorrelatedness of the
two random variables is what gives this density function its circular symmetry.
In fact, for Gaussian random variables uncorrelatedness implies that the two
random variables are independent, i.e.,

fxy(x,y) = fxx)fy(y)

Changing the mean in the bivariate Gaussian density function again simply
changes the center of the bell-shaped curve. Figure 3.5(a) is a plot of a bivariate
Gaussian density function with my =1, my = 1,0x = 1,0y = 1, and pxy =
0. The only difference between Figure 3.5(a) and Figure 3.4 (other than the
perspective) is a translation of the bell shape to the new mean value (1,1).
Changing the variances of joint Gaussian random variables changes the relative
shape of the joint density function much like that shown in Figure 3.3(b).

The effect of the correlation coefficient on the shape of the bivariate Gaus-
sian density function is a more interesting concept. Recall that the correlation
coefficient is

_ cov(X,Y) _ E[(X —mx)Y —my)]
pXY = Jvar(X)var(Y) ox0y

If two random variables have a correlation coefficient greater than zero then
these two random variables tend probabilistically to take values that are on the
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(a) Nonzero means. my = 1, my =1, 6x =1, (b) Nonzero correlation coefficient. my = 0,

GY=1,pXY=0. my=O,GX=I,GY=1,pXY=O.9.

Figure 3.5 Plots of the joint PDF of two unit variance Gaussian random variables.

same side of their mean value (if the random variables were zero mean then they
would tend to have the same sign). Also if these two random variables have a
correlation coefficient close to unity then they probabilistically behave in a very
similar fashion. A good example of this characteristic is seen in Figure 3.5(b),
which shows a plot of a bivariate Gaussian with mx = 0, my = 0, ox = 1,
oy = 1, and PXYy = 0.9.

While it is easy to see that the marginal densities, i.e.,

Frx(x) = / Fxy(x, y)dy

from Figure 3.5(b) would be the same as the those obtained in Figure 3.4, the
conditional densities would be much different, e.g.,

1

fxiy(xly) =
ox /27 (1 - pky)

1 PXY OX >2
Xexp|-——s—5—(x—mx — (y —my) (3.23)
p[ 20_)?(1_10)2(1,) ( X oy Yy Y

It should be noted that Eq. (3.23) says that for a pair of jointly Gaussian
random variables, the distribution of one of the Gaussian random variables
conditioned on the other Gaussian random variable is also a Gaussian distri-
bution with

EIX|Y =yl =mx + 'OX(fJ(y —my)  var(X|Y =y) =o2(1-pdy) (3.24)
Y

Since the random variables whose PDF is shown in Figure 3.5(b) are highly
correlated, the resulting values the random variables take are very similar.
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This is reflected in the knife edge characteristic that the density function takes
along the line Y = X.

3.3.4 Transformations of Random Variables

In general, the problem of finding a probabilistic description (joint CDF or
PDF) of a joint transformation of random variables is very difficult. To simplify
the presentation, two of the most common and practical transformations will
be considered: the single function of n random variables and the one-to-one
transformation.

Single Function of n Random Variables
A single function transformation of n random variables is expressed as

Y Zg(Xl,XZ’ 7Xn)

where X1, ..., X, are the n original random variables. This section is concerned
with finding the PDF or the CDF of the random variable Y . The general tech-
nique is the identical two step process used for a single random variable (the
regions of integration now become volumes instead of intervals).

Step 1: Find the CDF of Y as a sum of integrals over the random variables
X1...X,. This is expressed mathematically as

Fy(y) =Z/ /le---Xn(xl,xZ'"xn)dxl"'dxn
i Rl-(y)
where the R;(y) are n dimensional volumes where X;...X, are such that
gXq,...,X,) <y.

Step 2: Find the PDF by differentiating the CDF found in Step 1 using Leibniz
rule, i.e.,

dF d
py(y) = Y@ _ Z—/ /le---Xn(xl,x%-uaxn)dxl"‘dxn
dy ") Ry

EXAMPLE 3.16
A transformation which is very important for analyzing the performance of the standard

demodulator used with amplitude modulation (AM) is Y = /X% + X2.

Step 1:

y v/ y2—x2
Fy(y)=P (\ /X% +X2 < y) = U(y)/ dxl/ DX, X, (X1, x2)dxg
—y — /y2

— 2
Xy
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Step 2:
Yy
py(y) = U(y)/ —_— {pxlxg (xl, \/ 2 - x%) + DX, X, (xl, —\/y% - x%)}dxl
—y /yg . x%

If in this example X; and X4 are independent (p = 0) and zero mean Gaussian random
variables with equal variances, the joint density is given as

1 x2 + x2
fX1X2(x1’x2)= —26Xp <_ L 22>
2mox 205

and fy(y) reduces to
y y?
== —=—|U 3.25
fyr( %%eXP< 20%) » (3.25)

This PDF is known as the Rayleigh density and appears quite frequently in commu-
nication system analysis.

One-to-One Transformations
Consider a one-to-one transformation of the form

Yl =g1(X1’X27 e 7Xn)
Yy =go(X1,Xo,---, Xp)

Y, =gu(X1, Xo,--, Xp) (3.26)

Since the transformation is one-to-one, the inverse functions exist and are
given as

X1 =m(Y1,Ys,..,Y,
X2 = hQ(Yla Y25 ceey Yn)

Xn=h(Y1,Y9,..,Y,) (3.27)

Since the probability mass in infinitesimal volumes in both the original X coor-
dinate system and the Y coordinate system must be identical, the PDF of the
Y'’s is given as

Py, ¥, ¥ = | Ipx(hai(yt, Y2, - ¥)s - o By, Y2, . 90))
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where |J | is the Jacobian defined as

1 Oxp d%xn

dyp o1 T oy

91 dxg %p

dya  dy2 T Oy
|J | =

91 dxp 9%n

Yn Yn e Yn

EXAMPLE 3.17
A one-to-one transformation which is very important in communications is

Yi=4/X2+X2 X, =Ysin(Ysy)
Yy =tan~! ()}g—;) X9 =Y;co08(Y9)
The Jacobian of the transformation is given by |J| = Y7 which results in the joint

density of the transformed random variables being expressed as

Py Y, (¥1, ¥2) = ¥y10 X, X, (¥1 sin(y2), y1 cos(y2))

3.3.5 Central Limit Theorem

Theorem 3.6 If X}, is a sequence of independent, identically distributed (i.i.d.) random
variables with mean m, and variance 2 and Y, is a random variable defined as

1 n
Yo = > (X —my)
k=1

no2

then

. 1 y2
nlggopyn(y) = exp {—7} =N(,1)

Proof: The proofuses the characteristic function, a power series expansion, and
the uniqueness property of the characteristic function. Details are available in
most introductory texts on probability [DR87, LG89, Hel91]. O

The central limit theorem (CLT) implies that the sum of arbitrarily dis-
tributed random variables tends to a Gaussian random variable as the number
of terms in the sum gets large. Because many physical phenomena in communi-
cations systems are due to interactions of large numbers of events (e.g., random
electron motion in conductors or large numbers of scatters in wireless propa-
gation), this theorem is one of the major reasons why the Gaussian random
variable is so prevalent in communication system analysis.
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3.3.6 Multiple Dimensional Gaussian Random Variables

The most common situation encountered in communication system design and
analysis is for the corrupting noise samples to be Gaussian random variables.
Analytically this is very fortunate since a simple closed-form expression for the
joint PDF of L Gaussian random variables is

1

exp
V/(27)L det(Cy)

where N is an L x 1 vector defined as

fy () =

1. . 1 o
- §(n —mn)T Ct(i — ) (3.28)

-

N:[Nl,...,NL]T

my is tbe mean vector of N , and Cy is the L x L covariance matrix of the
vector N . The Gaussian assumption is rather powerful. It accurately models
noise in most communication systems and the joint PDF, which is a complete
probabilistic description of the random process, is given in terms of only the
first and second moments.

Definition 3.15 A cross-covariance matrix between two real random vectors is
Cxy = E (X — i)Y —mi))T | (3.29)

Qefinition 3.16 If X and Y are both Gaussian random vectors then X conditioned on
Y = y is a Gaussian random vector with

E(X|Y =) = ity + Cxy Cy (5 — riiy)
and
Cxyy = E[(X -EX|Y =9)(X - EX|)Y =57 1=Cx - CxyC;'C%y

Proof: Setting X to be a vector of size L and

. nix
mz=1 .
my

-

X
Y

C, — Cx Cxy
7|ty Cy

and using the definition of a conditional density function gives
f)ﬁ;(f’.)_;) o fZ(Z_)

fy (@) fy()
1 det[Cy] exp [ — 3(Z—rin)” C;'(Z —rniz)]
~ (27)L2 det[CZ] exp [— %(37— miy)T Cyl(y — My )]

fzy&ly) =

(3.30)
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Equation (3.30) can be simplified using the following two well-known linear
algebra identities:

1.

AB

det {C D

] = det[A — BD!C]det[D] (3.31)

en] <[V

“1py-1 -1
ch o o : ][D—CA Bl "' [-CA 1]

100 I 11 .
= [OD‘l] + [—D-lc] [A—BD CI'[I -BD } (3.32)
where A, B, C, and D are arbitrary matrices. Using Eq. (3.31) the ratio of the
determinants in Eq. (3.30) is given as

det[Cz]
det[Cy]

Using Eq. (3.32) to reformulate Cz in Eq. (3.30) gives

= det[Cx — CxyCy'Cyx| = det[Cxy] (3.33)

exp | 516 — izl € izl = exp | - 517 — |7 €5y — s
X exXp [—%FT G‘lF} (3.34)
where
F =% —riix — CxyCy'ly — iyl =% — E[X|Y = 5]
and
G =Cx — CxyCy!C%y =Cxy

Using Eq. (3.33) and Eq. (3.34) in Eq. (3.30) and cancelling the common terms
gives the desired result. O

3.4 Homework Problems

Problem 3.1. This problem exercises axiomatic definitions of probability. A com-
munications system used in a home health care system needs to communicate
four patient services, two digital and two analog. The two digital services are
a 911 request and a doctor appointment request. The two analog services are
the transmission of an electrocardiogram (EKG) and the transmission of audio
output from a stethoscope. The patient chooses each of the services randomly
depending on the doctor’s prior advice and the patient’s current symptoms.
Assume only one service can be requested at a time.
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(a) For design purposes it is typical to model a patient’s requested service as a
random experiment. Define a sample space for the requested services.

A market survey has shown that the probability that a patient will request
an EKG is 0.4 and the probability that a patient will request 911 is 0.001. The
probability that a digital service will be requested is 0.1.

(b) Compute the probability of requesting a doctor’s appointment.

(¢) Compute the probability of requesting an audio transmission from a
stethoscope.

Problem 3.2. This problem exercises the idea of conditional probability. In the
Problem 3.1 if you know the requested service is a digital service what is the
probability that a 911 request is initiated?

Problem 3.3. A simple problem to exercise the axioms of probability. Two events
A and B are defined by the same random experiment. P(A) = 0.5, P(B) = 0.4,
and P(ANB)=0.2

(a) Compute P(AU B).
(b) Are events A and B independent?

Problem 3.4. Your roommate challenges you to a game of chance. He proposes
the following game. A coin is flipped two times, if heads comes up twice she/he
gets a dollar from you and if tails comes up twice you get a dollar from him/her.
You know your roommate is a schemer so you know that there is some chance
that this game is rigged. To this end you assign the following mathematical
framework.

®m P(F) = probability that the game is fair = %
®m P(H|F) = probability that a head results if the game is fair = 0.5

® P(H|UF) = probability that a head results if the game is unfair = 0.75

Assume conditioned on the fairness of the game that each flip of the coin is
independent.
(a) What is the probability that the game is unfair, P (U F')?
(b) What is the probability that two heads appear given the game is unfair?
(¢) What is the probability that two heads appear?
(d) If two heads appear on the first trial of the game, what is the probability
that you are playing an unfair game?

Problem3.5. Certain digital communication schemes use redundancy in the form
of an error control code to improve the reliability of communication. The com-
pact disc recording media is one such example. Assume a code can correct two
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or fewer errors in a block of N coded bits. If each bit detection is independent
with a probability of error of P(E) = 1073

1. Plot the probability of correct block detection as a function of N (Note, it is
most useful to have log scaling on the y-axis).

2. How small must N be so that the probability the block is detected incorrectly
is less than 1076?

Problem 3.6. The probability of accessing a campus computer system is charac-
terized on a weekday with the following events

1. A ={dialing is between 7:00PM-1:00AM}
2. B = {dialing is between 1:00AM-7:00PM}
3. C = {a connection is made}

4. D = {a connection failed}

The system is characterized with

P (Connecting given dialing is between 7:00PM-1:00AM) = P(C|A) = 0.1
P (Connecting given dialing is between 1:00AM-7:00PM) = P(C|B) = 0.75

(a) If a person randomly dials with uniform probability during the day what is
P(A)?

(b) If a person randomly dials with uniform probability during the day what
is P(C)?

(¢) If a person randomly dials with uniform probability during the day what is
the P(A and C)?

(d) Compute P(A|C).

Problem 3.7. In a particular magnetic disk drive bits are written and read indi-
vidually. The probability of a bit error is P(E) = 108, Bit errors are indepen-
dent from bit to bit. In a computer application the bits are grouped into 16-bit
words. What is the probability that an application word will be in error (at least
one of the 16 bits is in error) when the bits are read from this magnetic disk
drive.

Problem 3.8. A simple yet practical problem to exercise the idea of Bayes rule
and total probability. Air traffic control radars (ATCR) are used to direct traffic
in and around airports. If a plane is detected where it is not suppose to be then
the controllers must initiate some evasive actions. Consequently, for the users
of a radar system the two most important parameters of a radar system are

m P(TA|DT) = probability of target being absent when a target is detected.

® P(TP|IND) = probability of target being present when no detection is
obtained.
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Radar designers on the other hand like to quote performance in the following
two parameters (because they can easily be measured)
m P(DT|TA) = probability of detecting a target when a target is absent.
m P(DT|TP) = probability of detecting a target when a target is present.
Imagine that you are a high-priced consultant for the Federal Aviation Ad-
ministration (FAA) and that the FAA has the following requirements for its
next generation ATCR
® P(TAIDT)=0.01
= P(TPIND) = 0.0001
A detailed study shows that planes are present only 1% of the time, P(TP) =
0.01. A contractor, Huge Aircrash Co., has offered a radar system to the gov-
ernment with the following specifications
= P(DT|TA) = 0.00005
= P(DT|TP)=0.9

Would you recommend the government purchase this system and why?
Problem 3.9. The following are some random events

1. The sum of the roll of two dice.

2. The hexadecimal representation of an arbitrary 4 bits in an electronic
memory.

3. The top card in a randomly shuffled deck.
4. The voltage at the output of a diode in a radio receiver.

Determine which events are well modeled with a random variable. For each
random variable determine if the random variable is continuous, discrete, or

mixed. Characterized the sample space and the mapping from the sample space
if possible.

Problem 3.10. A random variable has a density function given as

fx(x)=0 x<0

=K; 0<x<1
=Ky 1<x<2
=0 x>2

(a) If the mean is 1.2, find K; and K.
(b) Find the variance using the value of K; and Ky computed in (a).

(c) Find the probability that X < 1.5 using the value of K; and Ky computed
in (a).
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Problem 3.11. In communications the phase shift induced by propagation be-
tween transmitter and receiver, ®,, is often modeled as a random variable. A
common model is to have

1
fo,(@)=— —m<¢=<nm
2
=0 elsewhere

This is commonly referred to as a uniformly distributed random variable.

(a) Find the CDF, Fq,(¢).
(b) Find the mean and variance of this random phase shift.

(¢) It turns out that a communication system will work reasonably well if the
coherent phase reference at the receiver, ® p» 1s within 30° of the true value
of ®,. If you implement a receiver with &, = 0, what is the probability the
communication system will work.

(d) Assuming you can physically move your system and change the propagation
delay to obtain an independent phase shift. What is the probability that your
system will work at least one out of two times?

(e) How many independent locations would you have to try to ensure a 90%
chance of getting your system to work?

Problem3.12. You have just started work at Yeskia, which is a company that man-
ufactures FM transmitters for use in commercial broadcast. An FCC rule states
that the carrier frequency of each station must be within 1 part per million of the
assigned center frequency (i.e., if the station is assigned a 100 MHz frequency
then the oscillators deployed must be | f. — 100 MHz| < 100 Hz). The oscillator
designers within Yeskia have told you that the output frequency of their oscilla-
tors is well modeled as a Gaussian random variable with a mean of the desired
channel frequency and a variance of afz. Assume the lowest assigned center
frequency is 88.1 MHz and the highest assigned center frequency is 107.9 MHz.

(a) Which assigned center frequency has the tightest absolute set accuracy
constraint?

(b) For the frequency obtained in (a) with oy = 40Hz, what is the probability
that a randomly chosen oscillator will meet the FCC specification?

(c) What value of o should you force the designers to achieve to guarantee
that the probability that a randomly chosen oscillator does not meet FCC
rules is less than 1077,

Problem 3.13. X is a Gaussian random variable with a mean of 2 and a variance
of 4.

(a) Plot fx(x).

(b) Plot F'x(x).

(¢) Plot the function g(x) = P(|X — 2| < x).
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Problem 3.14. For two independent random variables X; and X, are transformed
into a third random variable Y = X; + X5. Show

(a) my = mx, + mx,.

M) o = 0)2(1 + 0)2(2.

Problem 3.15. Consider two random samples, X; at the input to a communication
system, and X3, at the output of a communication system and model them

as jointly Gaussian random variables. Plot the conditional probability density
function, fx,x,(x1]xe) for

(@dmi=me=0,01=09=1,and p =0

b)) mi=me=0,01=2 o9s=1,andp=0
()my=mg=0,01=092=1,and p =0.8
dmi=1 mg=2,01=02=1,andp=0
e)mi=1 me=2,01=2 o9=1,and p=0.8

() Rank order the five cases in terms of how much information is available in
the output, Xo, about the input X;.

Problem 3.16. Consider a uniform random variable with the PDF given in Eq.
(3.16) witha =0 and b = 1.

(a) Compute my.
(b) Compute oy.
(¢) Compute P(X < 0.4).

(d) Use rand in Matlab and produce 100 independent samples of a uniform
random variable. How many of these 100 samples are less than or equal to
0.4? Does this coincide with the results you obtained in (c)?.

Problem 3.17. The received signal strength in a wireless radio environment is of-
ten well modeled as Rayleigh random variable (see Eq. (3.25)). For this problem
assume the received signal strength at a particular location for a mobile phone
is a random variable, X, with a Rayleigh distribution. A cellular phone using
frequency modulation needs to have a signal level of at least X = 20mV to op-
erate in an acceptable fashion. Field tests on campus have shown the average
signal power is ImW (in a 1 © system).

(a) Using Eq. (3.25) compute the average signal power, E [X 2], as a function of
gx.

(b) Compute the probability that a cellular phone will work at a randomly
chosen location on campus.

(c) Assume you physically move and obtain an independent received signal
strength. What is the probability that your cellular phone will work at least
one out of two times?
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(d) How many independent locations would you have to try to ensure a 90%
chance of getting your cellular phone to work?

Problem 3.18. The function randn in Matlab produces realizations of a zero
mean-unit variance Gaussian random variable each time it is called. This
problem leads you to ways to use this function in more general ways. Assume
X is a Gaussian random variable with zero mean and unit variance.

(a) Define a random variable Y = X + b, find fy(y).

(b) Define a random variable Y = aX, where a > 0, find fy(y) (use
Example 3.11).

(¢) How can you transform X, Y = g(X), so that Y is a Gaussian random
variable with my = b and oy = a?

(d) Test out your answer by invoking randn 1000 times and transforming these
1000 samples as you propose in ¢) with m, = 6 and o, = 2. Plot a histogram
of the transformed output.

Problem 3.19. This problem gives both a nice insight into the idea of a corre-
lation coefficient and shows how to generate correlated random variables in
simulation. X and W are two zero mean independent random variables where
E[X? = 1land E[W?] = 0% . Athird random variable is definedas Y = pX+W,
where p is a deterministic constant such that —1 < p < 1.

(a) Prove E[XW] = 0. In other words prove that independence implies uncor-
relatedness.

(b) Choose o3 such that o = 1.

(c) Find pxy when o3 is chosen as in part (b).

Problem 3.20. You are designing a phase-locked loop as an FM demodulator. The
requirement for your design is that the loop bandwidth must be greater than
5 kHz and less than 7 kHz. You have computed the loop bandwidth and it is
given as

B, = 4R? + 2000

where R is a resistor in the circuit. It is obvious that choosing R = 10 will solve
your problem. Unfortunately, resistors are random valued.

(a) If the resistors used in manufacturing your FM demodulator are uniformly
distributed between 9 and 112, what is the probability that the design will
meet the requirements?

(b) If the resistors used in manufacturing your FM demodulator are Gaussian
random variables with a mean of 10 Q2 and a standard deviation of 0.5 2,
what is the probability that the design will meet the requirements?
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Problem 3.21. In general, uncorrelatedness is a weaker condition than indepen-
dence and this problem will demonstrate this characteristic.

(a) If X and Y are zero mean independent random variables, prove E[XY ] = 0.
(b) Consider the joint discrete random variable X and Y with a joint PMF of

1

pxy(2,0) = 3

1

pxy(=1,-1) = 3

1

pxy(=1,1) = 3
pxy(x,y) =0 elsewhere (3.35)

What are the marginal PMFs, px(x), and py(y)? Are X and Y independent
random variables? Are X and Y uncorrelated?

(c) Show that two jointly Gaussian random variables which are uncorrelated
(i.e., pxy = 0) are also independent. This makes the Gaussian random
variable an exception to the general rule.

Problem 3.22. The probability of having a cellular phone call dropped in the mid-
dle of a call while driving on the freeway in the big city is characterized by
following events

1. A = {call is during rush hour}

2. B = {call is not during rush hour}
3. C = {the call is dropped}

4. D = {the call is normal}

Rush hour is defined to be 7-9:00 AM and 4—6:00 PM. The system is character-
ized with

P (Drop during rush hour) = P(C|A) = 0.3
P (Drop during nonrush hour) = P(C|B) = 0.1.

(a) A person’s time to make a call, 7', might be modeled as a random variable
with

fT(L‘)=i 0<t<24

=0 otherwise (3.36)

where time is measured using a 24-hour clock (i.e., 4:00 PM = 16). Find
P(A).
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(b) What is P(C)?
(c) What is the P(Aand C) = P(ANnC)?
(d) Compute P(A|C).

Problem3.23. This problem examines the sum of two random variables and works
through the computation of the resulting PDF. Formally Y = X; + Xo.

(a) Use rand in Matlab and produce two vectors, X1 and X of 1000 indepen-
dent samples of a uniform random variable. The rand function produce
random variable uniformly distributed on [0, 1]. Add these two vectors to-
gether and plot a histogram of the resulting vector.

(b) Find the CDF of Y in the form
Fy(y) = Z/ e /le,Xz(xl, x9)dx1dxe (3.37)
i R;(y)

as given in Section 3.3.4. Identify all regions in the x1x3 plane, R ;(y), where
x1 + x2 < y where y is a constant.

(c) Find the PDF by taking the derivative of the CDF in (b) and simplify as
much as possible.

(d) Show that if X; and X, are independent random variables then the resul-
tant PDF of Y is given as the convolution of the PDF of X; and the PDF X,.

(e) Compute the PDF of Y if X; and X, are independent random variable
uniformly distributed on [0, 1]. Looking back at the histogram produced
in (a), does the resulting answer make sense? Verify the result further by
considering 10,000 length vectors and repeating (a).

Problem3.24. A commonly used expected value in communication system analysis
is the characteristic function given as

x(t) = Elexp(j Xt)] = / exp(jxt) px (x)dax (3.38)
(a) Show that
Cdex()
BIX) =) TR (3.39)
(b) Show that
EX" = (- ;”fft ) (3.40)
4 t=0

The results in parts (a) and (b) are known as the moment generating prop-
erty of the characteristic function.
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(¢) Show that if X is a Gaussian random variable with mean, mx, and variance,
o2, that ¢x(¢) = exp(jtmx — t203/2).

Hint: For any b

o0 AV
/ ! exp (— (x i’) )dx -1 (3.41)
~ 92 20%
X

(d) Show that if X; and X, are independent random variables then the char-
acteristic function of Y = X; + Xg is ¢y (¢) = ¢x,(t)9x, (£).

(e) Since the characteristic function is unique, deduce from the results in part
(d) that the sum of two Gaussian random variable is another Gaussian
random variable. Identify my and oy.

Problem 3.25. The probability of having a cellular phone call dropped in the mid-
dle of a call while driving on the freeway in a “big” city is characterized by
following events

1. A = {call is during rush hour}

2. B = {call is not during rush hour}

3. C = {the call is dropped}

4. D = {the call is normal}

Rush hour is defined to be 7-9:00 AM and 4—6:00 PM. The system is character-
ized with

P (Drop during rush hour) = P(C|A) = 0.3
P (Drop during nonrush hour) = P(C|B) =0.1

Since a call is three time more likely to occur in the daytime than at night, a
person’s time to make a call, T', might be modeled as a random variable with

frt)=K 0<t<7
=3K T7<t<21
=K 21<t<24

(3.42)

=0 otherwise
where time is measured using a 24-hour clock (i.e., 4:00PM = 16).
(a) Find K.
(b) Find P(A).

(¢) What is P(C)?
(d) What is the P(Aand C) = P(ANC)?
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3.5 Example Solutions

Problem 3.26. Using 24 hour time keeping to produce a mapping from time to a
real number results in a uniform dialing model for the placement of calls having

a PDF given as
frt) = 1 0<t<24
rt) = o7 <t<
=0 elsewhere (3.43)

(a) P(A)=P(0 <t <1U19 <t <24) = [ fr @)t + [i fr()dt = 1/24 +
5/24 = 1/4.

(b) Here we use total probability over events A and B.
P(C)=P(CIAPA) +P(C|B)P(B)=0.1x0.25+4+0.75 x 0.75 = 0.5875.

(3.44)
Note here use was made of P(B) =1 — P(A) = 0.75.

(c) Using the definition of conditional probability gives P(ANC) = P(A,C) =
P(C|A)

P(A)=0.25x 0.1 =0.025.

(d) Here we use the definition of conditional probability.

P(A,C) _ 0.025

P(AIC) = P(C) ~ 05875

= 0.04255 (3.45)

Note, if we had not completed parts (b) and (c), then we could have used

Bayes rule
P(CIAP(A) P(C|AP(A)
A =3 PICAP@A +P(CBPEB) 40
Problem 3.27.
(a) Fo,(¢) = P(®, <¢) = [’ fo,(x)dx. Given that
1
fo,(x) = -— —m<x<m
r 2
=0 elsewhere (3.47)
gives
Fq)p((f)) =0 ¢ < -7
= ¢+ —n<¢=<m
2

1 b>7 (3.48)
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(b)

E[o,] = /ﬂ xfolx)dx =0 (3.49)

-7

Since @, is a zero mean random variable

™ 1 [~ 273 72
[0)) = 2 = — 2 = —— = — .
var(d,) /Jx fo(x)dx 5 [ﬂx dx 357 3 (3.50)

(c)
P(Work) = P(-30° < &, < 30°) = F,(30°) — F¢,(—30°) = é (3.51)
(d) Poincaire’s theorem gives
P (Work; or Worky) = P (W1 UWy) =P(W1)+P(Wy) — P(WiNWsy) (3.52)
Because of independence of the two trials
P(WinWy) = P(W)P(Wy) (3.53)

consequently

1 1 1 11
P(WiUW;y) = P(Wy) + P(Wg) — P(W))P(W3) = 5 + 6 36" 38 (3.54)

(e) Getting your receiver to work once in N trials is the complement to the
event not getting your receiver to work any of N trials, i.e.,

N N
P<UW,~> =1—P(ﬂwf) (3.55)
i=1 =1

Again by independence
N N
P(ﬂWﬁ):HP(Wf) =(1-PW))N (3.56)
i=1 i=1
so that
N
p(UWi) =1-(1-PW)¥ (3.57)

i=1

A little exploring in Matlab shows that N > 13 will give better than a 90%
probability of working.
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Problem 3.28.

(a) If X and Y are independent, we can compute E[XY ] as
E[XY] = / / xyf xy (x, y)dxdy
_ / / swf x(x) fy (y)dxdy

:/ fo(x)dx/ yfy(y)dy

o] —00

= E[X]E[Y]

3.35

In general cov(X,Y) = E[XY] — EIX]E[Y] = 0, soif X and Y are

independent, then X and Y are uncorrelated.

b) X €{-1,2) Y €{-1,0,1}
First, let’s compute the marginal PMF's

1 2

1 1
Px(-1) =) Pxy(-Ly=g+5=3 Px@=) Pxr2y=3

yEQ, yEQ,

1 1 1
PY(—D: § PY(O)=§ PY(]-):g

X and Y are independent if and only if Px(x) - Py(y) = Pxy(x,y) Vx,y

Ifx=2andy =0,

Px(2) - Py(0) # Pxy(x,y)
11 1,1

33 973
X and Y are not independent.

E[XY] = Zx -y Pxy(x,y)

X,y
1 1 1
—2.0-24(-1D - (-D-24(-1D-1-=
2.0 54 (-1) (-1 S +(-D- 1.
1 1
—04-—=-=0
+3 3
EIX]=Y % Pxtn)=2 1.2 =0

1 1 1
E[Y]=Zy~Py(y)=O'——1~— 1.-=0
S 3 3 3

cov(X,Y)=0-0-0=0

(3.58)
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X and Y are uncorrelated random variables. So, here we have shown that
if X and Y are uncorrelated random variables this does not imply X and Y
are independent.

(¢) The joint PDF of two Gaussian r.v’s X and Y can be written as

1 1 X —mx 2
fxy(x,y) = eXp[—gl 3 (< . )
2roxoy /1_'0ng ( —pr) X

(x —mx)(y —my) y—my 2
- 2pxy puw— +< p— ))]

If X and Y are uncorrelated, then cov(X,Y) =0 = pxy =0

prre = e[ (() < () )]
XYR% Y _x/EGX \/EGY P 2 ox oy

- [ 35 (52
= Vamox P72\ oy ooy P17\ oy
=fxx)- fyr(y)

This implies that X and Y are independent.

3.6 Miniprojects

Goal: To give exposure

® to a small scope engineering design problem in communications.
® to the dynamics of working with a team.

® to the importance of engineering communication skills (in this case oral
presentations).

Presentation: The forum will be similar to a design review at a company
(only much shorter). The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). Each team
member should be prepared to make the presentation on the due date.

3.6.1 Project 1

Project Goals: This problem works you through the generation of realizations
of random variables by computer.
Consider real random continuous variables.

(a) Note that if a continuous random variable has a distribution function,
Fx(x), defined on the real line which is one-to-one and onto the interval
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[0, 1] then an inverse function exists, i.e., x = F)}l(u) foru € [0,1]. If U is a
uniform random variable in [0, 1] then find the distribution of the random
variable X = Fx'(u).

(b) Consider a transformation of random variables, X = —In(U)/A. Find the
output PDF, when U is a random variable uniformly distributed on [0, 1].

(c) Use the result in (a) and the rand function in Matlab to generate a real-
izations of an exponential random variable, i.e., ones that have a density
function

rexp[—xA] x>0
fx(x) = (3.59)
0 elsewhere

Hint: If U is uniform in the interval [0, 1] then 1 — U has the same distri-
bution. Generate 1000 realizations with A = 1 and plot a histogram of the
resulting numbers.
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Chapter

Complex Baseband
Representation of Bandpass
Signals

4.1 Introduction

A majority of communication systems operate by modulating an information
bearing waveform onto a sinusoidal carrier. As examples, Table 4.1 lists the
carrier frequencies of various methods of electronic communication.

One can see by examining Table 4.1 that the carrier frequency of the trans-
mitted signal is not the component which contains the information. Instead it
is the signal modulated on the carrier which contains the information. Hence
a method of characterizing a communication signal, which is independent of
the carrier frequency, is desired. This has led communication system engineers
to use a complex baseband representation of communication signals to
simplify their job. All of the communication systems mentioned in Table 4.1
can be and typically are analyzed with this complex baseband representation.
This chapter develops the complex baseband representation for determinis-
tic signals. Other references that develop these topics well are [Pro89, PS94,
Hay83, BB99]. One advantage of the complex baseband representation is sim-
plicity. When communication system engineers use the complex baseband
notation, all signals are lowpass signals and the fundamental ideas behind
modulation and communication signal processing are easily developed. Also
digital processing based receivers use the complex baseband representation in
describing the baseband processing algorithms. In fact, complex baseband rep-
resentation is so prevalent in engineering systems that the most widely used
tool, Matlab, has been configured by default to process all variables in a pro-
gram as complex signals. Hopefully by the time you are done with this course
the utility of this view will be apparent.

4.1

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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TABLE 4.1 Carrier frequency assignments for different methods
of information transmission

Type of Transmission Center Frequency of Transmission
Telephone Modems 1600-1800 Hz
AM radio 530-1600 kHz
CB radio 27 MHz

FM radio 88-108 MHz
VHF TV 178-216 MHz
Cellular radio 850 MHz, 1.8 GHz
Indoor Wireless Networks 2.4 GHz
Commercial Satellite Downlink 3.7-4.2 GHz
Commercial Satellite Uplink 5.9-6.4 GHz
Fiber Optics 2 x 10 Hz

4.2 Baseband Representation of Bandpass Signals

The first step in the development of a complex baseband representation is to
define a bandpass signal.

Definition 4.1 A bandpass signal, x.(¢), is a signal whose one-sided energy spectrum is
both: (1) centered at a nonzero frequency, /¢, and (2) does not extend in frequency to
zero (DC).

The two-sided transmission bandwidth of a signal is typically denoted by
Br Hertz so that the one-sided spectrum of the bandpass signal is zero ex-
cept in [f¢ — Br /2, fc + Br /2]. This implies that a bandpass signal satis-
fies the following constraint: Br /2 < f¢. Figure 4.1 illustrates a conformant
bandpass energy spectrum. Since a bandpass signal, x.(¢), is a physically re-
alizable signal it is real valued and consequently the energy spectrum will
always be even symmetric around f = 0. The relative sizes of By and f¢
are not important, only that the spectrum takes negligible values around DC.
In telephone modem communications this region of negligible spectral values
is only about 300 Hz wide, while in satellite communications it can be many
gigahertz.

ch(f) !

l——

—fc

Figure 4.1 Energy spectrum of a bandpass signal.
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A bandpass signal has a representation of

x(t) = x1(£)V'2 cos(2m fot) — xg(t)V/2 sin(27 f.t) (4.1)
= xA(t)V2 cos(2 fot + xp(2)) (4.2)

where f. is denoted the carrier frequency with f¢c — Br /2 < f. < fc¢ + Br /2.
The signal x;(¢) in Eq. (4.1) is normally referred to as the in-phase (I) compo-
nent of the signal and the signal x¢(¢) is normally referred to as the quadrature
(Q) component of the bandpass signal. x;(¢) and xg(¢) are real valued lowpass
signals with a one-sided non—negligible energy spectrum no larger than Br Hz.
Two items should be noted

® The center frequency of the bandpass signal, f¢, (see Figure 4.1) and the
carrier frequency, f. are not always the same. While f, can theoretically take
a continuum of values in Eq. (4.1), in most applications an obvious value of
f. will give the simplest representation?.

® The +/2 term is included in the definition of the bandpass signal to ensure that
the bandpass signal and the baseband signal have the same power/energy.
This will become apparent in Section 4.4.

The carrier signal is normally thought of as the cosine term, hence the I
component is in-phase with the carrier. Likewise the sine term is 90° out-of-
phase (in quadrature) with the cosine or carrier term, hence the @ component
is quadrature to the carrier. Equation (4.1) is known as the canonical form of a
bandpass signal. Equation (4.2) is the amplitude and phase form of the band-
pass signal, where x(¢) is the amplitude of the signal and xp(¢) is the phase
of the signal. A bandpass signal has two degrees of freedom. A communication
engineer can use either the I/Q representation or the amplitude and phase rep-
resentation to denote a bandpass signal. The transformations between the two
representations are given by

xA(t) = (/21 (£)2 + xq(£)? xp(t) = tantxg(t), x7(¢)] (4.3)

and
x7(t) = x4(¢) cos(xp(¢)) xg(t) = x4(2) sin(xp(t)) (4.4)

Note that the inverse tangent function in Eq. (4.3) has a range of [—x, 7] (i.e.,
both the sign of x7(¢) and xg(¢) and the ratio of x;(¢) and xq(¢) are needed
to evaluate the function). This inverse tangent function is different than the
single argument function that is on most calculators. The particulars of the
communication design analysis determine which form for the bandpass signal
is most applicable.

IThis idea will become more obvious in Chapter 6.
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A complex valued signal, denoted the complex envelope, is defined as
x,(t) = x1(t) + jxg(t) = xa(t) expljxp (¢)]
The original bandpass signal can be obtained from the complex envelope by
x.(8) = V2% [x,(¢) explj 27 fot]l. (4.5)

Since the complex exponential only determines the carrier frequency, the
complex signal x,(¢) contains all the information in x.(¢). Using this complex
baseband representation of bandpass signals greatly simplifies the notation for
communication system analysis. As you progress through the text hopefully
the additional simplicity provided by the complex envelope representation will
become evident.

EXAMPLE 4.1
Consider the bandpass signal

%e(t) = 208(27 frnt) V2 cos(27 fot) — SIn(27 frt)N/2 sin(27 fot)

where f;, < fe. A plot of this bandpass signal is seen in Figure 4.2 with f, = 10 f;,.
Obviously we have

x1(2) =2cos(2nfmt)  x@(t) = sin(2r fint)
and
x,(2) = 20827 fint) + J sin(27 fint)

The amplitude and phase can be computed as

xA(t) = \/1 + 3 cos2(2 fint) xp(t) = tan’l[sin(erfmt), 2cos(27 fmt)].

A plot of the amplitude and phase of this signal is seen in Figure 4.3.

As an interesting historical note, the communications field did not always uti-
lize the complex baseband notation. Originally, communication theorist adopted
the “analytical signal” denoted

xan(t) = xz(t) eXP[j 27cht] (4.6)

as a way to understand communication signals. This complex analytical signal
was viewed as useful since it was more mathematically tractable and yet cap-
ture all the characteristics of communications signals. Slowly over time the field
came to realize that the important characteristics of a communication wave-
form are captured by the complex envelope, x.(¢). An early tutorial paper on
the complex analytical signal is given in [Bed62]. Hence the complex envelope



Complex Baseband Representation of Bandpass Signals

3- I i I i I I =
2% f r' {T illl'l i i" | I! d‘; [|| !Jllll Li) |[~| E
|l HEEE Y I | |
e L e e g
11HII|]H4II|| \i[|| [\I |,'||H '| M'llﬁ:||’|%|\||.'||{ ;
e ‘ I I
H 1 | UL | [}
=N Iy]?.‘ ‘H'f il '||| I ( Il i
_1 i || H |;||‘ I|' I| ‘ l|| |l\4| H |! !i| U |=i| | H | !II ||\! ||| !
‘ ||| li. ‘| || i-‘ ‘||II I | || ll'] | || i| |||II I ::I:

| QJ ‘Il || l'l‘ ||| |! | ||| ‘Il || ||”‘ ||| |‘
-2 | '1' il ] B - ...||I'_
ﬁ | I% | il T [
E i 03 :

Normalized Time, f;;,t

Figure 4.2 Plot of the bandpass signal for Example 4.1.
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Figure 4.3 Plot of the amplitude and phase for Example 4.1.
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Complex Baseband to Bandpass to Complex
Bandpass Conversion Baseband Conversion
x(t
x(1) >X —>®ﬁ> LPF x(1)
X
+v o
X,
2 cos(2nf, 1) CZD 2 cos(2n, 1)
A
- \ 4
/2 /2
x(1)
xolt) >X LPF —xg(1)

Figure 4.4 Schemes for converting between complex baseband and bandpass representations. Note
that the LPF simply removes the double frequency term associated with the down conversion.

representation of bandpass signals is an excellent example of the evolution of an
engineering tool where no one person can really be ascribed to the “invention.”

The next item to consider is methods to translate between a bandpass sig-
nal and a complex envelope signal. Figure 4.4 shows the block diagram of the
translation between a complex envelope and a bandpass signal and vice versa.
Basically a bandpass signal is generated from its I and @ components in a
straightforward fashion corresponding to Eq. (4.1). Likewise a complex enve-
lope signal is generated from the bandpass signal with a similar architecture.
Bandpass to baseband downconversion can be understood by using trigonomet-
ric identities to give

x1(¢) = xc(t)x/ﬁ cos(2m fet) = x1(¢) + x7(¢) cos(4nm fet) — xq(¢) sin(4n fet) @n
x2(t) = %(£)vV2sin(2r fot) = —xg(t) + xq(t) cos(4n fot) + x1(¢) sin(4xn f.t)

In Figure 4.4 the lowpass filters remove the 2 f, terms in Eq. (4.7). Note in
Figure 4.4 the boxes with 7 /2 are phase shifters (i.e., cos(6 — 7/2) = sin(6))

typically implemented with delay elements. The structure in Figure 4.4 is fun-
damental to the study of all carrier modulation techniques.

4.3 Visualization of Complex Envelopes

The complex envelope is a signal that is a complex function of time. Conse-
quently, the complex envelope needs to be characterized in three dimensions
(time, in-phase, and quadrature). For example, the complex envelope given as

x,(t) = explj 27 fint] = cos(2m fint) + J sin(27 fint) (4.8)

can be represented as a three dimensional plot as shown in Figure 4.5(a). It is
often difficult to comprehend all that is going on in a three-dimensional plot
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Figure 4.5 Plots of a complex exponential.

when the complex envelope is a typical communication signal hence communi-
cation engineers often project these signals into two dimensions. Examples of
this two-dimensional projection are shown in Figure 4.5(b) (x7(¢) versus x¢g(2)),
Figure 4.6(a) (¢t versus x;(¢)), and Figure 4.6(b) (¢ versus x¢(¢)). All of these
methods of viewing and visualizing a complex envelope signal are used in en-
gineering practice.

The vector diagram is the two-dimensional projection, where x;(¢) is plotted
versus xg(¢). The vector diagram represents the time trajectory of the complex
envelope, x.(¢), in the complex plane. This vector diagram often gives signifi-
cant insight into the performance or characteristics of a communication system

0.81 0.8
0.61 0.6
04r 0.4
0.2¢ _ 0.2
S of 30
-0.2+ -0.2
-0.4¢ -0.4
-0.6f -0.6
-0.8¢ -0.8
-1 : : -1 - : - : -
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
Time, t/f, Time, t/f,

(a) The projection onto the 7, x,(¢) plane.

Figure 4.6 Plots of the two time functions.

(b) The projection onto the ¢, x,(?) plane.
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and it will be used often in future sections of this text. The vector diagram first
gained utility in the days when the standard tool for examining the time domain
characteristics of a communication signal was the dual channel analog oscillo-
scope. To produce a vector diagram with a dual channel oscilloscope, x;(¢) is put
into one channel and x¢(¢) is put into the second channel and the scope is con-
figured to plot channel 1 versus channel 2. Since early test instruments could
simply generate this visualization, the vector diagram has traditionally found
utility in engineering practice. In fact, modern communication test equipment
like the Agilent 89600 vector signal analyzer are based around the characteri-
zation of the complex envelope and have the ability to measure vector diagrams
of bandpass signals.

EXAMPLE 4.2
The vector diagram for the bandpass signal given in Example 4.1 is shown in Figure 4.7.
It should be noted that the point x,(¢) = (2, 0) corresponds to time ¢ = n/f;, where nis an

1.5 .

Xq(®)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

xy(1)

Figure 4.7 The vector diagram for the bandpass signal in Example 4.1.
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integer, e.g., 2 cos(27n) = 2 and sin(27n) = 0. Likewise t = n/f, + 1/(4 f,) corresponds
to the point x,(¢) = (0, 1).

4.4 Spectral Characteristics of the Complex Envelope
4.41 Basics

It is of interest to derive the spectral representation of the complex baseband
signal, x,(¢), and compare it to the spectral representation of the bandpass
signal, x.(¢). Assuming x,(¢) is an energy signal, the Fourier transform of x,(¢)
is given by

X(f)=X1(f)+jXq(f) (4.9)

where X;(f) and X¢g(f) are the Fourier transform of x;(¢) and xg(¢), respec-
tively, and the energy spectrum is given by

G (f) = 1XI? = Gu, (f) + G () + 23X 1 (X ()] (4.10)

where G, (f) and G, (f) are the energy spectrum of x; () and x¢(#), respectively.
The signals x;(¢) and x¢(¢) are lowpass signals with a one-sided bandwidth of
less than Br /2 so consequently X.(f) and G, (f) can only take nonzero values
for |f| < Br /2.

EXAMPLE 4.3

Consider the case when x7(¢) is set to be the message signal from Example 2.3 (com-
puter generated voice saying “bingo”) and xq(¢) = cos(2000x¢). X7 (f) will be a lowpass
spectrum with a bandwidth of 2500 Hz while X ¢(f) will have two impulses located
at +£1000 Hz. Figure 4.8 shows the measured complex envelope energy spectrum for
these lowpass signals. The complex envelope energy spectrum has a relation to the
voice spectrum and the sinusoidal spectrum exactly as predicted in Eq. (4.10). Note
here By = 5000 Hz.

Equation (4.9) gives a simple way to transform between the lowpass signal
spectrums to the complex envelope spectrum. A similar simple formula exists
for the opposite transformation. Note that x;(¢) and xg(¢) are both real signals
so that X;(f) and X o(f) are Hermitian symmetric functions of frequency. It is
straightforward to show

X~ f) = X{(F) + jX5(f)
(4.11)
X (=) =X1(f)—jXe(f)
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Figure 4.8 The energy spectrum resulting from x;(¢) being a computer generated voice signal
and x@(¢) being a sinusoid.

This leads directly to

X;(f) = 5
(4.12)
X, — X*(—
Xo(f) = () jzz( )

Since x,(¢) is a complex signal, in general, the energy spectrum, G, (f), has
none of the usual properties of real signal spectra. Real signals have a spectral
magnitude that is an even function of f and a spectral phase that is an odd
function of . Complex envelopes spectra are not so restricted.

An analogous derivation produces the spectral characteristics of the bandpass
signal. Examining Eq. (4.1) and using the Frequency Translation Theorem of
the Fourier transform, the Fourier transform of the bandpass signal, x.(¢), is
expressed as

1 1
X.(f) = [Exzv — [+ X+ m}
1 1
L xor - - L x )
{ﬂj of ~f- 7 Q(f+f)]
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This can be rearranged to give

Xl(f—fc)-l-jXQ(f—fc)] |:Xl(f+fc)_jXQ(f+fc)
X.(f)= 4.13
7 N ! 72 @13
Using Eq. (4.11) in Eq. (4.13) gives
1 1
X (f)=—=X.(f — f¢ —XN—f —fe 4.14
() NG f —fo)+ NG J(=f =10 (4.14)

This is a very fundamental result. Equation (4.14) states that the Fourier
transform of a bandpass signal is simply derived from the spectrum of the
complex envelope. For positive values of f, X.(f) is obtained by translating
X.(f) to f. and scaling the amplitude by 1/+/2. For negative values of f, X.(f)
is obtained by flipping X.(f) around the origin, taking the complex conjugate,
translating the result to — f., and scaling the amplitude by 1/+/2 . This also
demonstrates that if X .(f) only takes values when the absolute value of f isin
[fe — Br /2, f. + Br /2], then X ,(f) only takes values in [-B7 /2, Bt /2]. The
energy spectrum of x.(¢) can also be expressed in terms of the energy spectrum
of x,(¢) as

Gl = 3Gulf ~ )+ 3Gl f —f0) 4.15)

Since E,, = [* G, (f) df = [*.. G.(f) df, Eq. (4.15) guarantees that the en-
ergy of the complex envelope is identical to the energy of the bandpass signal.
Additionally, Eq. (4.15) guarantees that the energy spectrum of the bandpass
signal is an even function of frequency as it should be for a real signal. Consid-
ering these results, the spectrum of the complex envelope of the signal shown in
Figure 4.1 will have a form shown in Figure 4.9 when f, = f¢. Other values of
f¢ would produce a different but equivalent complex envelope representation.
This discussion of the spectral characteristics of x.(¢) and x.(¢) should reinforce
the idea that the complex envelope contains all the information in a bandpass
waveform.

Figure 4.9 The complex envelope
» energy spectrum of the bandpass
! signal in Figure 4.1 with f. = f¢.
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EXAMPLE 4.4
(Example 4.1 cont.)

x1(t) = 2c08(2nfmt)  xQ(t) = SIn(27 fint)
X1(F) = 5(F —fu) +5(F + fu)  Xo(f) = 2ija<f ) - 2ijs(f + f)
Xof) = X1(F) + j XQ(f) = LESF — fin) + 055(F + fin)
and using Eq. (4.14) gives the bandpass signal spectrum as

1.5 1 1.5 1
E(S(f _fc_fm)'i‘me _fc+fm)+ﬁfs(f+fc+fm)+ﬁ5(f+fc_fm)

Note in this example By =2f,

Xc(f) =

EXAMPLE 4.5

For the complex envelope derived in Example 4.3 the measured bandpass energy spec-
trum for f. = 7000 Hz is shown in Figure 4.10. Again the measured output is exactly
predicted by Eq. (4.15). In this example we have B = 5000 Hz.

Gy (/)

-1 -08 -06 -04 -02 0 02 04 06 08 1
Frequency, f, Hz x 10*

Figure 4.10 The bandpass spectrum corresponding to Figure 4.8. By = 5000 Hz.
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4.4.2 Bandwidth of Bandpass Signals

The ideas of bandwidth of a signal extend in an obvious way to bandpass signals.
Recall engineers define bandwidth as being the amount of positive spectrum
that a signal occupies. For bandpass energy signals we have the following two
definitions that are analogous to the bandwidth definitions in Chapter 2.

Definition 4.2 If a signal x.(¢) has an energy spectrum Gy, (f) then Bx is determined as

10log (mfax Gx.(f)) = X + 101og(Gx,(f1)) (4.16)
where Gy, (f1) > G, (f) for 0 < f < f1 and

10log (ml?.x Gx,(f)) = X + 1010g(Gx,(f3)) (4.17)

where Gy, (f2) > Gy, (f) for f > fo where fo —f1 = Bx.

Definition 4.3 If a signal x.(¢) has an energy spectrum G, (f) then Bp = min(fg — f1)
such that

2 (126, (f)d
o 201 Guth) df

E, (4.18)

where fo > f1.

Note the reason for the factor of 2 in Eq. (4.21) is that half of the energy of the
bandpass signal is associated with positive frequencies and half of the energy
is associated with negative frequencies.

Again, for bandpass power signals similar ideas hold with G, (f) being re-
placed with S, (f, T).

Definition 4.4 If a signal x.(¢) has a sampled power spectral density Sy (f, T ) (see
Eq. (2.56)) then Bx is determined as

101og (m}gxsxc(f, Tm)) =X +1010g(Sy, (1, Tm)) (4.19)

where Sy (f1,Tm) > Sx.(f,Tm) for 0 < f < f1 and

10log (m}gx Sx.(f, Tm)) = X + 1010g(Sx, (F2, Tm)) (4.20)

where Sy (fo, Twm) > Sx.(f, Tm) for f > fo where fo —f1 = Bx.
Definition 4.5 Ifasignal x.(¢) has an power spectrum Sy, (f, T'»,) then Bp = min(fo—f1)
such that

2P Su(f, T df

P (T (4.21)

where f9 > f1 and P, (T p,) is defined in Eq. (2.57).
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4.5 Power of Carrier Modulated Signals

The output power of a carrier modulated signal is often important in evaluating
the trade-offs between analog communication options. For generality of the
exposition in this text, power will be computed as a time average power. The
time average power is defined as

1 Tn/2
P = lim — / x2(t)dt (4.22)
Tm—o0 Tm T /2

Using the Rayleigh energy theorem and Eq. (2.56) the time average power of a
bandpass modulated signal is

P, = Tlim Sx.(f, T, df (4.23)
Using the power spectrum analog to Eq. (4.15) gives
1 Tn/2
P, = lim —— / |x.(¢)|%dt = P, (4.24)
Tn—o0 Tm ~T /2

Hence we have shown that the power contained in a carrier modulated signal
is exactly the power in the complex envelope. This result is the main reason
why the notation used in this text uses the +/2 term in the carrier terms.

4.6 Linear Systems and Bandpass Signals

This section discusses methods for calculating the output of a linear, time-
invariant (LTI) filter with a bandpass input signal using complex envelopes.
Linear system outputs are characterized by the convolution integral given as

Y. (t) = / x(T)h(t — 1)dT (4.25)
where A(t) is the impulse response of the filter. Since the input signal is band-
pass, the effects of an arbitrary filter, A(¢), in Eq. (4.25) can be modeled with an
equivalent bandpass filter, A.(¢), with no loss in generality. The bandpass filter,
H_.(f), only needs to equal the true filter, H(f) over the frequency support of the
bandpass signal and the two filters need not be equal otherwise. Because of this
characterization the bandpass filter is often simpler to model (and to simulate).

EXAMPLE 4.6

For example consider the lowpass filter given in Figure 4.11(a). Since the bandpass
signal only has a nonzero spectrum in a bandwidth of By around the carrier frequency,
fe¢, the bandpass filter shown in Figure 4.11(b) would be input—output equivalent to the
filter in Figure 4.11(a).

This bandpass LTI system also has a canonical representation given as

he(¢) = 2h1(¢) cos(2r fct) — 2hq(¢) sin(2r f,t) (4.26)
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(a) A low pass filter. (b) An input/output equivalent bandpass filter.

Figure 4.11 An example of a filter and its bandpass equivalent filter.

The complex envelope for this bandpass impulse response and transfer function
associated with this complex envelope are given by

h(t) = h;(t) + jhe(t) H.(f) = H{(f) + jHo(f)
where the bandpass system impulse response is
he(t) = 2R [h,(¢) explj 27 fct]]

The representation of the bandpass system in Eq. (4.26) has a constant factor
of +/2 difference from the bandpass signal representation of Eq. (4.1). This
factor results because the system response at baseband and at bandpass should
be identical. This notational convenience permits a simpler expression for the
system output (as is shown shortly). Using similar techniques as in Section 4.4,
the transfer function is expressed as

H(f)=H.(f —fo)+ H(=f —fe) (4.27)

EXAMPLE 4.7
Consider the signal
xc(2) = (cos(27 fnt) + cos(6nfmt))«/§ cos(2n fet) — (sin(27 fit)
+ Sin(67 fiont))V2 sin(27 fot) (4.28)

that is input into a bandpass filter with a transfer function of

Hc(f)={2 fe—=2fm <IfI<fe+2fm (4.29)

0 elsewhere

Since the frequency domain representation of x.(¢) is

1
E[S(f —(fe+ fm) +8(f —(fe+3fm) +6(f +(fe + fm)

+8(f + (fe +3fm)] (4.30)

Xc(f) =
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the output bandpass signal will have the frequency domain representation of
2
V2

The complex envelopes of the input and output signals are

Yo(f) = —=(f —(fe + fin) +8(f +(fc + fm)] (4.31)

x,(t) = explj 27 fint] + explj 67 fint] ¥:(t) = 2explj2n fimt] (4.32)
consequently it makes sense to have

2 2fm
Hz<f>:{ IF1=2f, (4.33)

0 elsewhere

and Hc(f) = Hz(f _fc) + Hz*(—f _fc)~

Equations (4.27) and (4.14) combined with the convolution theorem of the
Fourier transform produce an expression for the Fourier transform of y.(¢)
given as

1
V2
+H(—f —fo)]
Since both X.(f) and H,(f) only take nonzero values in [—Bp /2, By /2], the
cross terms in this expression will be zero and Y .(f) is given by
1
V2

Since y.(¢) will also be a bandpass signal, it will also have a complex baseband
representation. A comparison of Eq. (4.34) with Eq. (4.14) demonstrates the
Fourier transform of the complex envelope of y.(¢), y.(¢), is given as

Y.(F) = X H(f)

Linear system theory produces the desired form

Yo(f) = XA Hf) = —=[XAf —fo) + X2(=f — fIIlH(f —fo)

Yc(f)z [Xz(f_fc)Hz(f _fc)+X:(_f _fc)Hz*(_f _fc)] (434)

y.(t) = /OO x(T)h,(t — t)d T = x,(8) % h(2) (4.35)

oo

EXAMPLE 4.8
(Example 4.1 cont.) The input signal and Fourier transform are

x,(t) = 2cos(27 fit) + J sin(27 fint) X (f)=1.58(f —fm) +0.55(f + fm)

Assume a bandpass filter with

JE —fm < f < fn
2 2fm<f <2fn HQ(f) _ J ' fm<f <2fm
0 elsewhere —J 2fm=<f <—fm

0 elsewhere

Hi(f) = { (4.36)
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This produces

2—F% ~fu<f=<fm
1 < 2
H.(f) = fm < f = 2fm (4.37)
3 -2 fm = f = _fm
0 elsewhere
and now the Fourier transform of the complex envelope of the filter output is
Y.(f) = HAf)X(f) = 1L.58(f — fm) + 1.58(f + fm) (4.38)
The complex envelope and bandpass signal are given as
y2(8) = 3082 fmt)  ye(t) = 3¢os(27 fint)V/2 cos(2r fot) (4.39)

In other words, convolving the complex envelope of the input signal with the
complex envelope of the filter response produces the complex envelope of the
output signal. The different scale factor was introduced in Eq. (4.26) so that
Eq. (4.35) would have a familiar form. This result is significant since y.(¢) can
be derived by computing a convolution of baseband (complex) signals, which is
generally much simpler than computing the bandpass convolution. Since x,(¢)
and h,(¢) are complex, y.(¢) is given in terms of the I/Q components as

Yo(t) = y1(t) + jy(t) = [x1(¢) x hy(t) — xq(t) x ho(t)]
+Jjlxr(2) x ho(t) + xg(t) * hr(¢)]

Figure 4.12 shows the lowpass equivalent model of a bandpass system. The
two biggest advantages of using the complex baseband representation are that
it simplifies the analysis of communication systems and permits accurate dig-
ital computer simulation of filters and the effects on communication systems
performance.

x(1) = h()

+1

%} yi(1)
hy()
ho(t) .

é}* Yo

(1) 4

Y

xo (1)

/

/

Figure 4.12 Block diagram illustrating the relation between the input and
output complex envelope of bandpass signals for a linear time invariant
system.
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Transmitter Channel Receiver

|
|
|
x (1) — Hy(h) ® |
|
|

|
|
| Hs(f) — y1(©)

|

J2cos(2m £.t) @ L H,(f) H, () n H, () J2cos(2m £,t)
py P
| |

xQ(f) — Hy(f) @ | | Hs(f) — yo(t)
| |
| |
| |

(@
() — HE  —y,(0

(b)

Figure 4.13 A comparison between (a) the actual communication system model and (b) the complex
baseband equivalent model.

4.7 Conclusions

The complex baseband representation of bandpass signals permits accurate
characterization and analysis of communication signals independent of the
carrier frequency. This greatly simplifies the job of the communication sys-
tems engineer. A linear system is often an accurate model for a communica-
tion system, even with the associated transmitter filtering, channel distortion,
and receiver filtering. As demonstrated in Figure 4.13, the complex baseband
methodology truly simplifies the models for a communication system perfor-
mance analysis.

4.8 Homework Problems

Problem 4.1. Many integrated circuit implementations of the quadrature upcon-
verters produce a bandpass signal having a form

xe(2) = 21 ()2 cos(27 fot) + xg()V/2 sin(27 fot) (4.40)

from the lowpass signals x;(¢) and x¢(¢) as opposed to Eq. (4.1). How does this
sign difference affect the transmitted spectrum? Specifically for the complex
envelope energy spectrum given in Figure 4.9 plot the transmitted bandpass
energy spectrum.
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Problem 4.2. Find the form of x;(¢) and x¢(¢) for the following x.(¢)

(a) xc(t) = Sin(27'[(fc - fm)t)
(b) x.(t) = cos(2n(f. + fm)t)
(€) x.(¢) = cos(2rfct + ¢p)

Problem 4.3. If the lowpass components for a bandpass signal are of the form
x7(¢) = 12 cos(6mt) + 3 cos(107t)
and

x@(t) = 2sin(6rt) + 3 sin(107¢)

(a) Calculate the Fourier series of x;(¢) and x¢(2).

(b) Calculate the Fourier series of x,(¢).

(c) Assuming f. = 40 Hz calculate the Fourier series of x.(¢).
(d) Calculate and plot x4(¢). Computer might be useful.

(e) Calculate and plot xp(¢). Computer might be useful.

Problem4.4. Abandpass filter has the following complex envelope representation
for the impulse response

o el 0,
0 elsewhere

(a) Calculate H,(f).
Hint: The transforms you need are in a table somewhere.

(b) With x,(¢) from Problem 4.3 as the input, calculate the Fourier series for
the filter output, y.(¢).

(c¢) Plot the output amplitude, y(¢), and phase, yp(¢).
(d) Plot the resulting bandpass signal, y.(¢) using f, = 40 Hz.

Problem 4.5. The picture of a color television set proposed by the National Tele-
vision System Committee (NTSC) is composed by scanning in a grid pattern
across the screen. The scan is made up of three independent beams (red, green,
and blue). These independent beams can be combined to make any color at a
particular position. In order to make the original color transmission compati-
ble with black and white televisions the three color signals (x,(¢), x4(2), x5(¢))
are transformed into a luminance signal (black and white level), x.(¢), and two
independent chrominance signals, x7(¢) and xg(¢). These chrominance signals
are modulated onto a carrier of 3.568 MHz to produce a bandpass signal for
transmission. A commonly used tool for video engineers to understand these
coloring patterns is the vectorscope representation shown in Figure 4.14.
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0.59 exp[le 1°]
* Green

* Yellow

0.64exp|j18.79]
e Red

0.64exp]j193
* Cyan

x,(0)

Figure 4.14 Vector scope representation of the complex envelope
of the 3.58 MHz chrominance carrier.

(a) If the video picture is making a smooth transition from a blue color (at ¢t =
0) to green color (at ¢ = 1), make a plot of the waveforms x;(¢) and xg(¢).

(b) Plot x;(¢) and xg(¢) that would represent a scan across a red and green
striped area. For consistency in the answers assume the red starts att =0
and extends to ¢t = 1, the green starts at ¢t = 1" and extends to¢ =2, - - -

Problem 4.6. Consider two lowpass spectra, X;(f) and X ¢(f) in Figure 4.15 and

sketch the energy spectrum of the complex envelope, G, (f).

A

Re[X,(f)]

Im[X ol i)
AL

Im[X,(f)]=0

Figure 4.15 Two lowpass Fourier transforms.

h
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J2 cos(2nf.1) J2 cos(2mfr)

n2 2 cos(2nf.t—n/2) = V2 sin(2nf.1)

Figure 4.16 Sine and cosine generator.

Problem 4.7. (Design Problem) A key component in the quadrature up/down
converter is the generator of the sine and cosine functions. This processing is
represented in Figure 4.16 as a shift in the phase by 90° of a carrier signal.
This function is done in digital processing in a trivial way but if the carrier
is generated by an analog source the implementation is more tricky. Show
that this phase shift can be generated with a time delay as in Figure 4.17.
If the carrier frequency is 100 MHz, find the value of the delay to achieve the
90° shift.

Problem 4.8. The lowpass signals, x;(¢) and x¢(¢), which comprise a bandpass
signal are given in Figure 4.18.

(a) Give the form of x.(¢), the bandpass signal with a carrier frequency f., using
x7(t) and xq(2).

(b) Find the amplitude, x4(¢), and the phase, xp(¢), of the bandpass signal.
(c) Give the simplest form for the bandpass signal over [2T', 3T].

Problem 4.9. The amplitude and phase of a bandpass signal is plotted in
Figure 4.19. Plot the in-phase and quadrature signals of this baseband
representation of a bandpass signal.

Problem 4.10. The block diagram in Figure 4.20 shows a cascade of a quadra-
ture upconverter and a quadrature downconverter where the phases of the two
(transmit and receive) carriers are not the same. Show that y,(¢) = y;(¢) +
Jye(t) = x,(¢t) exp[—jO(¢)]. Specifically consider the case when the frequencies
of the two carriers are not the same and compute the resulting output energy
spectrum Gy, (f).

J2 cos(ZchCt) J2 cos(21tfct)

T b fcos(2nf(1-1)

Figure 4.17 Sine and cosine generator implementation for analog signals.



4.22 Chapter Four

x](f)

~¥

-1+

Figure 4.18 x7(¢) and xq(¢).

x4(1)
1
! T 2T 3T 4T 1
} xp(t)
T4
/2 +
T 2T 3T 4T t
/2 +
_Tc —

Figure 4.19 The amplitude and phase of a bandpass signal.

'xC( Z)

J2cos(2nft+ 0(D)

+

ﬁcos(anct)T CZ
-

Figure 4.20 A downconverter with a phase offset.
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Problem 4.11. A periodic real signal of bandwidth W and period T' is x;(¢) and
xg(t) = 0 for a bandpass signal of carrier frequency f. > W.

(a) Cantheresulting bandpass signal, x.(¢), be periodic with a period of T, < T'?
If yes, give an example.

(b) Can the resulting bandpass signal, x.(¢), be periodic with a period of T, > T'?
If yes, give an example.

(¢) Cantheresulting bandpass signal, x.(¢), be periodic with a period of T, = T'?
If yes, give an example.

(d) Can the resulting bandpass signal, x.(¢), be aperiodic? If yes, give an
example.

Problem 4.12. In communication systems bandpass signals are often processed
in digital processors. To accomplish the processing, the bandpass signal must
first be converted from an analog signal to a digital signal. For this problem
assume this is done by ideal sampling. Assume the sampling frequency, f, is
set at four times the carrier frequency.

(a) Under what conditions on the complex envelope will this sampling rate be
greater than the Nyquist sampling rate (see Section 2.4.1) for the bandpass
signal?

(b) Give the values for the bandpass signal samples for x.(0), xc(i), xc(%fc),

3 4
xe( m), and x,( m)

(¢) By examining the results in (b) can you postulate a simple way to down-

convert the analog signal when f; = 4. and produce x;(¢) and x¢(¢)? This

simple idea is frequently used in engineering practice and is known as f¢/4
downconversion.

Problem 4.13. A common implementation problem that occurs in an I/Q upcon-
verter is that the sine carrier is not exactly 90° out of phase with the cosine
carrier. This situation is depicted in Figure 4.21.

+
J2 cos(2nf.t) @

Figure 4.21 The block diagram for Problem 4.13.
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(\\7_;@)
\\v

Figure 4.22 An airborne air traffic control radar example.

(a) What is the actual complex envelope, x.(¢), produced by this implementation
as a function of %;(¢), X¢(¢), and 6?

(b) Often in communication systems itis possible to correct this implementation
error by preprocessing the baseband signals. If the desired output complex
envelope was x,(¢) = x;(¢) + jxg(¢), what should X;(¢) and %g(¢) be set to
as a function of x7(¢), xg(¢), and 6 to achieve the desired complex envelope
with this implementation?

Problem 4.14. A commercial airliner is flying 15,000 feet above the ground and
pointing its radar down to aid traffic control. A second plane is just leaving the
runway as shown in Figure 4.22. The transmitted waveform is just a carrier
tone, x,(¢) = 1 or x.(¢) = V2 cos(27 fot).

The received signal return at the radar receiver input has the form

ye(t) = ApV2c08(27(fo + [p)t + 0p) + AgV2c08(2n(f. + folt +0g) (4.42)

where the P subscript refers to the signal returns from the plane taking off and
the G subscript refers to the signal returns from the ground. The frequency shift
is due to the Doppler effect you learned about in your physics classes.

(a) Why does the radar signal bouncing off the ground (obviously stationary)
produce a Doppler frequency shift?

(b) Give the complex baseband form of this received signal.

(c) Assume the radar receiver has a complex baseband impulse response of
h(t) =6()+ B8t —T) (4.43)

where f is a possibly complex constant, find the value of 8 which eliminates
the returns from the ground at the output of the receiver. This system was a
common feature in early radar systems and has the common name Moving
Target Indicator (MTI) as stationary target responses will be canceled in
the filter given in Eq. (4.43).

Modern air traffic control radars are more sophisticated than this problem
suggests. An important point of this problem is that radar and communication
systems are similar in many ways and use the same analytical techniques for
design.
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exp[ j2nfot] hz(z) Y, (0

T [ exp[i2nf(i-1y)]

Figure 4.23 The block diagram for Problem 4.15.

Problem 4.15. A baseband signal (a complex exponential) and two linear systems
are shown in Figure 4.23. The top linear system in Figure 4.23 has an impulse
response of

1
—— O0<t<T
hat) = VT, ~— — 7 (4.44)

0 elsewhere

The bottom linear system in Figure 4.23 is an ideal delay element G.e., y,(¢) =
x,(t — 1q)).

(a) Give the bandpass frequency response H.(f).
(b) What is the input power? Compute y,(¢).

(c) Select a delay, 74, in the bottom system in Figure 4.23 such that arg[y.(¢)] =
2w fo(t — tg) for all fy.

(d) What is the output power as a function of fo, P, (f0)?
(e) How large can fo be before the output power, P, (fo), is reduced by 10 dB
compared to the output power when f¢ = 0, P, (0)?

Problem 4.16. The following bandpass filter has been implemented in a commu-
nication system that you have been tasked to simulate

1 f.+7500<|f]|< fe+ 10000
fe+2500 < |f| < f.+ 7500

fe =If | < fe+2500

H.(f) = (4.45)

fe—2500 <|f|<f.

S AW Wk N

elsewhere

You know because of your great engineering education that it will be much
easier to simulate the system using complex envelope representation.

(a) Find H,(f).
(b) Find H;(f) and Ho(f).
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(c) If x,(¢) = exp(j 27 fint) find x.(2).
(d) If x,(¢) = exp(j 27 fint) compute y,(¢) for 2000 < f,,, < 9000.

Problem 4.17. Consider two bandpass filters

1
—— 0<t<02
ha(t) =< ~/0.2 (4.46)
0 elsewhere
sin(10x¢)
. =" 4.4
ho(t) T0nt (4.47)

Consider the filters and an input signal having a complex envelope of x,(¢) =
exp(j 27 fint).

(a) Find x.(2).

(b) Find H,(f).

(c) Find H.(f).

(d) For f,, =0,7,14 Hz find y,(¢).

Problem 4.18. Find the amplitude signal, x4(¢), and phase signal, xp(¢) for
(a) x,(¢) = z(t) exp(j ¢) where z(t) is a complex valued signal.
(b) x,(¢2) = m(¢) exp(j ¢) where m(t) is a real valued signal.

Problem 4.19. A bandpass signal has a complex envelope given as
x,(t) = j expl—j 2 fint] + 3explj2r fint] (4.48)

where f,, > 0.

(a) Find x7(¢) and x¢(¢).

(b) Plot the frequency domain representation of this periodic baseband signal
using impulse functions.

(c) Plot the frequency domain representation of the bandpass signal using
impulse functions.

(d) What is the bandpass bandwidth of this signal, B7?

Problem 4.20. The amplitude and phase of a bandpass signal is plotted in
Figure 4.24. Plot the in-phase and quadrature signals of this baseband rep-
resentation of a bandpass signal.

Problem 4.21. A bandpass signal has a complex envelope given as

x,(t) = j expl—j 2 fint] + 3explj2r fit] (4.49)
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x(1)
1
T 2T 3T 4T 1
xp(1)
/2 +
| >
T 2T 3T 4T 1
/2 +
4+

Figure 424 The amplitude and phase of a bandpass signal.

where f,, > 0. This signal is put into a bandpass filter which has a complex
envelope characterized with

—j —4000< f <0
1 |f]| <4000

Hq(f) = H[(f) =
0 elsewhere

0 < f <4000 (4.50)

J
0 elsewhere

The output of the filter at bandpass is denoted y.(¢) and at baseband is denoted
Y(2).

(a) What is H,(f).
(b) Find y.(¢) as a function of f,,.

(c) Plot the frequency domain representation of the output bandpass signal
using impulse functions for the case f,, = 2000 Hz.

Problem 4.22. (PD) In Figure 4.25 are drawings of the f > 0 portions of the
Fourier transforms of two bandpass signals. For each transform plot the mag-
nitude and phase for the entire f axis (i.e., filling in the missing f < 0 part).
Also for each transform plot the magnitude and phase for the entire f axis for
X (f) and Xg(f).
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Figure 4.25 Amplitude and phase of a bandpass signal.

Problem 4.23. If F{x,(¢)} = X,(f) what is F{x}(¢)}?

Problem 4.24. An often used pulse in radar systems has a complex envelope of

A.explj2rgot’l 0<t<T,
x(t) = (4.51)

0 elsewhere

(a) What are x4(¢) and xp(%).

(b) Plot the bandpass signal, x.(¢) for f, = 10 Hz and gy = 100 Hz/s, A, = 1,
and T, = 1.

(¢c) What is the E,?
(d) Plot G, (f) and estimate Bgg when go = 100 Hz/s and T, = 1.

Problem 4.25. A complex baseband signalis given as x,(¢) = x7(¢)+ jxg(¢), where
x7(¢) and x¢(¢) are real lowpass signals. Find
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x(1) ———  Hd/) ye(t)

2 cos(21tf2t)

Figure 4.26 A heterodyne upconverter.

(a) The bandpass signal, x.(¢), represented by x.(¢)
(b) X.(f) and X3(f) in terms of X;(f) and X o(f)

() Xg(f) in terms of X,(f)

(d) X.(f) in terms of X;(f) and X¢(f)

(e) Show that | X .(f)| is an even function of frequency.

Problem 4.26. Consider a bandpass signal, x.(¢) with f,=10.7 MHz and a com-
plex envelope given as

x,(¢) = 0.5exp[j20007¢] + 1.5 exp[—720007¢] (4.52)

in a system with a block diagram given in Figure 4.26 where f3 = 110.7 MHz.
This block diagram is often described as a heterodyne upconverter and is fre-
quently used in practice. Further assume that the bandpass filter, Hy (f) is
characterized as
alf|+b 99MHz < |f| <101 MHz
Hr (f) = { (4.53)
0 elsewhere

where a = 0.3 x 107% and = —29.

(a) Plot the spectrum of the bandpass signal, X .(f).

(b) The output of the multiplier (mixer) is denoted as %.(¢). Plot the spectrum
X.(f).

(c) Plot the transfer function of the bandpass filter, Hy (f).
(d) Plot the bandpass output spectrum Y .(f).
(e) Give the complex envelope of the output signal, y,(¢).

Problem 4.27. A common implementation issue that arises in circuits that imple-
ment the I/ @ up and down converters is an amplitude imbalance between the
I channel and the @ channel. For example, if the complex envelope is given as
x,(t) = x1(t)+jxq(t) then the complex envelope of the signal that is transmitted
or received after imperfect conversion needs to be modeled as

%,(¢) = Ax;(¢) + jBxg(t) (4.54)
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The amplitude imbalance is denoted y = (B/A)? in practice.

(a) Assume that P,, = P,, = P, /2 and find the values of A and B that achieve

a specified y and P,, = P;,.

(b) For the transformation detailed in (a) find the output complex envelope,
X,(t), when x,(t) = explj2x ft]. Plot the signal spectrum before and after

the amplitude imbalance.

Problem 4.28. (PD) Let x.(¢) be a bandpass signal with

Xo Ifl=fad =W
0 0 elsewhere

(a) Find E,,.
(b) Plot X.(f) for f. = f4. Is x,(¢) a real valued signal?
(¢) Plot X,(f) for f. = fo + W. Is x.(¢) a real valued signal?

4.9 Example Solutions
Problem 4.2.

(a) Using sin(a — b) = sin(a) cos(b) — cos(a) sin(b) gives
x.(t) = sin(2m ft) cos(2m fint) — cos(2m ft) sin(27 fr,t)
By inspection we have

x7(t) = \_/—% sin(27 fi,t) xq(t) = :/—% cos(2m fint)

(b) Recall x.(t) = x4(t)v/2 cos(27 fot + xp(t)) so by inspection we have

x,(t) = % exp(j2mfnt) x7(t) = % cos(27 frnt)

x9(t) = 1 sin(27 fit)

V2

(¢) Recall x.(¢) = x4(¢)vV/2 cos(2x f.t + xp(t)) so by inspection we have

x,(t) = % exp(jo,) x1(t) = % cos(¢p) xq(t) = % sin(¢,)

Problem 4.6. We can write

X:(f) = Arect (2L101> and Xgq(f) = j%rect(%)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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Then
Gx,(f) = 1X1 ()P = Azrect(g%)
Gxo(f) = 1Xq()P? = A;§2rect<2Lﬁ)
X1(HXy(f) = —7 ‘flf rect<2ifl)
IXHXH(H)} = —A;f rect(szl)
Hence

Gx.(f) = Gx,(f) + Gxo(f) + 23X 1 () X H(f)
_ f f\ f f f
= A? lrect(2—fl> + <ﬂ) rect(2—fl> —2ﬁrect<2—fl)]

Gx.(f) = (f - %)2%(2%)

Problem 4.11. x;(¢) is periodic with period 7'. Because of this x;(¢) can be repre-
sented in a Fourier series expansion

x) =Y x exp {ﬂ;kt} (4.60)

k=—00

If the bandwidth of the signal is less than WHz then the Fourier series will be
truncated to a finite summation. Define %, to be the largest integer such that
kn/T < W then

k .
- 2kt
x,(t):k;_k: Xp, exp {J T ] (4.61)

The bandpass signal will have the form
x.(8) = x7(£)V2 cos(2r fot)

=x7(¢) [% exp(j2rf.t)+ % exp(—j2nfct)] (4.62)

_ kkzk T (oo g2 (g £2) o] wemp |s2n (1= 1))

Since the bandpass signal has a representation as a sum of weighted
sinusoids there is a possibility that the bandpass signal will be periodic.
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This bandpass signal will only be period if all the frequencies are an integer
multiple of a fundamental frequency, 1/T..

(a) The bandpass signal can be periodic with 7. < T'. For example, choose x;(¢)
to be a 2 Hz sinusoid, i.e., x;(¢) = cos(27(2)t) and the carrier frequency to
be f. = 6 Hz. Clearly here T = 1/2 seconds. The bandpass signal in this
case is

x.(8) = x1(£)V2 cos(2n(6)t) = g(exp[jZn(—S)t]
+explj2r(—4)t] + explj 27 (4)t] + explj 27 (8)t]) (4.63)

The bandpass signal is a sum of four sinusoids that have frequencies of
f1=-8, foa = —4, fs =4, f4 = 8. Clearly the fundamental frequency
bandpass signal is 4 Hz and 7. = 0.25 < 0.5.

(b) The bandpass signal can be periodic with T, < T' . For example, choose x;(¢)
to be a 3 Hz sinusoid, i.e., x;(¢) = cos(27(3)t) and the carrier frequency to
be f. =5 Hz. Here, T = 1/3 seconds. The bandpass signal in this case is

x.(8) = x1(£)V2 cos(2n(5)t) = ?(exp[j2n(—8)t]
+explj2n(—2)t] + explj2m(2)t] + explj27(8)t])  (4.64)

The bandpass signal is a sum of four sinusoids that have frequencies of
f1=-8, fo = -2, f3 =2, f4 = 8. The fundamental frequency of the
bandpass signal is 2 Hz and T. = 0.5 > 1/3.

(¢c) The bandpass signal can be periodic with T. = T . For example, choose x; (¢)
to be a 2 Hz sinusoid, i.e., x7(¢) = cos(27(2)¢) and the carrier frequency to
be f. =4 Hz. Here, T = 0.5 seconds. The bandpass signal in this case is

x(t) = x7(£)V2 cos(2r(4)t) = ?(exp[jZn(—G)t]
+explj27(—2)t] + explj27(2)t] + explj 27 (6)¢]) (4.65)

The bandpass signal is a sum of four sinusoids that have frequencies of
fi1= -6, fo = -2, f3 = 2, f4 = 6. The fundamental frequency of the
bandpass signal is 2 Hz and T, = 0.5.

(d) The bandpass signal can be aperiodic. For example, again choose x;(¢) to
be a 2 Hz sinusoid, i.e., x;(¢) = cos(27(2)t). Here, T = 0.5 seconds. The
bandpass signal in this case is

x.(8) = x1(£)V2 cos(2m(f.)t) (4.66)

= %(eXp[j 27(—2 — f)t] + explj2n(—f. + 2)t]
+explj2n(f, — 2)t] + explj2n(fe + 2)¢])
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The bandpass signal will be aperiodic if the two frequency are not integer
multiples of a common frequency. That implies that the two bandpass fre-
quencies must be irrational numbers. Choosing f, = +/2 will produce an
aperiodic signal.

4.10 Miniprojects

Goal: To give exposure

® to a small scope engineering design problem in communications.
® to the dynamics of working with a team.

® to the importance of engineering communication skills (in this case oral
presentations).

Presentation: The forum will be similar to a design review at a company
(only much shorter). The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). All team
members should be prepared to give the presentation.

4.10.1 Project 1

Project Goals: In engineering often in the course of system design or test
anomalous performance characteristics often arise. Your job as an engineer is to
use your knowledge of the theory to identify the causes of these characteristics
and correct them. Here is an example of such a case.

Get the Matlab file bpex1 .m from the class web page. In this file the carrier
frequency was chosen as 7 kHz. If the carrier frequency is chosen as 8 kHz an
anomalous output is evident from the quadrature downconverter. This is most
easily seen in the output energy spectrum, G, (f). Postulate a reason why this
behavior occurs.

Hint: It happens at 8 kHz but not at 7 kHz and Matlab is a sampled data
system. What problems might one have in sampled data system? Assume that
this upconverter and downconverter were products you were designing how
would you specify the performance characteristics such that a customer would
never see this anomalous behavior?

4.10.2 Project 2

Project Goals: Use the knowledge of the theory of bandpass signals to identify
unknown parameters of a bandpass signal.
A signal has a form

() = x7(£)V2 cos(2 fot + 6) — x(t)V/28In(27 fot +6) (4.67)
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It is known that
x1(t) = cos(2007¢) xg(¢) = cos(400xt) (4.68)

The values of 8 and f,. are unknown. The signal has been recorded with a sample
frequency of 22050 Hz (assume Nyquist criterion was satisfied) and is available
in the file CompenvPrjt2.mat on the class web page. Using this file make an
estimate of 8 and f.. Detail the logic that led to the estimates.
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Chapter

Analog Communications
Basics

Analog communication involves transferring an analog waveform containing
information (no digitization at any point) between two users. Typical examples
where analog information is transmitted in this fashion are

® Music — broadcast radio
® Voice — citizen band radio, amateur radio, walkie-talkies, cellular radio

® Video — broadcast television

These message signals all have unique characteristics that engineers need to
understand to be able to build communication systems that can implement this
communication with high fidelity and low cost. The characterization of these
message signals build upon the foundation of an undergraduate signals and
systems education as reviewed in Chapter 2. Signals are typically characterized
in both the time and frequency domain and that is the approach that will be
taken in this chapter.

5.1 Message Signal Characterization

Characterizing the message to be transmitted will be important in understand-
ing analog communications. The information bearing analog waveform is de-
noted m(¢) and it is assumed to be an energy signal with a Fourier transform
of M(f) and energy spectral density of G,,(f ), respectively. The message signal
is assumed to be a real valued signal. Figures 5.1 and 5.2 show an example
of a short time record of a message signal and an energy spectral density of a
message signal. This text will use these examples, time signal and spectrum,
to demonstrate modulation concepts. Often a DC value is not an important
component in an analog message signal so we will often use the fact that the

5.1

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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m(t)
=)

v/

0 5 10 15 20

Time, t, sec

Figure 5.1 An example message signal, m(¢).

energy spectrum of the message signal goes to zero for small frequencies and
that the message signal will pass through a DC block unchanged. In analog
modulations it is often important to discuss the signal bandwidth and this will
be denoted W. Note that this W could correspond to either relative or integral
bandwidth and will not be specified unless necessary for clarity.

Several parameters will occur frequently to characterize analog communica-
tions. The most important characteristic of an analog signal to the communica-
tion engineer is the bandwidth of the signal. The bandwidth of analog baseband

/\\//'\

0.4

G(f)

0.2

-3 -2 -1 0 1 2 3
Frequency, f, Hz

Figure 5.2 An example of a message energy spectral density.



Analog Communications Basics 5.3

signals have been characterized in Chapter 2 and these results will be used
through the remainder of the text. The time average signal power will be an
important characteristic of a message signal.

Definition 5.1 The time average message power, P, is

P, = lim P,(Ty) (5.1)

m—>00

where P, (T ,) is defined in (2.54).
Other characteristics of the message signal that are important include
® The largest value of the message signal, max m(t)

® The smallest value of the message signal, min m(¢)

® The maximum rate of change of the message signal, max | g—tm(t)|

A characteristic often used to characterize communication signals is the peak
to average power ratio (PAPR).

Definition 5.2 The peak power to average power ratio of m(¢) is

2
PAPR,, — (& Im®))” 5.2)
Py
The remainder of this book will consistently relate performance of communica-
tion systems back to these parameters that describe the message signal.

EXAMPLE 5.1

Recall the example from Chapter 2 of a filtered computer generated voice saying the
word “Bingo” whose time waveform is shown in Figure 2.1 and whose energy spectrum
is shown in Figure 2.8. This is pretty typical of a spoken word signal that would be
communicated in an analog communication system. A spoken word signal typically has
the characteristic that there is little DC value for the signal and this is reflected in the
notch in the energy spectrum of this signal at 0 Hz. This characteristic implies that
a spoken word signal will pass through a DC block with little distortion. Examining
this signal both the 40 dB bandwidth and 98% energy bandwidth are about 2.5 kHz so
when this signal is used in future examples it will be assumed that W = 2.5 kHz. In
general, spoken word signals have been characterized as having a bandwidth of about
W = 3.5-4 kHz and many commonly employed communication systems are built on this
premise (e.g., the public telephone system).

EXAMPLE 5.2

High quality audio signals have different characteristics than spoken word signals.
Figure 5.3(a) shows the time signal of a short excerpt from a song by Andrea Bocelli
sampled at 44100 Hz. Figure 5.3(b) shows the measured power spectrum from this same
song. This is pretty typical of a high fidelity audio signal that would be communicated
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(a) Time waveform (b) Power spectrum

Figure 5.3 A high fidelity audio signal.

in an analog communication system. A high fidelity audio signal typically has the char-
acteristic that there is little DC value for the signal and this is reflected in the notch
in the power spectrum of this signal at 0 Hz. This characteristic implies that a high
fidelity audio signal will pass through a DC block with little distortion. Examining this
signal the 40 dB bandwidth is about B4y = 15.5 kHz. In general, high fidelity audio
signals have been characterized as having a bandwidth of about W = 15-20 kHz and
many commonly employed communication systems are built on this premise (e.g., audio
broadcasting).

EXAMPLE 5.3

Video signals have different characteristics than audio signals. Figure 5.4(a) shows the
time signal of a short excerpt from an NTSC video signal. NTSC stands for National
Television System Committee, which devised the NTSC television (TV) broadcast system
in 1953. All analog television broadcasts in the United States must have a message
signal that meet this standard. This message signal format was chosen so that the
transformation to a raster scan on a TV tube is a fairly simple circuit. Figure 5.4(b)
shows the measured power spectrum from an NTSC video signal. This is pretty typical
of an NTSC video signal that would be communicated in an analog communication
system. An NTSC video signal typically has the characteristic that the DC value for
the signal is important and this is reflected in the fact that there is no notch in the
power spectrum of this signal at 0 Hz. DC blocks cannot be used in the processing of an
NTSC video signals. Examining this signal the 40 dB bandwidth is about 4.5 MHz. In
general, NTSC video signals have been characterized as having a bandwidth of about
W = 4.5 MHz and many commonly employed communication systems are built on this
premise (e.g., TV broadcasting). More details about NTSC video signals can be found in
[WBO00].
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(a) Measured time waveform (b) Measured power spectrum

Figure 5.4 An NTSC video signal.

5.2 Analog Transmission

The conventional communication system has a modulator producing a signal
that is transmitted over a channel (a cable or radio propagation) and a demod-
ulator which takes this signal and constructs an estimate of the transmitted
message signal. Figure 5.5 is a block diagram of this system where r.(¢) is
the output of the channel, Y. (¢) is the waveform observed with the receiver?,
and mi(¢) is the estimate of the transmitted message signal. The noise added
by a radio receiver is usually a combination of signal distortion and additive
interfering noise. It is this noise that makes the job of a communication en-
gineer challenging as this noise makes it impossible to perfectly reconstruct
the transmitted signal. Noise in communication systems will be character-
ized later (see Chapter 11). The job of communication system engineers is
to design and optimize the modulators and demodulators in communication
systems.

x(1) r (1) @ Y.(0)

m(t) —=| Modulator Channel \TJ

Noise

Demodulator —— 7(?)

Figure 5.5 An analog communication system block diagram.

IFor clarity this text will try to consistently represent estimates with a caret, random quantities
with capital letters and the deterministic quantities with lower case letters.
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x,(t) Baseband to
m®— T,() Bandpass [ X0
Converter

Figure 5.6 The analog modulation process. Note the base-
band to bandpass converter is given in Figure 4.4.

5.2.1 Analog Modulation

Definition 5.3 Analog modulation is a transformation of m(¢) into a complex envelope,
x,(2).

This transformation is equivalent to transforming m(¢) into a bandpass sig-
nal, x.(¢). There are conceivably an infinite number of ways to transform a
message signal into a complex envelope but only a handful have found util-
ity in practice. The ubiquitous AM (amplitude modulation) and FM (frequency
modulation) actually refer to specific transformations of message signals into
bandpass signals. Later chapters will discuss the specific characteristics of
these two modulations and some other less well-known analog modulations.
The analog modulation process, x,(¢) = I',,(m(t)) is represented in Figure 5.62.
This transformation mapping can be given as

x1(t) =gr(m(t))  xq(t) = go(m(t)) (5.3)

Historically, analog modulations were invented long before the invention of
the transistor (hence large scale integration) so many of the commonly used ana-
log modulations evolved because of the simplicity of the implementation. While
the importance of analog modulation is decreasing in an ever increasingly dig-
ital world, analog modulation is still used in many important applications and
serves as a good introduction to the idea of the modulation process. Hopefully,
these comments will become more clear in the remainder of this book.

5.2.2 Analog Demodulation

Definition 5.4 Analog demodulation is a transformation of the received complex enve-
lope, Y,(¢) into an estimate of the message signal, /m.(¢).

The system on the receiver side essentially takes the received signal, Y .(¢),
downconverts to produce Y.(¢) and then demodulation produces an estimate of
the transmitted message signal, m(¢). Since this is an introductory treatment
of analog communications, the channel output in this book is always assumed
to be

re(t) = Lpx.(t — 1))

2In figures single lines will denote real signals and double lines will denote complex analytical
signals.
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Bandpass to Y (1) = r () + noise R
Y.()— Baseband L) (1)
Converter

Figure 5.7 The analog demodulation process. Note the bandpass to base-
band converter is given in Figure 4.4.

where L, is the propagation loss and 1, is the propagation time delay. The
propagation loss is due to the inability to perfectly couple the transmitted power
to the receiver input and the propagation delay is due to the limited speed
that electronic signals can achieve in transmission. This channel with only a
propagation loss and delay is an idealized channel but one that captures many
of the important challenges in analog communications. Define ¢, = —27f 1,
so that the channel output is given as

r(t) = V2L,xa(t — 1) cos(2n fo(t — 1) + xp(t — 7))
= R[V2L,x.(t — 1,) explj¢,] explj 27 f.t]]. (5.4)

It is obvious from Egs. (5.4) and (4.5) that the received complex envelope is
r(t) = Lpx,(t—1,) explj ¢,]. It isimportant to note that a time delay in a carrier
modulated signal will produce a phase offset. Consequently the demodulation
process conceptually is a down conversion to baseband and a reconstruction
of the transmitted signal from Y,(¢). The block diagram for the demodulation
process is seen in Figure 5.7.

EXAMPLE 5.4
Radio broadcast. For a carrier frequency of 100 MHz and a receiver 30 kilometers from
the transmitter we have

distance 3 x 10%
T = =
P c 3 x 108

=100 us ¢p = —27(108)(10~%) = —27 x 10* radians.
(5.5)

For the example of radio broadcast a typical channel produces a relatively short (perhaps
imperceivable) delay but a very large phase shift.

EXAMPLE 5.5
An example that will be used in the sequel has a carrier frequency of 7 kHz and a
propagation delay of 7, = 45.3 us gives

¢p = —2m(7000)(0.0000453) = —1.995 radians = —114°. (5.6)
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x0) = X) ) Y.
exp[j ¢p] Basel?and Figure 5.8 The equivalent com-
Noise plex baseband channel model.

The following further simplifications will be made when discussing analog
demodulation

® A time delay in the output is unimportant. This is typically true in analog
modulation especially since 7, <« 1 second.

® An amplitude gain in the output is unimportant. Output amplitude control
is a function of the receiver circuitry and will not be discussed in detail.

Consequently, for this book it will be assumed that r,(¢) = x,(¢) explj¢,],
where ¢, is an unknown constant, is the channel output for the remainder of
the discussion of analog modulation and demodulation. Figure 5.8 is a diagram
of the equivalent complex baseband channel model.

Given this formulation, demodulation can be thought of as the process of pro-
ducing an 7u(¢) from Y,(¢) via a function I'y(Y,(¢)). Some demodulation struc-
tures that will be considered will need to have both the received signal, Y,(¢),
and the phase shift induced by the channel, ¢,. These demodulators will be
known as coherent demodulators and are generically specified with

m(t) =g.(Y1(2),Yqt), ¢p) (5.7

Other demodulation structures can produce a message estimate without
knowning the phase shift induced by the channel. These demodulators will
be known as noncoherent demodulators and are given as

m(t) = g(Y1(2), Yq(?)) (5.8)

The remainder of the discussion on analog modulations in this text will focus
on identifying I',,,(m(¢)) (modulators) and I'y (Y,(¢)) (demodulators) and assess-
ing the performance of these modulators and demodulators in the presence of
noise.

5.3 Performance Metrics for Analog Communication

Engineering design is all about defining performance metrics and building
systems that optimize some trade-off between these metrics. To evaluate the
efficacy of various communication system designs presented in this book, the
performance metrics commonly applied in engineering design must be defined.
The most commonly used metrics for analog communications are



Analog Communications Basics 5.9

® Complexity — This metric almost always translates directly into cost.

® Fidelity — This metric typically measures how accurate the received message
estimate is given the amount of transmitted power.

® Spectral Efficiency — This metric measures how much bandwidth a modula-
tion uses to implement the communication.

Complexity is a quantity that requires engineering judgment to estimate.
Often the cost of a certain level of complexity changes over time. What were seen
as good design choices in terms of complexity in the 1930s when vacuum tubes
were prevalent seem somewhat silly today with the prevalance of integrated
circuits and complex electronic devices.

The fidelity of the communication system is typically a measure of how well
the message is reconstructed at the demodulator output. The message at the
output of the demodulator can always be classified as

m(t) = Am(¢) + Np(t) = m.(t) + N(t) (5.9)

where A is an amplitude gain on the signal, m,(¢) is the effective message
estimate, and N (¢) is a combination of the noise and distortion produced in
demodulation. Engineers in practice have many ways to characterize the fidelity
of the message estimate. In this introductory course we will concentrate on the
idea of signal power-to-noise power ratio (SNR). The demodulator output SNR
is defined as

A’P, P,

SNR = Py ~ Px

(5.10)

where P, is defined in Eq. (5.1) and the noise or distortion power will require
the tools in Chapter 9 to define. The SNR is typically a function of the received
signal power, the noise power, and the demodulator processing. It should be
noted in this text that since the channel model that is being adopted is r,(¢) =
x,(¢)e’/? this implies that the received power is equal to the transmitted power
(P, = P,,). This is obviously not the case in a real communication system but
is true in the idealized models assumed in this book.

Communications engineers usually like to compare performance to an ideal-
ized standard to get a metric for fidelity produced by a communication system.
The idealized metric for performance used in this text is the system where the
message is transmitted directly across a baseband channel. The block diagram
of this system is shown in Figure 5.9. The resulting output SNR from this system
will be denoted SNR;. The figure of merit in assessing system performance is
the ratio of the output SNR to the reference SNR for a common received signal
power, P, . We denote this quantity as the transmission efficiency, i.e.,

_ SNR
~ SNR,

Er (5.11)
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Noise

Figure 5.9 The baseline standard for comparison in analog modulation.

This transmission efficiency is a measure of how effectively the modulation and
demodulation algorithms process the message signal and the corrupting noise
in comparison to the case where no modulation is used.

The spectral efficiency of a communication system is typically a measure of
how well the system is using the bandwidth resource. Bandwidth costs money
to acquire. Examples are licenses to broadcast radio signals or the installation
of copper wires to connect two points. Hence spectral efficiency is very impor-
tant for people who try to make money selling communication resources. For
instance, if one communication system has a spectral efficiency that is twice
the spectral efficiency of a second system then the first system can support
twice the users on the same bandwidth. Twice the users implies twice the rev-
enue. The measure of spectral efficiency that we will use in this class is called
bandwidth efficiency and is defined as

W
=B
where W is the message bandwidth and By is the transmission bandwidth.
Bandwidth efficiency is a measure of how effectively the modulation uses band-

width in comparison to the case where no modulation is used in sending the
message (as in Figure 5.9).

Eg

EXAMPLE 5.6

The most common example of voice transmission in the United States is AM broadcast-
ing. AM broadcasting in the United States usually refers to transmissions confined to
a band from 535 kHz to 1,700 kHz. The channels are set up to have center frequencies
spaced at 10 kHz spacings and the US Federal Communications Comission (FCC) allows
each station to use about 8 kHz of bandwidth (Br = 8 kHz). Since each voice band signal
has a bandwidth of around W = 4 kHz, AM broadcast in the United States achieves a
bandwidth efficiency of

Ep = % — 50% (5.12)

EXAMPLE 5.7

The most common example of high fidelity audio transmission in the United States is
FM broadcasting. FM broadcasting in the United States usually refers to transmissions
confined to a band from 88 MHz to 108 MHz. The channels are set up to have center
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frequencies spaced at 200 kHz spacings and the US Federal Communications Comission
(FCC) allows each station to use about 180 kHz of bandwidth (Br = 180 kHz). Since
a high fidelity audio has a bandwidth of around W = 15 kHz, FM broadcast in the
United States achieves a bandwidth efficiency of

15

Ep = 180 = 8.3% (5.13)

EXAMPLE 5.8

The most common example of video transmission in the United States is TV broadcast-
ing. TV broadcasting in the United States has many noncontiguous bands for transmis-
sion (e.g., 54-88 MHz for channels 2-6 and 174-220 MHz for channels 7-13). The US
Federal Communications Comission (FCC) allows each station to use about 6 MHz of
bandwidth (Br = 6 MHz). Since video has a bandwidth of around W = 4.5 MHz, TV
broadcast in the United States achieves a bandwidth efficiency of

4.5

Ep = & =T5% (5.14)

It is clear from the preceding examples that communication engineers have
made different choices for system designs for different applications. From the
development in Chapter 4 it is clear that the center frequency of the trans-
mission has little impact on system design so the marked differences seen in
system designs must be due to the differences in the signal characteristics, the
desired fidelity of the communication, and the time varying nature of engineer-
ing trade-offs. The time variations in communication system design trade-offs
are mostly due to the advances in technology to implement communication sys-
tems and the increasing scarcity of bandwidth that can be used to communicate.
As the different analog modulation techniques are discussed in this book, con-
stant comparisons will be made to the complexity, the fidelity of the message
reconstruction, and the spectral efficiency. This will help make the trade-offs
available in the communication system readily apparent.

5.4 Preview of Pedagogy

The next three chapters introduce specific techniques in analog modulation and
demodulation. This will be done assuming no noise is present in the waveform
observed at the receiver. While no communication system operates without
noise, experience has shown that students learn best by immediately starting
to discuss the modulation and demodulation process. Consequently, for the next
three chapters the observations, y.(¢) or y.(¢), will be represented with lower
case letters to represent the fact that they are not random but determinisitc.
These chapters will give an understanding of the trade-offs that various ana-
log modulations schemes offer for two of the important performance metrics,
complexity, and spectral efficiency.



5.12 Chapter Five

After introducing the modulation and demodulation process students will
be motivated to learn about the trade-offs that various analog modulations
schemes offer for the final of the important performance metrics, fidelity.
Fidelity essentially reflects how the noise affects the various demodulation
processing and distorts the message reconstruction. So at that point the text
will return to the characterization of noise in communication systems and
eventually the characterization of the noise on analog communication system

performance.

5.5 Homework Problems

Problem 5.1. Many characteristics of the message signal appear prominently in
the ways we characterize analog modulations. A message signal given as

is to be transmitted in an analog modulation. A plot of the signal is given in

Figure 5.10.

m(t) = — cos(2007¢) + sin(507¢)

(a) This signal is periodic. What is the period?

(b) Give the Fourier series coefficients for m(t).

(¢) Compute the power of m(¢), P,,.

(d) Compute the min m(¢).

(e) Compute the max |m(¢)|.

(f) Compute the max |§—tm(t)|.

Problem 5.2. A message signal of the form shown in Figure 5.11 has a series

expansion given as

8 1
m(t) = ?z(2n—1)2 cos(

oo

27 (2n — 1)t

n=1
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Figure 5.10 An example message signal.
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(ST
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Figure 5.11 A message signal.

(a) Select T' such that the fundamental frequency of the Fourier series expan-
sion is 2 Hz.

(b) If m;, represents the Fourier series coefficients of m(¢), what is m¢? What
is mq?

(¢) Compute the power of m(¢), P,,.

(d) For transmission in an analog communication system it is desired to limit
the bandwidth to 9 Hz. Using the T' from part (a) compute how many terms
in the Fourier series will remain after this bandlimiting operation. Give
their frequencies and Fourier coefficients.

(e) Compute the resulting message power after bandlimiting.

(f) Plot the message signal after bandlimiting.

Problem5.3. A message signal is to be transmitted using analog modulation. The
message signal Fourier transform has the form

{A|sin(%)| IfI<W

elsewhere

M(f) = (5.16)
(a) Compute the value of A such that E,, is equal to 1 Joule in a 1 2 system.
(b) Compute the min m(¢).

(¢) Compute the max |m(z)|.

(d) Compute the max |C‘li—tm(t)|.

Problem 5.4. Distortion of the message signal during the communication process
is often a major source of SNR degradation. This problem is a simple example

of how frequency selectivity can produce distortion and how a communication
engineer might characterize it. A message signal given as

m(t) = — cos(2007¢) + sin(507t)
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m\(t) = Am(t) + N, (¢)

m(t)————  Hg(/)

Figure 5.12 An example of filtering a message signal.

is input into the system shown in Figure 5.12 where

27500
H = 5.17
B = o F T 27500 (617
(a) Find and plot the output signal.

(b) If m(t) = Am(¢) + ni(¢) for a chosen value of A find the power of the distortion
nr(t).
(¢) Find the value of A that minimizes the distortion power.

(d) Redesign Hg(f) to reduce the effective distortion power.

Problem 5.5. A message signal is of the form
m(t) = 2cos(4rt) + cos(6rt)

A plot of the message signal is given in Figure 5.13.

/R

v vV vV

3L

Time, t, sec

Figure 5.13 The message signal for Problem 5.5.
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(a) m(¢) is periodic. Identify the period and the Fourier series coefficients.

(b) Sketch using impulse functions the Fourier transform of the periodic signal,
m(t).

(c) Calculate the message signal power, P,,.
(d) What is the message signal bandwidth, W?
(e) Compute the min m(t).

(f) Compute the max |m(z)|.

(g) Compute the max |C‘f—tm(t)|.

5.6 Example Solutions

Problem 5.2.

(a) Consider the term

o (271(211 - 1)t> 1 exp (] 27 (2n — 1)t) N lexp <—J 27 (2n — 1)t

T 2 T 2 T

) (5.18)

For n = 1 the frequency of the sinusoid is f = 1/T. Likewise for an arbi-
trary n the frequency of the sinusoid is f = (2n — 1)/T . Consequently, the
smallest frequency is f = 1/T and all freqeuncies are integer multiples of
this smallest frequency. Consequently, f/ = 1/T will be the fundamental

frequency of the Fourier series of m(¢). Choose T' = 0.5s will produce a
fundamental frequency of 2 Hz.
(b)
m(t) = i my ex J 2nnt (5.19)
= 2. n €Xp T .

n = 0 has my = 0 consequently there is no DC term. This is expected by
examining the plot of the signal as the average value is zero. n = 1 has

8 1 1 4
T r2(2-122 72
(c)

1 [T 11 (T2 4\ ? T 4¢\2
sz—/ |m(t)|2dt=—U (1——) dt+/ (—3+—) dt]
T 0 T 0 T T /2 T

mq (5.20)

(5.21)
2 (T2 8 16t2
N 1 — 4 .22
T[/o ( T+T2)dt} (5.22)
2 [T 4T2 16T%] 2[T] 1
T[2 T22+3T223} T{e} 3 (5.23)
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dn=1=— f =2Hz
n=2=— f =6Hz
n=3= f =10Hz

Since the bandwidth is limited to 9 Hz, only the first two terms of the
summation will be kept and there are 4 nonzero terms in the Fourier Series

4
m1=—2~-~f=2Hz (5.24)
T
4
m_1=—2-~-f =—-2Hz (5.25)
T
4
4
m_g = 9.2 f =—-6Hz (5.27)
mp =0 otherwise (5.28)
The message signal is given as
8 8
m(t) = — cos(2mw(2)t) + — cos(27(6)t) (5.29)
w2 2

m(t)

-05 -04 -03 -02 -0.1 O 01 02 03 04 05

Time, t, sec

Figure 5.14 The filtered message signal.
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Parsevals theorem allows the power to be computed in the frequency domain
as

= 4\? 4 \?

The Matlab code

% M-file for EE501

% Problem 5.2

% Author: M. Fitz

% Last Revision: 01/29/01

time=linspace(-0.5,0.5,1000);

% e) Computing the power after filtering

m_1=4/pi"2;

m_3=4/9/pi"2;

p.m=2* (m_1"2+m_3"2)

%

% f) plotting the output message waveform

o

mess=2*m_1l*cos (2*pi*2*time)+2*m_3*cos (2*pi*6*time) ;
% plotting

figure(1l)

plot (time,mess)

xlabel ('Time, t, seconds')

ylabel ('m(t) ")

produces the plot shown in Figure 5.14.
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Chapter

Amplitude Modulation

Amplitude modulation (AM) was historically the first modulation developed
and conceptually the easiest to understand. Consequently, AM is developed
first in this text.

6.1 Linear Modulation

The simplest analog modulation is to make I'),(m(¢)) = A.m(¢), i.e., a linear
function of the message signal. The complex envelope and the spectrum of this
modulated signal are given as

x,(¢) = Acm(¢) G.(f) = A2Gn(f)

This modulation has x;(¢) = A.m(¢) and xg(¢) = 0, so the imaginary portion
of the complex envelope is not used in a linear analog modulation. The resulting
bandpass signal and spectrum are given as

x:(t) = R[V2x,(¢) explj2r fot]] = Acm(t)V/2 cos(2r f.t) (6.1)

A? A? A? A?
ch(f) = ?ch(f - fc)+?ch(_f - fc) = ?ch(f - fc)+70Gm(f + fc)
(6.2)

where the fact that m(¢) was real was used to simplify Eq. (6.2). Figure 6.1
shows the complex envelope and an example bandpass signal for the message
signal shown in Figure 5.1 with A, = 1/+/2. It is quite obvious from Figure 6.1
that the amplitude of the carrier signal is modulated directly proportional to the
absolute value of the message signal (hence the name amplitude modulation).
Figure 6.2 shows the resulting energy spectrum of the linearly modulated signal
for the message signal shown in Figure 5.2. A very important characteristic
of this modulation is that if the message signal has a bandwidth of W Hz
then the bandpass signal will have a transmission bandwidth of By = 2W.

6.1

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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1.5 f
—O - X (V)

| N 1 Xc(t)

05 \ AN

-1.5
0 5 10 15 20

Time, t

Figure 6.1 Example waveforms for linear analog modulation for the mes-
sage signal in Figure 5.1.

2w

NEAYA ara
Wil A ]

0.4 1

GXC(f)

0.2 4

-6 —4 -2 0 2 4 6
Frequency, f

Figure 6.2 The energy spectrum of the linearly modulated signal for the message signal
spectrum in Figure 5.2.
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This implies Ep = 50%. Because of this characteristic the modulation is often
known as double sideband-amplitude modulation (DSB-AM). An efficiency of
50% is wasteful of the precious spectral resources but obviously the simplicity
of the modulator is a positive attribute.

The power of a DSB-AM modulation is often of interest (e.g., to specify the
characteristics of amplifiers or to calculate the received signal-to-noise ratio).
To this end the power is given as

1 Tm/2
P, =P, = lim — / x2(t)dt
Tm =T

T,—>o0 m/2

1 Tn/2
= lim — AZm2(t)2 cos®(2n f.t)dt = P,A> = P, (6.3)
T p—00 Tm T2 ¢ ¢ z
For a DSB-AM modulated waveform the output power is usually given as the
product of the power associated with the carrier amplitude (A%) and the power
in the message signal (P,,).

EXAMPLE 6.1
Linear modulation with

B? B?
m(t) = Bsin@rfmt)  Gu(f) = "8(f = fm) + 8(f + fim)
produces
xe(t) = AcB Sin(27 fint)V2 cos(2m fot)

and

A2
ch(f)ZT((S(f_fm_fc)+5(f+fm_fc)+5(f_fm+fc)+3(f+fm+fc))

The output power is

202
P, = AB
2
The mesage signal and the output modulated time domain signal are plotted in
Figure 6.3(a) for f. = 20f,;, and A. = 1/+/2. Note that both the message signal and
the modulated signal are periodic with a period of T = 1/f;,. The plot of the energy

spectrum of the message and the modulated signals are plotted in Figure 6.3(b) for
fe =20fm, B =1,and A. = 1/+/2. It should be noted that P, = P,, = 0.25.

EXAMPLE 6.2

The computer generated voice signal given in Chapter 2 (W = 2.5 kHz) is used to DSB-
AM modulate a 7-kHz carrier. A short time record of the message signal and the resulting
modulated output signal is shown in Figure 6.4(a). The energy spectrum of the signal is
shown in Figure 6.4(b). Note the bandwidth of the carrier modulated signal is 5 kHz.
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1 - - - - : - - - - 0.25
0.8} AN ] 021
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Time, t, sec Normalized Frequency, f/f;,
(a) Time signal (b) Energy spectrum

Figure 6.3 DSB-AM with m(¢) = sin(27 fi,t).

Historically, there is no one person that can be attributed to the invention of
DSB-AM. The early days of wireless electronic communications (around 1900)
were filled with a variety of people working on technological gadgets that al-
lowed voice to be transmitted. These gadgets allowed the “modulation” of a
voiceband signal on a high-frequency carrier and the recovery of the voiceband
signal from the received modulated high-frequency carrier. The mathematical
analysis of the signal processing was not as mature as the experimental cir-
cuits that were built hence a real understanding of the modulation process
was not available until much later. The first person to note that two sidebands
arose in modulation was Carl Englund in 1914 [Osw56, SS87]. The credit for

0.1 . .
0.08t 1 —40 1
0.06t
0.04} =0
0.02¢t N
0 S, 60
—0.02} |
—0.04}
—0.06} i 80}
-0.08}
-0.1 . . -90 T ——
0.075 0.08 0.085 0.09 -1-08-06-04-020 02 04 06 08 1
Time, t, sec Frequency, f, Hz x 10*
(a) A short time record of the message signal, (b) An energy spectrum of the DSB-AM signal.

m(t), and the corresponding modulated signal.

Figure 6.4 Example of DSB-AM with the computer generated voice signal. f. = 7 kHz.
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n(y X b

V2 cos(2nf. 1)

Figure 6.5 A DSB-AM modulator.

formulating a mathematical basis for the modulation and demodulation process
is given to J.R. Carson [Car22, Car26].

6.1.1 Modulator and Demodulator

The modulator for a DSB-AM signal is simply the structure in Figure 4.4 except
with DSB-AM there is no imaginary part to the complex envelope. Figure 6.5
shows the simplicity of this modulator. Using the terminology of Chapter 5, the
modulator is denoted with

x1(t) = gr(m(¢)) = Acm(t) xq(t) = g(m(?)) =0 (6.4)

Demodulation can be accomplished in a very simple configuration for DSB-
AM. Given the channel model in Figure 5.8 a straightforward demodulator is
seen in Figure 6.6. This demodulator simply derotates the received complex
envelope by the phase induced by the propagation delay and uses the real part
of this derotated signal after filtering by a low pass filter as the estimate of
the message signal. The low pass filter is added to give noise and interference
immunity and the effects of this filter will be discussed later. Note that the
output of the demodulator is given as

m(t) = Acm(¢) + N1(¢) = me(t) + N(2)

Using the terminology of Chapter 5 where the low pass filter impulse response
is denoted Az (¢), it can be noted that the DSB-AM demodulator is a coherent
demodulator with

m(t) = g(y1(t), yo(t), dp) = hr(t) x (y1(t) cos(¢p) + yo(t) sin(¢,)) (6.5)

y,(t) —= Re[e] = LPEF —m®

exp[-jg, |

Figure 6.6 The block diagram of a DSB-AM demodulator.
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The demodulator is quite simple once the phase induced in the propagation
from transmitter to receiver is identified.

6.1.2 Coherent Demodulation

An important function of a DSB-AM demodulator is producing the appropriate
value of ¢, for good message reconstruction. Demodulators that require an ac-
curate phase reference like DSB-AM requires are often called phase coherent
demodulators. Often in practice this phase reference is obtained manually with
a tunable phase shifter. This is unsatisfactory if one or both ends of the link are
moving (hence a drifting phase) or if automatic operation is desired.

Automatic phase tracking can be accomplished in a variety of ways. The tech-
niques available for automatic phase tracking are easily divided into two sets
of techniques: a phase reference derived from a transmitted reference and a
phase reference derived from the received modulated signal. Note, a transmit-
ted reference technique will reduce the efficiency of the transmission since part
of the transmitted power is used in the reference signal and is not available at
the output of the demodulator. Though a transmitted reference signal is waste-
ful of transmitted power it is often necessary for more complex modulation
schemes (e.g., see Section 6.3.3). For each of these above mentioned techniques
two methodologies are typically followed in deriving a coherent phase reference;
open loop estimation and closed loop or phase-locked estimation. Consequently,
four possible architectures are available for coherent demodulation in analog
communications.

An additional advantage of DSB-AM is that the coherent reference can easily
be derived from the received modulated signal. Consequently, in the remainder
of this section the focus of the discussion will be on architectures that enable
automatic phase tracking from the received modulated signal for DSB-AM. The
block diagram of a typical open loop phase estimator for DSB-AM is shown in
Figure 6.7. The essential idea in open loop phase estimation for DSB-AM is
that any channel induced phase rotation can easily be detected since DSB-AM
only uses the real part of the complex envelope. Note that the received DSB-AM
signal has the form

Y:(t) = x,(¢) explj ¢p] = Acm(?) explj ¢p] (6.6)

V,(1) = Azm*(1)exp[j2¢,] + Ny(1)

/ 5,

— H.(f) arg (o} 7 ")

Yz(t) = xz(t) exp[j¢p] + Nz(t) zq)P

Figure 6.7 An open loop phase estimator for DSB-AM.
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The phase of y.(¢) (in the absence of noise) will either take value of ¢, (when
m(t) > 0) or ¢, + = (when m(¢) < 0). Squaring the signal gets rid of this
bi-modal phase characteristic as can be seen by examining the signal

v.(¢) = (x,(t) explj g2 = A2m>(t) explj26,] (6.7)

because A2m?2(t) > 0 so the arg(v,(¢)) = 2¢,. In Figure 6.7 the filtering, H,(f),
is used to smooth the phase estimate in the presence of noise.

EXAMPLE 6.3

Consider the DSB-AM with the computer generated voice signal given in Example 6.2
with a carrier frequency of 7 kHz and a propagation delay in the channel of 45.6 us.
This results in a ¢, = —114° (see Example 5.5.) The vector diagram which is a plot of
x1(¢) versus xq(t) is a useful tool for understanding the operation of the carrier phase
recovery system. The vector diagram was first introduced in Chapter 4. The vector
diagram of the transmitted signal will be entirely on the x-axis, since xg(¢) = 0. The
plot of the vector diagram for the channel output (in the absence of noise) is shown in
Figure 6.8(a). The —114° phase shift is evident from this vector diagram. The output
vector diagram from the squaring device is shown in Figure 6.8(b). This signal now has
only one phase angle (2 x —114°) and the coherent phase reference for demodulation
can now be easily obtained.

Other types of coherent demodulators are available for DSB-AM. The histori-
cally most famous DSB-AM demodulator uses a phase-locked loop (PLL) for
phase tracking and has a block diagram given in Figure 6.9. This structure

e o o9
o vk 0~

Quadrature Component, yg (1)

| | |
N
o N B~

1
0.8
0.6
0.4
0.2 \
0
-0.2
—04

-0.6
-0.8

Quadrature Component, v(?)

-1 N
-1-0.8-0.6-04-02 0 02 04 06 0.8 1

-1-08-06-04-02 0 02 04 06 08 1
In-Phase Component, y(t) In-Phase Component, vi(t)

(a) The vector diagram for the received signal (b) The vector diagram for the output of the

squaring device

Figure 6.8 The vector diagram for coherent DSB-AM demodulation. ¢, = —114°.



6.8

Chapter Six

m(exp[j(0, -6,)]
m() exp| jo, ]

= Rel[] —— m@)

——————————————————————————————————— m(t)sin[20, ]

VCO |= LPF

Figure 6.9 Theblock diagram of a Costas loop for synchronous DSB-AM demodu-
lation.

is known as a Costas loop DSB-AM demodulator [Cos56]. The Costas loop is
a feedback system that consists, as do all phase-locked loops, of three compo-
nents: a voltage controlled oscillator, a phase detector, and a loop filter. The
basic idea in a Costas loop demodulator is the phase detector measures the
phase difference between a locally generated phase reference and the incoming
received signal. The feedback system attempts to drive this phase difference to
zero and hence implement carrier phase tracking. A simple theory of operation
for the PLL will be explored in Chapter 8. The Costas loop has all the compo-
nents of a PLL and ideas behind a Costas loop synchronous AM demodulator
are explored in the homework (see Problem 6.3).

6.1.3 DSB-AM Conclusions

The advantage of DSB-AM is that DSB-AM is very simple to generate, e.g., see
Figure 6.5. The disadvantages of DSB-AM are that phase coherent demodula-

tion is required (relatively complex demodulator) and Ep = 50% (wasteful of
bandwidth).

6.2 Affine Modulation

While now in the age of large-scale integrated circuits it may be hard to fathom,
when broadcast radio was being developed DSB-AM was determined to have
too complex a receiver to be commercially feasible. The coherent demodulator
discussed in Section 6.1.2 was too complex in the days of the vacuum tubes.
Early designers of radio broadcast systems noted that the message signal modu-
lates the envelope of the bandpass signal, x4(¢) in a continuous fashion that is
proportional to the message amplitude but modulates the phase in a binary
fashion, i.e., if m(¢) > 0 then xp(¢) = 0 while if m(¢) < 0 then xp(¢) = 7. In
fact, if the message signal never goes negative the envelope of the bandpass
signal and the message are identical up to a multiplicative constant. Since an
envelope detector is a simple device to build, these early designers formulated
a modulation scheme that did not modulate the phase and could use envelope
detectors to reconstruct the message signal at the receiver.
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Figure 6.10 An example energy spectrum for LC-AM.

This desired characteristic is obtained if a DC signal is added to the message
signal to guarantee that the resulting signal always is positive. This implies
the complex envelope is an affine! function of the message signal, i.e.,

() = A(L+am(t) Gy (f) = A2[8(F) + a*Gn(f)]

where a is a positive number. This modulation has x;(¢) = A, + Acam(t) and
xg(t) = 0, so the imaginary portion of the complex envelope is not used again
in an affine analog modulation. The resulting bandpass signal and spectrum
are given as

x.(8) = R[V2x.(¢) explj 2r fot]] = (A, + Acam(2))vV2cos(2nf.t)  (6.8)

2
Gl = S0 — 104Gl — 1)

2
VRO + £ +a*Gulf + £2) 6.9

Because of the discrete carrier term in the bandpass signal (see Eq. (6.9)) this
modulation is often referred to as large carrier AM (LC-AM). Figure 6.10(a)
shows an example message energy spectrum with the DC term added (the
impulse at f =0) and Figure 6.10(b) shows the resulting bandpass energy
spectrum.

LC-AM has many of the same characteristics as DSB-AM. LC-AM still modu-
lates the amplitude of the carrier and the bandwidth of bandpass signal is still
Br =2 W (Ep =50%). The imaginary part of the complex envelope is also not
used in LC-AM. LC-AM differs from DSB-AM in that a DC term is added to the
complex envelope. This DC term is chosen such that x;(¢) > 0 or equivalently

1 Affine is a linear term plus a constant term.
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Figure 6.11 A LC-AM time waveform for the example given in Figure 5.1 with A, =
1/sqrt2.

the envelope of the bandpass signal never passes through zero. This implies
that am(¢) > —1 or equivalently

-1

This constant a, here denoted the modulation coefficient, is important in obtain-
ing good performance in a LC-AM system. An example of a LC-AM waveform
is shown in Figure 6.11 where the message waveform is given in Figure 5.1
(A. = 3/+/8 and a = 2/3).

Average power is given by

T /2
P, = A2 ( lim i/ (1+am(t))2dt> (6.11)

Tmn—oo 1 1, T/2
Since typically the time average of m(¢) is zero the average power simplifies to

P,

c

=P, = A2(1+d*P,)

Note that there are two parts to the transmitted/received power: (1) the power
associated with the added carrier transmission, A2, and (2) the power associ-
ated with the message signal transmission, A%2a?P,,. A designer usually wants
to maximize the power in the message signal transmission and a factor that
characterizes this split in power in LC-AM is denoted the message to carrier
power.

Definition 6.1 The message to carrier power ratio for LC-AM is

AZa®Pp, _ 2

MCPR = A a“Pp, (6.12)
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Assuming that the negative peaks of the message signal are at about the same
level as the positive peaks and using Eq. (6.10) and the definition of PAPR given
in Chapter 5, the MCPR can be approximated with

1

MCPR ~ PAPR,.

(6.13)

Consequently, the smaller the PAPR of the message signal the easier it is to
put a larger percentage of the transmitted power into the message signal. It
should be noted that most signals of interest in analog communications have a
PAPR > 10, so typically MCPR < 10%. Later after the impacts of noise are
evaluated on LC-AM demodulation it will be shown that the MCPR is directly
related to the achieved transmission efficiency of LC-AM.

EXAMPLE 6.4
Affine modulation with

B> B>
m(t) = B sin(27 fnt) Gn(f) = ZS(f — fm)+ Z(S(f + fm)
produces
xe(2) = Ac(1 + aB Sin(27 fit))V2 cos(2r fot)

and

Afazﬁz

ch(f) = 8

[S(f_fm_fc)+5(f+fm—fc)+5(f_fm+fc)

2
FOF 4 font fOl+ 52 OO = ) +3(f + fo)

The transmitted power is
252
ch = Ag <1 + %)

To maintain x7(¢) > 0implies thata < 1/8. The mesage signal and the output modulated
time domain signal are plotted in Figure 6.12(a) for f. = 20 f;,a = 1/8, and A, = 1/+/2.
Note that both the message signal and the modulated signal are periodic with a period
of T = 1/fm. The plot of the energy spectrum of the message and the modulated signals
are plotted in Figure 6.12(b) for f. = 20/, a = 1/8, and A, = 1/+/2. It should be noted
that Py, = Pr, = 0.75 and MCPR = 50%.

EXAMPLE 6.5

The computer-generated voice signal given in Chapter 2 (W = 2.5 kHz) is used to LC-AM
modulate a 7-kHz carrier. A short time record of the scaled complex envelope and the
resulting output modulated signal is shown in Figure 6.13(a). Note, the minimum value
of the voice signal is -3.93 so the modulation coefficient was set toa = 0.25. Figure 6.13(a)
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Figure 6.12 LC-AM with m(¢) = sin(2x f)#).
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shows the modulated signal for large values m(¢) and envelope comes close to zero. The
energy spectrum of the signal is shown in Figure 6.13(b). Note, the bandwidth of the
carrier modulated signal is 5 kHz and the large carrier is evident in the plot.

6.2.1 Modulator and Demodulator

The modulator for LC-AM is very simple. It is just one arm (the in-phase
one) of a quadrature modulator where a DC term has been added to the mes-
sage signal. Figure 6.14 shows a common implementation of this modulator.
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(a) The time domain signals

-1-0.8 0.6 -04-020 02 04 06 08 1

Frequency, f, Hz

x 10%

(b) The bandpass energy spectrum

Figure 6.13 The resulting LC-AM signal for a computer generated voice signal. f, = 7 kHz.
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x/icos(Znﬁ,t)

Figure 6.14 The block diagram of a modulator for LC-AM.

Again the simplicity of the modulator is an obvious advantage for LC-AM.
Using the terminology of Chapter 5, the modulator is denoted with

x1(t) =g1(m(t)) = Ac(1 +am(t))  xq(t) =gq(m(t)) =0 (6.14)

The demodulator for LC-AM is simply an envelope detector followed by a DC
block. Following the developed notation, the output of the envelope detector for
1+ am(t) > 0 in the absence of noise is

()] = |Ac(1 + am(t))ej"’ﬂ‘ =A.(1+am(t))
The DC block will remove the DC term to give
m(t) = Acam(t) = m,(t)

Figure 6.15 shows the block diagram of a LC-AM demodulator. Using the ter-
minology of Chapter 5 where the DC block impulse response is denoted Ay (t),
it can be noted that the LC-AM demodulator is a noncoherent demodulator
with

M(e) = gu(yr(8), yot) = hir(®)  (\/y3(®) +¥3(®)) = hu(®) 5 ya(®)  (6.15)

It is important to note that the demodulation performance is unaffected by the
random phase induced by the propagation delay in transmission, ¢,.

Figure 6.16 shows a circuit implementation of the bandpass version of the
demodulator. Note that no active devices are contained in this implementation,
which was a big advantage in the vacuum tube days. Currently, with large scale
integrated circuits so prevalent, the advantage is not so large. The reason that a
simple structure like the envelope detector can be used to recover the message
signal is that the phase of the transmitted signal is always zero so that the

Envelope . (1) = A1+ am(n) _ DC —»11(t) = A.am(t
yz(t) :@ "] Remover ( ) Acam(®

Figure 6.15 The block diagram of a baseband LC-AM demodulator.
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Figure 6.16 Circuit implementation of an LC-AM demodulator.

phase shift induced by the propagation delay in the channel is entirely limited
to shifting the phase of the bandpass signal and has no impact on the amplitude
of bandpass signal.

EXAMPLE 6.6
Consider again affine modulation with

m(t) = Bsin(2x fint)
with
x:(t) = Ac(1 + aB sin(2x fit))

The vector diagram of x.(¢) is shown in Figure 6.17(a) and it is obvious from this plot
that only the real part of the complex envelope is used in producing a LC-AM signal and

5 2 2 2
L5 15 15 | 15
1 1
1 1
0.5 0.5
< o0 20 0.5 0.5
< =
-0.5 -05 ol \______) 0
— -1 -
1 0.5 —X0 1] s YA
-1.5 -1.5 ’ - - xp(t) ) - - yp(t)
-2 -2 -1 R —1""'“'.“'.'".'“.“"”
-2 -1 0 1 2 -2 -1 0 1 2 0.08 0.084 0.09 0.08 0.084 0.09
x;(0) y1(®) Time, t Time, t
(a) The transmitted and received (b) The transmitted and received amplitude
vector diagram and phase signals

Figure 6.17 The signals for a sinusoidal message signal. ¢, = —49°.
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the transmitted signal phase is always zero. The received signal has the form
¥:(t) = Ac(1 + aB sin(2r (¢ — 7)) expljép] (6.16)

The vector diagram for the noiseless received signal, y,(¢), is plotted in Figure 6.17(a).
By examining this figure it is clear that the phase shift has rotated the complex en-
velope but not changed the amplitude of the signal. This is evident in the plots of the
transmitted and received amplitude and phase (measured in radians) signals shown in
Figure 6.17(b). The received amplitude signal and the transmitted amplitude signal are
different only by a time delay, ;. The received phase is exactly ¢,.

EXAMPLE 6.7

Consider the LC-AM computer-generated voice signal given in Example 6.6 with a
carrier frequency of 7 kHz and a propagation delay in the channel of 45.6 us.
This results in a ¢, = —114° (see Example 6.4.) The plot of the envelope of the re-

ceived signal,
ya®) = \/y7(@®) + y3 (@)

is shown in Figure 6.18(a) (Note the LPF's in the quadrature downconverter did not have
unity gain). y4o(¢) has a DC offset due to the large carrier component but the message
signal is clearly seen riding on top of this DC offset. The demodulated output after the
DC block is shown in Figure 6.18(b). Note, the impulse at the start of this plot is due to
the transient response of the filters and the DC block.

Again with LC-AM the working circuit implementation preceded the math-
ematical understanding of the modulation process. In fact, early on the mod-
ulation was thought to be a linear process (the carrier wave was ostensibly
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0 . . . . . . . -6 . . . . . . .
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Time, t, sec Time, t, sec
(a) Output of the envelope detector (b) Output of the DC block

Figure 6.18 Demodulation example for LC-AM.
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summed with the voiceband signal). Unbeknownst to the inventors a circuit
nonlinearity in this “linear” modulation process was in fact producing LC-AM
signal. Envelope detection of the modulated waveforms was actually easy to
accomplish with a wide variety of nonlinear devices. In fact, an early LC-AM
detector used a crystal (the Dunwoody and Picard crystal detector) in a very
simple circuit to implement to the envelope detector. Many amatuer radio hob-
byists have used crystals to build radio demodulators without a single active
radio frequency device (only an audio amplifier). Again this pre-1910 work was
mostly pushed by technologists and the theory was not completely understood
until much later.

6.2.2 LC-AM Conclusions

The advantage of LC-AM is again it is easy to generate and it has a simple
cheap modulator and demodulator. The disadvantage is that Ep = 50%. Later
we will learn that noncoherent detection suffers a greater degradation in the
presence of noise than coherent detection.

6.3 Quadrature Modulations

Both DSB-AM and LC-AM are very simple modulations to generate but they
have Ep = 50% so bandwidth sensitive applications need to explore other mod-
ulation options. The spectral efficiency of analog modulations can be improved.
Note that both DSB-AM and LC-AM only use the real part of the complex
envelope. The imaginary component of the complex envelope can be used to
shape the spectral characteristics of the analog transmissions. As an exam-
ple, the bandwidth of analog video signals is approximately 4.5 MHz. DSB-
AM and LC-AM modulation would produce a bandpass bandwidth for video
signals of 9 MHz. Broadcast analog television (TV) signals have a bandwidth
of approximately 6 MHz and this is achieved with a quadrature modulation.
Engineers in 1915 first realized that there were two sidebands (positive fre-
quencies and negative frequencies) in amplitude modulation and theorized
and realized in experiments that only one of the sidebands was needed to re-
construct the message signal at the demodulator. This mathematical obser-
vation led to a great flurry of development in quadrature modulation. Since
only one sideband needs to be transmitted, this makes a transmission scheme
that has Eg = 100% possible. This two times improvement in spectral effi-
ciency compared to DSB-AM and LC-AM is what led early telecommunications
engineering groups to adopt SSB-AM for efficient multiplexing of voiceband sig-
nals. This section tries to summarize the current state of the art in quadrature
modulations.

Vestigial sideband amplitude modulation (VSB-AM) is a modulation that
improves the spectral efficiency of analog transmission by specially designed
linear filters at the modulator or transmitter. The goal with VSB-AM is to
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Figure 6.19 A block diagram of a VSB-AM modulator.

achieve Ep > 50% using the imaginary component of the modulation complex
envelope. A VSB-AM signal has a complex envelope of

x:(t) = Ac[m(t) + j (m(t) * hq(2))]

where hg(t) is the impulse response of a real LTI system. Two interpretations
of VSB-AM are useful. The first interpretation is that x;(¢) is generated exactly
the same as DSB-AM (linear function of the message) and xq(¢) is generated
as a filtered version of the message signal. A block diagram of a baseband
VSB-AM modulator using this interpretation is seen in Figure 6.19. Recalling
the results in Section 4.6, the second interpretation is that a bandpass VSB-AM
signal is generated by putting a bandpass DSB-AM signal through a bandpass
filter (asymmetric around f.) whose complex envelope impulse response and
transfer function are

h,(t) = 8(t) + jhe(t) H,(f)=1+ jHg(f) -W<f<W (6.17)

Note the transmitted power of a VSB-AM signal is going to be higher than a
similarly modulated DSB-AM signal since the imaginary portion of the complex
envelope is not zero. The actual resulting output power is a function of the filter
response, h,(¢), and an example calculation will be pursued in the homework.

6.3.1 VSB Filter Design

The design of the filter, 2g(2), is critical to achieving improved spectral efficiency.
The Fourier transform of a VSB-AM signal (using Eq. (4.9)) is given as

X(f)=X1(f) + jX(f) = A M(f)[1+ jHe(f)] (6.18)

Additionally, note X,(f) = A H,(f)M(f) with H,(f) = [1 + jHe(f)], which
is the Fourier transform of the impulse response given in Eq. (6.17). Since
the message signal spectrum is nonzero over —W < f < W, reduction of
the bandwidth of the bandpass signal requires that [1 + j Hg(f)] be zero over
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Figure 6.20 An example to show how quadrature modulation can be used to reduce the bandwidth of the trans-
mitted signal. Upper sideband modulation.

some part of f € [-W, W]. The remainder of the discussion will examine the
conditions which must hold to produce

X.(f)=0 -W<f<-f=0

where f, is commonly called the vestigial frequency. In other words, what condi-
tions on H,(f) must hold so that a portion of the lower sideband of the bandpass
signal is eliminated to achieve

Ep > 50%

W+ f

Note that VSB-AM is always more bandwidth efficient than either DSB-
AM or LC-AM and the improvement in bandwidth efficiency is a function of
fv. Since the lower portion of the signal spectrum is eliminated, this type of
transmission is often termed upper sideband VSB-AM (the upper sideband is
transmitted). Similar results as the sequel can be obtained to produce lower
sideband VSB-AM transmissions. A set of example spectra for upper sideband
VSB-AM is shown in Figure 6.20 toillustrate the idea of quadrature modulation.
The figure uses the energy spectrum of the baseband transmitted signal since
it is simple to represent the energy spectrum with a two dimensional graph.
Note that the remains of the lower sideband in this example illustrates the
reason for the name VSB-AM? and that the resulting transmission bandwidth
is clearly By =W + f,.

2A dictionary definition of vestigial is pertaining to a mark, trace, or visible evidence of something
that is no longer present or in existence.
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Figure 6.21 Examples of the imaginary part of the
quadrature filter for VSB-AM.

We want
H.(f)=[+jHe()1=0 —-W<f<-f, (6.19)
Since Ho(f) = R[H(f)] + jI[Hg(f)] it is simple to see that Eq. (6.19) implies
that
S[He(Hl=1  R[He()] =0 -W=<f=<-1 (6.20)

Note, since hg(¢) is real then this implies
S[He()l=-1  R[He( )] =0 fo<f <W (6.21)

but the values for Ho(f),—f, < f < f, are unconstrained. A plot of two
possible realizations of the filter Hg(f) is shown in Figure 6.21. It should be
noted that our discussion focused on eliminating a portion of the lower sideband
but similar results hold for eliminating the upper sideband.

EXAMPLE 6.8

Analog television broadcast in the United States uses a video signal with a bandwidth of
approximately 4.5 MHz. The transmitted signals are a form of quadrature modulation,
where f, = 1.25 MHz for a total channel bandwidth of <6 MHz. Television stations in
the United States have 6 MHz spacings. Consequently

4.5 MHz

oM - %

Ep =

6.3.2 Single Sideband AM

An interesting special case of VSB-AM occurs when f, — 0. In this case the
Ep — 100%. This is accomplished by eliminating one of the sidebands and
hence this modulation is often termed single sideband amplitude modulation
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(SSB-AM). The x¢(¢) that results in this case is important enough to get a name;
the Hilbert transform [ZTF89]. The transfer function of the Hilbert transformer
is

Ho(f) = —jsgn(f) (6.22)
where
1 0
sgn(f) = {_1 ; iO (6.23)

Note, because of the sharp transition in the transfer function at DC it is
only possible to use SSB-AM with message signals that do not have significant
spectral content near DC. It should be noted that in analog video signals the DC
value is important in a simple way to synchronize the scanning of the picture so
SSB-AM cannot be used with video signals. The transmitted signal for SSB-AM
is

x,(t) = Ac(m(2) + jmp(t)) (6.24)

where my(t) is the Hilbert transform of m(¢).

EXAMPLE 6.9
Single-sideband modulation with a message signal

m(t) = Bsin(27x fiut)

has an in-phase signal of

(6 = Apsin@rfmt)  X1(f) = 2“—}88(7' ) - %fga(f + f)

Applying the Hilbert transform, Hg(f) = —jsgn(f), to x7(¢) produces a quadrature
signal with

Xo(f) = Ho(H)X1(f) = #s(f ) — %a £+ f)

or
xQ(t) = —Acp cos(2m fint)
This results in

x,(8) = A B(sin(27 fiut) — J cos(2m fmt)) = —j Ac B exp(j 27 ft)
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Figure 6.22 SSB-AM with m(¢) = sin(27 f,,¢).

(b) Energy spectrum

and
Gx,(f) = AZB*S(f = fm)
The bandpass spectrum is

202 2 n2
Afj AP SF 4 font o)

ch(f) = 9

8(f — fm— fo)+

Note that the lower sideband of the message signal has been completely eliminated with
SSB-AM. The message signal and the output modulated time domain signal are plotted
in Figure 6.22(a) for f. = 20 fm, B = 1, and A, = 1/+/2. Note that the message signal is
periodic with a period of ' = 1/f}, and the modulated signal has a much shorter period,
T =1/(21f,). The plot of the energy spectrum of the message and the modulated signals
are plotted in Figure 6.22(b) for f. = 20 fm, f = 1, and A, = 1/+/2. It should be noted
that Py, = P, =0.5.

EXAMPLE 6.10

The computer generated voice signal given in Chapter 2 (W = 2.5 kHz) is used to
SSB-AM modulate a 7-kHz carrier. The quadrature filter needs to be a close approxima-
tion to a Hilbert transformer given in Eq. (6.22). The magnitude and phase response of a
filter designed for a voice signal is shown in Figure 6.23. The resulting complex envelope
energy spectrum is given in Figure 6.24(a). This implementation provides greater than
80 dB of sideband rejection over most of the band. The bandpass energy spectrum is
shown in Figure 6.24(b). This plot clearly shows that SSB-AM uses half the bandwidth
of DSB-AM or LC-AM.
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Figure 6.23 The magnitude and phase response of the Hilbert transform implementation used in Example 6.10.

6.3.3 Modulator and Demodulator

The modulator for VSB-AM is given in Figure 6.19. Note also an implementa-
tion can be achieved with a bandpass filter that has an asymmetric frequency
response around f.. In practice both the baseband and bandpass implementa-
tions are used. An overview of analog processing techniques for SSB-AM trans-
mitters is provided in [Kur76]. The high performance digital processing that
has emerged over the recent past has pushed the implementations toward the
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Figure 6.24 The spectrum for SSB-AM transmission using the quadrature filter given in Figure 6.23.
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Y1) Re[z] > LPF — r(t)
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Figure 6.25 A coherent demodulator for VSB-AM. Note it is
exactly the same as DSB-AM.

digital baseband realizations due to the precise nature with which filter re-
sponses can be controlled in digital circuits.

The demodulator for VSB-AM can be exactly the same as for DSB-AM. Recall
that the received signal for VSB-AM is given as

Y:(t) = Ac(m(t) + jmp(t)) explj ¢,) (6.25)

Again it is clear that m(¢) can be recovered by derotating by ¢, and looking
at the real part of the resulting signal. The coherent demodulator for VSB-AM
is shown in Figure 6.25. It is obvious from examining Figure 6.25 that the
VSB-AM demodulator is identical to the coherent demodulator for DSB-AM
and the output is

m(t) = Acm(t) + Ni(t) = me(t) + N1(¢)

Using the terminology of Chapter 5 where the low pass filter impulse response
is denoted Az (¢), it can be noted that the VSB-AM demodulator is a coherent
demodulator with

m(t) = g.(y1(t), yq(t), ¢p) = hr(t) x (y1(t) cos(¢p) + yq(¢) sin(¢,))  (6.26)

The demodulator is quite simple once the phase induced in the propagation
from transmitter to receiver is identified.

The theory of quadrature modulation was developed pretty quickly [Osw56,
SS87]. In 1915, H. D. Arnold built an antenna that was tuned only to the upper
sideband of a DSB-AM signal and demonstrated that the voiceband signal could
be recovered from only one sideband. This result quickly led J. R. Carson to
propose a SSB-AM system for multiplexing many voiceband messages in a
telephony system. After a contentious and long patent examination a patent for
this SSB-AM system was finally issued in 1923 [Car23] even though commercial
usage of SSB-AM commenced in 1918.

6.3.4 Transmitted Reference Based Demodulation

A coherent demodulator is also necessary for VSB-AM transmission. Unfortu-
nately, the phase reference cannot be derived from the received signal like in
DSB-AM because VSB-AM uses both the real and imaginary components of
the complex envelope. This characteristic is best demonstrated by the vector
diagram of the complex envelope. Figure 6.26 shows the vector diagram of
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Figure 6.26 Vector diagram for the SSB-AM transmission in Example 6.10.

the SSB-AM transmission of Example 6.10. Clearly if one compares the vector
diagram shown in Figure 6.8(a) to the vector diagram in Figure 6.26, it is easy
to see why automatic phase recovery from the received signal is tough. So, while
VSB-AM provides improved spectral efficiency it does it at the cost of increased
demodulator complexity.

If automatic phase tracking is desired with VSB-AM, a transmitted reference
signal is often used. We will explore this idea in a SSB-AM application. The block
diagram of an example SSB-AM transmitter system that uses a transmitted
reference is given in Figure 6.27. The notch filter removes the message signal
components from around DC. The in-phase signal consists of this notched-out
message and a DC term. This DC term when upconverted will result in a carrier

Notch x/(1)

Filter @ 10 x(1)

Xo(t
gt o(® | Upconverter

I
fe

Figure 6.27 A modulator implementation for SSB-AM using a transmitted reference signal.

m(t) —
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Figure 6.28 A transmitted reference based demodulator implementation for SSB-AM.

signal much like LC-AM. The quadrature signal is a Hilbert transform of the
notched-out message signal.

The demodulator uses the transmitted reference as a carrier phase reference
to recover the message signal. The demodulator block diagram is shown in
Figure 6.28. In essence, at the receiver two filters are used to separate the
transmitted modulated signal and the transmitted reference signal into two
separate path, i.e.,

yu(t) = Acm(t) + j(m(t) x hg(¢))] explj ¢pl (6.27)

yL(t) = A Ar explj ¢yl (6.28)

Since each of these paths experience the same channel distortion and phase
shift, the reference can be used to derotate the demodulated signal and recover
the message signal. This is easily seen with

_ya@®) 1
oyt A

This transmitted reference demodulation scheme is very useful especially
in systems where automatic operation is desired or if the channel is varying
rapidly. Consequently, transmitted reference systems are often used in land
mobile radio where multipath and mobility can often cause significant channel
variations [Jak74, Lee82]. An important practical design consideration is how
large the reference signal power should be in relation to the modulated signal
power. This consideration is not important unless noise is considered in the
demodulation so this discussion will also be left until Chapter 11.

yp(t) [m(¢) + j(m(t) x he())] (6.29)

EXAMPLE 6.11

In this example we consider again the computer-generated voice signal given in
Chapter 2 (W = 2.5 kHz). This signal is SSB-AM modulated with a transmitted ref-
erence at a 7 kHz carrier in a fashion as shown in Figure 6.27. The notch bandwidth
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Figure 6.29 Signals in a SSB-AM transmitted reference system. f, = 7 kHz

is chosen to be about 200 Hz as this does not affect the audio quality of the signal.
The measured transmitted signal spectrum is shown in Figure 6.29(a). The transmit-
ted reference signal is the tone at the carrier frequency. The signal out of the notch
filter in the demodulator of Figure 6.28 is approximately a standard baseband SSB-AM
modulation. The measured power spectrum of yz(¢) is shown in Figure 6.29(b) for a
notch bandwidth of 100 Hz. The transmitted reference tone has been greatly attenuated
but the modulated signal is roughly unaltered. The signal out of the low pass filter in
the demodulator of Figure 6.28 is approximately the phase shifted reference tone. The
measured power spectrum of yz(¢) is shown in Figure 6.30(a) for a notch bandwidth of
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Figure 6.30 Signals in a SSB-AM transmitted reference system.
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100 Hz. The modulated signal has been greatly attenuated in y7,(¢) while the tone used
in demodulation is clearly evident. For example, in a channel with t,, = 45.3 us a phase
shift of —114° occurs. The measured phase of the output tone is shown in Figure 6.30(b)
and it is close to —114° once the filter transients have passed. The imperfections in the
filter can be seen to allow the message signal to cause some phase jitter to be induced on
the demodulator reference but the overall system produces a high quality audio output.

Noncoherent demodulation (envelope detection) is also used in conjunction
with a large carrier version of VSB-AM in analog television reception in the
United States. The details of how this is possible with a quadrature modulation
will be addressed in the homework.

6.3.5 Quadrature Modulation Conclusions

Quadrature modulation provides better spectral efficiency than either DSB-AM
or LC-AM but with a more complex modulator. Quadrature modulation accom-
plishes this improved spectral efficiency by using the imaginary portion of the
complex envelope. Like LC-AM, VSB-AM wastes part of the transmitted power
(the imaginary component is not used in demodulation) but for a useful purpose.
LC-AM contains a carrier signal that transmits no information while VSB-AM
transmits a filtered signal in the quadrature component of the modulation but
never uses this signal in demodulation. VSB-AM is also suitable for use with a
large carrier and envelope detection (this is what is used in broadcast TV) and
this idea will be explored in the homework.

In conclusion, three types of amplitude modulated signals have been pre-
sented in this chapter. These three signaling schemes provide different options
in cost/bandwidth efficiency tradeoffs.

6.4 Homework Problems

Problem 6.1. The message signal in a DSB-AM system is of the form
m(¢) = 12 cos(67t) + 3 cos(107t)

(a) Calculate the message power, P,,.

(b) If this message is DSB-AM modulated on a carrier with amplitude A,
calculate the Fourier series of x,(#).

(¢c) Assuming f. = 20 Hz calculate the Fourier series of x.(¢) and plot the
resulting time waveform when A, = 1.

(d) Compute the output power of the modulated signal, P, .
(e) Calculate and plot xp(¢). Computer might be useful.
Problem 6.2. A message signal of the form

m(t) = cos(2m fint)

is to be transmitted by DSB-AM with a carrier frequency f..
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(a) Give the baseband and bandpass forms of the modulated signal for this
message signal that has a power of 8 W (in a 1 Q system).

(b) Assume f. = 10f,, give the baseband and bandpass spectral representa-
tion of this modulation. What is the transmission bandwidth, By of such a
system?

(c¢) Plot the resulting bandpass signal for f,, = 2 Hz.

(d) Give the simplest form of the modulator and demodulator (assume you
know ¢,).

Problem 6.3. The received bandpass DSB-AM signal has the form
ye(t) = A;m(t)vV/2 cos(2n fot + ¢p)

and the Costas loop used in phase synchronous demodulation of DSB-AM is
shown in Figure 6.31

(a) What is y,(¢)?

(b) Find expressions for the signals at points A and B. Assume the LPF are
only to remove the double frequency terms.

(c) Define a complex signal z;(t) = A— jB. Show that z1(t) = y.(t) exp[—j0(¢)].
(d) Note that C = —0.5 x 3[z1(¢)?]. Find C in terms of the phase error, op — o).

Problem6.4. As your first task, your new boss at Fony asks you to design a LC-AM
modulator (obviously busy work until she can find something real for you to do

Output

A
—»@—» LPF

«Ecos(Zn]gt+é(l)) |

VCO* %

yc([) ]

3
/2

LPF

“Voltage Controlled Oscillator

Figure 6.31 A bandpass version of the Costas loop.
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since AM is not used much in practice) for a 1 kHz, 3 V peak amplitude test
tone, e.g.,

m(t) = 3sin(20007t) (6.30)
(a) She wants the transmitter to deliver a 5 W output power across a 1 Q

resistor with MCPR = 8%. Provide the values of A. and a to achieve this
specification.

(b) What is the maximum MCPR that can be achieved in this problem and have
distortionless envelope detection still possible? Give the values of A, and a
to achieve this efficiency while maintaining a 5 W output power.

(c) Plot x7(¢) and x¢(¢) for the design in part (b).
Problem 6.5. A message signal of the form
m(t) = 2cos(27 fint)
is to be transmitted by LC-AM with a carrier frequency f..
(a) Give the baseband and bandpass forms of the modulated signal for this mes-

sage signal that has a power of P,, = 8 W (in a 1 Q system) and MCPR = 1/8.

(b) Assume f. = 10f,, give the baseband and bandpass spectral representa-
tion of this modulation. What is the transmission bandwidth, B of such a
system?

(c) Give the simplest form of the modulator and a noncoherent demodulator

(d) How big can @ be made in this system and still ensure distortionless envelope
detection?

Problem 6.6. A term often used to characterize LC-AM waveforms is the percent

modulation defined as

Maximum value of the envelope — Minimum value of the envelope

Pro =
Le Maximum value of the envelope
(6.31)

An example of this usage is seen on most microwave signal generators where
the LC-AM signal is characterized by percent modulation. For this problem
consider a sinusoidal message signal of unit amplitude and LC-AM. An example
LC-AM waveform is shown for P;¢c = 0.5 in Figure 6.32.

(a) What is the range for Pr¢?

(b) Solve for the value of a to give a particular Pjc.

(¢) The bandpass frequency domain representation (Fourier series or Fourier
transform) of this signal will have three frequencies (the carrier and two
modulation sidebands). Plot the relative power ratio (in dB) between the
carrier and one of the modulation sidebands as a function of Py¢.

(d) Plot the MCPR as a function of Pyc.
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Figure 6.32 A LC-AM signal with P;¢c = 0.5. Sinusoidal signal.

Problem 6.7. The Federal Communications Commission (FCC) makes each
station strictly limit their output frequency content. Assume AM stations pro-
duce a usable audio bandwidth of 10 kHz. AM stations in the same geographical
area are normally spaced at least 30 kHz apart. As an example of why limits
on the frequency content are necessary the following problem is posed.
Consider two stations broadcasting in the same geographic area with a
receiver tuned to one of them as shown in Figure 6.33. Station A is broad-
casting a 1 V peak sinewave of 2 kHz, m 4(¢) (a test of the emergency broadcast

. X4(0)
Station A
r.(t _
(0 Bpr | /QDown IS iy
converter
[
xp(t)
Station B 5 fe

Figure 6.33 A model for two transmitting AM radio stations for Problem 6.7.
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system), at a center frequency of f. Hz. Station B is broadcasting a 1 V peak
3 kHz square wave, mpg(t), at f. + 30 kHz with no filtering at the transmitter.
Since each transmitted waveform will have a different propagation loss, the
received waveform is given by the form

re(t) = Aal(1.5 + ma(t)vV2 cos(2m fot + pa)]
+Apl(1.5 + mp(t)V2 cos(27( f, + 30000)t + ¢p)]
Assume without loss of generality that the phase shift for the station A is zero,
ie., ¢pa=0.
(a) Give the complex envelope of the received signal, r.(¢).

(b) Find the spectrum (Fourier series coefficients) of the complex envelope, r,(¢).

(¢) The demodulator has an ideal bandpass filter with a center frequency of
fc and a two-sided bandwidth of 2 W =15 kHz followed by an envelope
detector as shown in Figure 6.33. Plot the output demodulated waveform,
ma(t), over 5 ms of time for several values of ¢ in the range [0, 27] and
Ag =0.1,1, 10.

The distortion you see in this example is called adjacent channel interference
and one of the FCC’s functions is to regulate the amount of interference each
station produces for people trying to receive another station.

Problem 6.8. Consider the message signal in Figure 6.34 and a bandpass signal
of the form

x(t) = (5 + bm(t))V'2 cos(27 fot)

(a) What sort of modulation is this?
(b) Plot the bandpass signal, x.(¢), with 6 = 2 when f, > Ti

(¢) How big can b be and still permit envelope detection for distortion-free
message signal recovery.

(d) Compute the transmitted power for & = 3.
(e) Compute MCPR for b = 3.

m(t)

N[~

Figure 6.34 A message signal for Problem 6.8.
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Figure 6.35 A message signal energy spectrum.

Problem 6.9. The complex baseband model for analog communications is given
in Figure 5.8. Ignore noise and assume m(¢) = sin(2wf,t). If y,(¢) = (5 +
3sin(27 f,t)) expljm /31,

(a) What kind of modulation does this represent? Identify all the important
parameters.

(b) Plot the envelope of the output, ya(t).
(c) Plot the phase of the output, yp(¢).

(d) Show how to process y,(¢) to recover m(t).

Problem 6.10. A message signal with an energy spectrum given in Figure 6.35
is to be transmitted with large carrier amplitude modulation. Additionally,
min(m(¢)) = -2 and P, = 1.

(a) If the MCPR = 25%, what is the modulation index, a.

(b) Will the modulation index obtained in part (a) be sufficiently small to allow
demodulation by envelope detection. Note if you cannot solve for part (a)
Just give the necessary conditions such that envelope detection is possible.

(c) Plot the modulator output spectrum (either bandpass or baseband is fine)
and compute the Ep.

Problem 6.11. Commercial TV uses large carrier AM transmission in conjunc-
tion with VSB-AM for the intensity signal (black and white levels). A typical
TV receiver block diagram for the intensity signal demodulation is shown in
Figure 6.36.

(1) Y1)
m(r) LC-VSB <A < Envelope | | DC it

Modulator H Detector Remover

exp[—j¢,|

Figure 6.36 Typical TV demodulator.
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This problem tries to lead you to an explanation of why the filtering does not
significantly affect the envelope detector’s performance. Consider the simple
case of a sinusoidal message signal

m(t) = cos(2n frut)

with f,, > 0 and a VSB modulator that produces a complex envelope signal of
the form

- A(1+acos2rafut) + jasin(2r ft))  fm > fo
x,(t) =

A.(1 4+ acos(27fmt)) fm=<fo
(a) Sketch the modulator that would produce Eq. (6.32) and derive the transfer

function of the quadrature filter, Hg(f), that is necessary to produce this
signal.

(6.32)

(b) Calculate the output envelope, |y.(¢)|.

(c) Show that the envelope detector output is the desired signal (the message
signal plus a DC offset).

(d) Consider the case where modulator is exactly the same as above and the
message signal is the sum of two sinusoids

m(t) = Aq cos(2m f1t) + Ag cos(27 fot) (6.33)

what would the form of x,(¢) be?

(e) Show if @ is chosen such that a? is small that the envelope detector output
is approximately the desired signal (the message signal plus a DC offset).

(f) Compute the MCPR for f,, < f, and f,, > f, assuming a? is small.

(g) Choose a value of a for which a? is small compared to a and the envelope
detector can be used with a small resulting distortion. What does this say
about the MCPR of typical TV broadcast?

Problem 6.12. RF engineers that design and build quadrature upconverters (see
Figure 6.37) need tests to estimate how close to ideal their circuits are perform-
ing. The standard test used is known as a single sideband rejection test. This
test uses an input of x7(¢) = cos(27 f,,¢) and xq(¢) = sin(2x f,,¢) and measures
the resulting bandpass power spectrum, | X.(f)|? on a spectrum analyzer.

(a) Compute what the output bandpass spectrum, |X.(f)|2, should be for an
ideal quadrature upconverter.

(b) A common design issue in quadrature modulators is that the quadrature
carrier has a phase offset compared to the in-phase carrier, i.e.,

xe(8) = x7(1)V/2 cos(27 fot) — x(t)V/2 8in(27 fot + 6)

For the test signal in a single sideband rejection test what will be the output
bandpass spectrum as a function of 6.
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Figure 6.37 A quadrature upconverter.

(¢) If | X.(fe + )2 = 100/ X .(f. — fm)|?> what is the value of # that would
produce this spectrum.

(d) Postulate why this test is known as a single sideband rejection test.

Problem 6.13. A message with a Fourier transform of

ﬁ‘sin(%)’ W< f<W

M(f) = {0 (6.34)

elsewhere

is to be transmitted with a quadrature modulation.

(a) Calculate the message energy, E,,.
(b) For SSB-AM (upper sideband) compute the output transmitted energy, E ...

(c) Design a simple quadrature filter for VSB-AM where f, = W /4. Give either
Hy(f) or H,(f).

(d) Compute the resulting output energy for your design, E,,, in part c). Note,
depending on your design the solution might be easiest done with the aid of
a computer

Problem6.14. (UM). An amplitude modulated (AM) signal has the following form
x(t) = [A+ 1.5cos(107t) — 3.0 cos(207¢)] cos(27 ft)
where the message signal is
m(t) = cos(10x¢) — 2.0 cos(207t)

(a) What type of amplitude modulation is this?
(b) What is the spectrum of x.(¢), X.(f)?
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(c) Determine the conditions on A such that envelope detection could be used
in the demodulation process with no distortion.

(d) Determine the MCPR of this modulation scheme as a function of A.

Problem 6.15. You need to test a VSB-AM system that your company has pur-
chased. The modulation scheme is DSB-AM followed by a bandpass filter, H.(f).
The demodulator is exactly the same as DSB-AM when the phase offset, ¢, is
known. The system does not work quite right and testing has led you to suspect
the filter H.(f). After analysis and testing, you determine that the filter has
the following bandpass characteristic

1 fe+7500 <|f|< f.+ 10000
2 f.+2500<|f| < fo+ 7500
fe<If 1< fe+2500
fe—2500 < |f| < fe

elsewhere

Hc(f) ==

O W Wik

You will be using the system to transmit voice signals with a bandwidth of
5000 Hz.

(a) Compute H,(f) = Hi(f) + jHo(f).
(b) What are the conditions on H;(f) and Hq(f) for f € [-W, W] that will
produce a distortionless demodulator.

(¢) Does the VSB system produce a distortionless output? That is, does u(¢) =
Km(t), where K is some constant?

(d) The filter above consists of five frequency segments with constant gain.
Because of cost restrictions, you can change the gain on only one of the
segments. Change one segment gain such that the system will produce a
distortionless output.

(e) What is the bandwidth efficiency of your resulting VSB system and the
resulting savings in transmission bandwidth over DSB-AM?

(f) What is the spectrum of the corresponding complex envelope equivalent,
H.(f), of the improved filter?

Problem 6.16. This problem is concerned with double-sided band amplitude
modulation (DSB-AM) of the message signal given in Problem 5.1. Assume
a carrier frequency of f. = 200 Hz and a carrier amplitude of A,.

(a) Give the baseband, x,(¢), and bandpass, x.(¢), time waveforms for DSB-AM
for this message signal as a function of m(z).

(b) The bandpass signal is also periodic. What is the period? Give the Fourier
series representation for the bandpass signal
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(c) Give the value of A, that will produce a P,, = 50 Watt transmitter output
power in a 1 Q system.

(d) Sketch the demodulation process for a received signal y.(¢).

Problem 6.17. Repeat Problem 6.16 with the bandlimited message signal of
Problem 5.2.

Problem 6.18. Repeat Problem 6.16 with the message signal of Problem 5.5.

Problem 6.19. This problem is concerned with large carrier amplitude modula-
tion (LC-AM) by the message signal given in Problem 5.1. Assume a carrier
frequency of f. = 200 Hz, a carrier amplitude of A., and a modulation coeffi-
cient of a.

(a) Give the baseband, x.(¢), and bandpass, x.(¢), time waveforms for LC-AM
for this message signal as a function of m(¢).

(b) Give the Fourier series representation of the bandpass modulated signal as
a function of A, and a.

(¢) Give the value of a such that the MCPR is maximized and distortion-free
envelope detection is still possible.

(d) What is the MCPR with the value of a computed in (c)?

(e) With the value of a computed in (c) give the value of A, that will produce a
P, =50 W transmitter output power in a 1-Q system.

(f) Sketch the demodulation block diagram for a received signal y.(z).
Problem 6.20. Repeat Problem 6.19 with the message signal of Problem 5.2.
Problem 6.21. Repeat Problem 6.19 with the message signal of Problem 5.5.

Problem 6.22. This problem is concerned with single sideband amplitude modu-
lation (SSB-AM) by the message signal given in Problem 5.1. Assume a carrier
frequency of f. = 200 Hz, and a carrier amplitude of A..

(a) Give the baseband, x,(¢), and bandpass, x.(¢), time waveforms for an upper
sideband SSB-AM for this message signal.

(b) Give the Fourier series representation of the bandpass modulated signal as
a function of A..

(¢) Give the value of A, that will produce a 50 W output power in a 1-Q2 system.

(d) Sketch the demodulation block diagram for a received signal, y.(¢), assum-
ing that you know ¢,.

Problem 6.23. Repeat Problem 6.22 with the message signal of Problem 5.2.

Problem 6.24. Repeat Problem 6.22 with the message signal of Problem 5.5.
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Figure 6.38 The received complex envelope of a LC-AM signal.

Problem 6.25. You have been given the noiseless received complex envelope,
y:(t) = y1(¢) + jyg(t), of a periodic message signal transmitted via large
carrier—-amplitude modulation (LC-AM) as shown in Figure 6.38. Assume that
1+aminm(t) > 0. As is standard practice the message signal has a time aver-
age value of zero so that it will pass through a DC block unchanged.

(a) Givethe form ofthe received complex envelope for LC-AM, y,(¢) as a function
of A;, a, m(¢), and ¢,.

(b) Find the best estimate of the message signal, 7.(¢) = Am(¢), from the data
in Figure 6.38.

(c¢) Find the transmitted power, P, using the data in Figure 6.38.
(d) Find the MCPR using the data in Figure 6.38.

Problem 6.26. Consider the periodic message signal in Figure 6.39 and LC-AM
modulation.

(a) Compute the DC value of m(¢).

(b) Compute the message signal power, P,, as a function of p.

(¢) What is the maximum value of @ as a function of p that can be used and
still maintain distortionless envelope detection.

(d) Compute and plot the MCPR as a function of p.
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Figure 6.39 A periodic message signal for Problem 6.26.

Problem 6.27. A message signal is of the form
m(t) = 2 cos(4nt) + cos(6rt)

Ifx;(t) = Acm(t) and the modulator output complex envelope spectrum is given
by Figure 6.40.

(a) What is W and what is By ?

(b) What type of modulation is being implemented?

(¢) What is the value of A.?

(d) What should xg(¢) be to produce the output spectrum?

Problem 6.28. In a single sideband amplitude demodulator the following signal
is output from the down converter

y.(t) = explj67t] + j explj8mt] (6.35)

The channel phase is known to be ¢, = 7/2.

x(f)
6 6

—2Hz 2Hz 3Hz

Figure 6.40 The baseband modulator output spectrum.
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(a) Is the modulation using the upper sideband or the lower sideband?

(b) Find ().

Problem6.29. At the output of a double sideband amplitude modulator (DSB-AM)
the signal

x.(¢) = 8¢0s(2007¢)V/2 cos(27 fot) (6.36)

is observed. You know that the input message signal had a power of 2 W.
(a) Find x,(¢).

(b) Find x4(¢) and xp(¢) over ¢ € [0,0.01].

(¢) What is the input message signal and what is A.?

(d) Plot the Fourier transform of the complex envelope, X.(f) using impulse
functions. What the bandpass bandwidth, By, that this signal occupies?

Problem 6.30. Consider the DSB-AM signal from the previous problem given as
x(¢) = 8¢0s(2007¢)v/2 cos(2r fot) (6.37)

This signal is put into a bandpass filter which has a complex envelope charac-
terized with

05f

Ho(f) =0 Hi(f) = {1‘ o0 |f1=200
0

elsewhere

(6.38)

The output of the filter at bandpass is denoted y.(¢) and at baseband is denoted

¥o(2).

(a) Find and plot H.(f).

(b) Find yz(t)

(¢c) Find ys(¢) and yp(¢) overt € [0, 0.01]. Why is the phase varying as a function
of time for the DSB-AM signal?

Problem 6.31. A message signal with an energy spectrum given in Figure 6.35
is to be transmitted with single sideband amplitude modulation (SSB-AM).
Additionally, min(m(¢)) = —2 and P,, = 10.

(a) Specify the quadrature filter transfer function to achieve a lower sideband
transmission.
(b) Find the transmitted power, P,._.

(c) Plot the modulator output spectrum (either bandpass or baseband is fine)
and compute the Ep.
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Figure 6.41 A received complex envelope.

Problem6.32. Recall that for a quadrature modulation that the overall modulator
transfer function is

H.(f) =1+ jHq(f) (6.39)

Specify conditions on Hg(f,) such that the sideband attenuation at frequency
fo is greater than 50 dB.

Problem 6.33. A periodic received signal, r,(¢), from an analog modulation is
given in Figure 6.41.

(a) Assume the transmitted signal is given as x,(¢), how have we modeled the
form for r,(#) in terms of x,(¢) for this class?

(b) Given r,(¢) in Figure 6.41, is it possible for the transmitted signal, x.(¢),
to be a LC-AM signal that is able to be detected without distortion by an
envelope detector? Why?

Problem 6.34. (JG) Let m(¢) be a message signal and define the bandpass signals
x.(¢) and y.(¢) as

m(t) = (sinc(2))? (6.40)
x.(8) = m(EIV2 cos(2n fot) — m(t)V/2sin(2r fot) (6.41)
¥e(8) = m)V2 cos(2n fot) + m(t)V2sin(2r f.t) (6.42)

where mu(¢) is the Hilbert transform of m(z).
(a) Find the complex envelopes, x.(¢) and y,(¢), for the bandpass signals x.(¢)
and y.(z).

(b) Determine and sketch the Fourier transform of x.(¢). What is the bandwidth
of X.(f)?

(c) Determine and sketch the Fourier transform of y.(¢).

Problem 6.35. (PD) Recall the received signal for a SSB-AM system (upper side-
band) is given as

¥:(t) = Ac(m(t) + jmu(t)) explj¢,] (6.43)
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Figure 6.42 A message signal.

where my(¢) is the Hilbert transform of m(¢). An alternative coherent demodu-
lation structure has been proposed as

m(t) = y1(t) + algp)ye(t) (6.44)

where a(¢),) is a real constant that is a function of ¢,,.

(a) Give the form of 7(¢) as a function of m(¢), mp(t), ¢p, and a(¢,).
(b) Find the value of a(¢,) where m(t) = A(¢,)m(t), where A(¢,) is not a
function of time.

(c) What is the value of A(¢,) for the value of a(¢,) derived in (b).

(d) What are your perceived advantages and disadvantages of this demodulator
versus that presented in the text.

Problem 6.36. (JG) Consider the message signal, m(¢), shown in Figure 6.42.

(a) If an arbitrary m(¢) is modulated using DSB-LC AM, what is the general
expression for the complex envelope?

(b) If the message signal shown above is modulated using DSB-LLC AM, what
is the maximum possible power efficiency?

(c) If the message signal shown above is modulated using DSB-L.C AM, sketch
the bandpass form of the DSB-LC AM signal which achieves the maximum
power efficiency. Clearly label your figure.

(d) If the message signal shown above is modulated using DSB-SC and de-
modulated using a standard envelope detector, sketch the resulting output
signal. Clearly label your figure.
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Problem 6.37. Given the LC-AM waveform of the form
x,(t) = Ac(1 + acos(2x fiut)) (6.45)

(a) For A. =1 and a = 0.1 plot the instantaneous power of x.(¢) in dB scale as
a function of time.

(b) Find the value of a such that the difference between the maximum and the
minimum power is 1 dB.

(c) Find the value of A, and @ such that P,, = —10 dBm and the difference
between the maximum and the minimum power is 1 dB.

6.5 Example Solutions

Problem 6.17. For DSB-AM we have

x,(t) = Acm(t) (6.46)
(a) Since
8 8
m(t) = — cos(2zr(2)t) + cos(2n(6)t) (6.47)
we have

8 8
x,(t) = A, (—2 cos(2m(2)t) + o3 cos(2n(6)t)> (6.48)

b4 1214

The bandpass signal is
x%:(2) = x1(1)V2 cos(2n f t) = Acm(t)V2 cos(2r f ) (6.49)

(b) The baseband signal has a Fourier series representation of

4 explj2m(6)t]

4 4
x1(t) = AC—2 explj 27 (2)t] + AC—Z expl—j2m(2)t] + —Ac2
Vg b4 9

+ 22 explj2n (6] (6.50)
I

and has a period T' = 0.5. The modulated signal Fourier series is

4 explj27(198)¢]

4 explj2mx(202)t] + %

A4
V2n?
A4
«/§9n

xc(t) ==

+

explj27(206)¢] + explj27(194)¢]

«/—n

\;‘42_642 exp[—j27(198)¢]
T

expl[—j2m(202)t] +

\/_nz

4 . Ac4 )
+«/§9n2 expl[—j27(206)¢] + oo exp[—j27(194)t] (6.51)
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The frequencies contained in the bandpass signal are f = 194, 198, 202,
206 so the bandpass signal will be periodic with period T' = 1/2. Since

x%(t) = > x;explj2m2kt] (6.52)

k=—00

the Fourier series coefficients are

X97 = 84 X_g7 = 84, X99 = 84, X_gg = 84 (6.53)
= 972./2 T 972./2 ® 7242 9 722 .
84, 84, BA, 84 (6.5)

X = — X_ = — X = X_ =
101 JTZ\/§ 101 7T2\/§ 103 97_[2\/5 103 97_[2\/5

(¢) The power of DSB-AM is P, = A?P,, = A20.3325. If a transmitted power
of 50 W is to be achieved then A? = 50/.3325 or A, = 12.26.

(d) See Figure 6.6.
Problem 6.23. For SSB-AM we have

x(t) = x1(t) + jxg(t) = Acm(t) + jhq(t) x m(t)] (6.55)
where hg(¢) is the Hilbert transformer where Hg(f) = —jsgn(f).

(a) Since

m(t) = ﬁ cos(27(2)¢t) + i cos(27(6)t) (6.56)
2 972
we have
8 8
x7(t) = A, <— cos(27(2)¢) + cos(2n(6)t)) (6.57)
The complex envelope of the transmitted bandpass signal is given as

x,(t) = x1(8) + jxg(t)

= A, (— cos(2(2)t) + 98 cos(27(6)¢t) + jJT—S sin(2m(2)¢)

Ll sin(2n(6)t))

9
8
= A, (— exp(j2m(2)t) + — exp(J 2n(6)t)> (6.58)
The frequency domain representation of the complex envelope is
8 8
X = 2Dop — 0+ S58(f (6.59)

The complex envelope is periodic with period T = 1/2.
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(b) x.(¢) = x7(t)v/2 cos(2n f .t) — xq(t)v/2sin(27 f.t) and

1 1
X (f) = —=X(f — f)+ —=X*(~F — f. 6.60
2 7 (f f)+ﬂz( f—re (6.60)
8A, 8A. 8A.,
- S(f — 202 s
722 ( )+9 ﬁ(f 724/2
8A,
8 206
+— on2 3 (f +206)

The frequencies contained in the bandpass signal are f =202, 206 so the
bandpass signal will be periodic with period 7' = 1/2. The period of the
bandpass signal is the same as the baseband signal. Since

x%(t) = > x;explj2m2kt] (6.61)

k=—00
the Fourier series co-efficients are

o = 8 = A8
72y/2 722
_ AS8 A8

(6.62)

(6.63)

(c) Parseval’s theorem gives P, = 2A2P,,. If a transmitted power of 50 W is to
be achieved then A2 = 25/0.3325 or A, = 8.671.

(d) See Figure 6.25.

6.6 Miniprojects

Goal: To give exposure

® to a small scope engineering design problem in communications.
® to the dynamics of working with a team.

® to the importance of engineering communication skills (in this case oral pre-
sentations).

Presentation: The forum will be similar to a design review at a company
(only much shorter) The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). All team
members should be prepared to give the presentation.
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6.6.1 Project 1

Project Goals: Undergraduate classes often only look at idealized problems.
For example, one thing that is ignored in a course like this one is that frequency
sources at the transmitter and receiver cannot be made to have exactly the
same value. This project challenges the student to think about the impact of
this practical constraint that is not discussed in the text. This mini-project will
investigate the effects of this frequency offset on one demodulation algorithm
for DSB-AM.

For a signal received with a frequency offset the complex envelope of the
received signal will be rotating due to this frequency offset, i.e.,

¥(t) = x,(t) explj (¢p + 27 f,t)] (6.64)

where f, is the exisiting frequency offset. Get the Matlab files ampmodex1 .m
and ampmodex?2 . mfrom the class web page. In these files a DSB-AM transmitter
and receiver is implemented. If the carrier frequency offset is set to 10 Hz
(deltaf=10 in the Matlab code) theoutputofthe squaring device will be

V.(t) = A2m*(t) explj 40t + j2¢,] + Ny (¢) (6.65)

The demodulator implemented in the m-file still works pretty well with this
frequency offset. Explain why. Specifically, the filter in the open loop phase
estimator, H,(f), has a specific characteristic that enables the frequency offset
to be tracked in such a way as to not cause significant distortion. Note, at higher
frequency offsets (e.g., 100 Hz) the performance suffers noticeable distortion.
Extra credit will be given if you can figure out a method to eliminate this
distortion. Understanding Problem 4.15 will help.

6.6.2 Project?2

Project Goals: The selection of the modulation index can allow some distor-
tion and hence becomes a trade-off between MCPR and distortion. This project
challenges the student to examine this trade-off with a typical audio signal.

LC-AM uses a DC offset in x;(¢) to ensure that envelope detection is possible
on the received signal. An envelope detector is a very simple demodulator. This
DC offset results in wasted transmitted power. Typically the best MCPR that
can be achieved with voice signals is around 10% to maintain x;(¢) > 0. Better
MCPR can be achieved if x;(¢) is allowed to go negative for a small amount
of time. This of course will cause distortion in the demodulated signal. Get
the Matlab files ampmodex3 .m and ampmodex4 .m from the class web page. In
these files a LC-AM transmitter and receiver is implemented. Find the maxi-
mum value of a such that no distortion envelope detection is possible. Increase
a beyond this value and see how large it can be made before the distortion
becomes significant. Calculate the maximum MCPR for the no distortion case
and calculate the MCPR when the amount of audio distortion is acceptable to
your ear.
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6.6.3 Project3

Project Goals: This project examines the impact of phase and frequency error
in the SSB-AM demodulator.

SSB-AM uses the Hilbert transform in xg(¢) to eliminate half of the spec-
tral content of a DSB-AM signal. In class we showed that for demodulation a
coherent phase reference signal is needed to recover the x;(¢) after the phase
shift in the channel. One might imagine that the an offset in the carrier phase
reference signal might result in a distorted demodulated signal. For example,
if the coherent phase reference is ¢, + ¢, then the demodulated output given
in Figure 6.25 is

m(t) = m(t) cos(p.) + m(t) * ho(t) sin(g,) (6.66)

Get the Matlab file ampmodex5.m and ampmodex6.m from the class web
page. In these files a SSB-AM transmitter and receiver is implemented (note,
these systems are much more complicated than you will actually need so prune
the code accordingly). Find the maximum value of ¢, such that the amount of
perceived distortion in the demodulated audio output is small. Note, the answer
might surprise you (it did me the first time). Extra credit will be given if the
team can explain the reason for this surprising behavior. Repeat the experiment
with a small frequency offset instead of a phase offset.
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Analog Angle Modulation

Analog angle modulation embeds the analog message signal in the phase of the
carrier or equivalently in the time varying phase angle of the complex envelope
(instead of the amplitude as was the case for AM modulation). The general form
of angle modulation is

x,(t) = Ac expljTe(m(2))]

It is important to note that analog angle modulated signals have a con-
stant envelope (i.e., x4(¢) = A.). This is a practical advantage since most high
power amplifiers are not linear and amplitude variations produce distortion
(e.g. signal compression).

7.1 Angle Modulation

Amplitude modulation was the first modulation type to be considered in analog
communication systems. Amplitude modulation has the obvious advantage of
being simple and relatively bandwidth efficient. The disadvantages of ampli-
tude modulations are

® The message is embedded in the amplitude of the carrier signal. Conse-
quently, linear amplifiers are very important to obtaining good performance
in AM systems. Linear amplifiers are difficult to achieve in applications when
either cost or small size are important.

® When the message signal goes through a quiet period in DSB-AM or SSB-AM
systems, very small carrier signals are transmitted. This absence of signal
tends to accentuate the noise.

® The bandpass bandwidth in AM systems is directly dependent on the message
signal bandwidth. There is no opportunity to use a wider bandwidth to achieve
better performance.
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These enumerated shortcomings of AM can be addressed by using angle modu-
lation. Angle modulations modulate the angle of the complex envelope with the
message signal.

The introduction of angle modulation into commercial engineering systems
was wrought with controversy. It should be noted that angle modulation was
proposed during the 1910s and in a paper that set communication theory back
10 years angle modulation was dismissed as being inferior to amplitude modu-
lation by J. R. Carson [Car22], a proponent and credited inventor of SSB-AM
working at Bell Laboratories. Roughly a decade later Edwin H. Armstrong
became a proponent of frequency modulation (a type of angle modulation) in
spite of the theoretical analysis of Carson. Armstrong was able to build and
demonstrate a working angle modulation system that had, for the time pe-
riod, a remarkable fidelity [Arm35]. While battles raged between commercial
interests in radio engineering that were proponents of amplitude and angle
modulation [Les69] the engineering community quickly realized the trade-offs,
angle modulations offered that were not available with amplitude modulation
[CF3T7]. Over time, angle modulation has become the de facto standard for high
quality analog audio broadcast worldwide. This chapter will investigate the
theoretical underpinnings of angle modulation.

The first issue to address is what is meant by the phase and frequency of a
bandpass signal and how it relates to the complex envelope.

Definition 7.1 When a signal has the form
x(¢) = V2 cos(6(¢))

then the instantaneous phase is 6(¢) and the instantaneous frequency in Hertz is

1 do@)
filt) = o T dr (7.1)

EXAMPLE 7.1
When

x(2) = V2 cos(27 fmt)

then 6(¢) = 27 fut and f;(¢) = fim.

Definition 7.2 For a bandpass signal having the form
xe(2) = V2x4(t) cos(27 fet + xp (£))
then the instantaneous phase is 27 f.t + xp(¢) and the instantaneous frequency in

Hertz is

1 dxp(2)

fit) = fe+ o i (7.2)
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Definition 7.3 For a bandpass signal the instantaneous frequency deviation in Hertz is

1 dxp(t)
fa®) = o —a

(7.3)

The instantaneous frequency deviation is a measure of how far the instanta-
neous frequency of the bandpass signal has deviated from the carrier frequency.

There are two prevalent types of analog angle modulated signals; phase mod-
ulated (PM) and frequency modulated signals (FM). Analog PM changes the
phase angle of the complex envelope in direct proportion to the message signal

x:(¢) = I'p(m(¢)) = Ac expljkpm(2)]

where %, (units of radians/volt) is the phase deviation constant. Similarly, FM
changes the instantaneous frequency deviation in direct proportion to the mes-
sage signal. Note that the instantaneous radian frequency is the derivative of
the phase so that the phase of a bandpass signal can be expressed as

t
xp(t) = /2nfd()»)dk

Consequently, FM signals will have f;(f) = f;m(¢) and so for this book an
FM signal will have the following form

t

t
x,(t) = Tp(m(t)) = Acexp | J /kfm(k)dk =Acexp |J /2nfkm()\)dk

—00

where k¢ is the radian frequency deviation constant (units radians/second/volt)
and [} is the frequency deviation constant (units Hertz/volt). It should be noted
that the complex envelope of an angle modulated signal is a nonlinear function
of the message signal. This nonlinear relationship will complicate the analysis
of the fidelity of message reconstruction and spectral efficiency of transmis-
sion. The subject of angle modulation is typically where students interested in
communications first find the limits of the undergraduate signals and systems
education. The nonlinearities in angle modulation and demodulation do not
permit closed form analysis and consequently approximate/simplified results
need to be examined. The approaches taken to understand the fidelity of mes-
sage reconstruction and spectral efficiency in angle modulation are useful not
only for the results that are derived but also for the methodology used to solve
the nonlinear problems.

The bandpass angle modulated signals are constant envelope signals with a
phase or a frequency modulation. For PM the modulation is defined as

x1(t) = gr(m(t)) = Accos(kpym(t))  xq(¢) = gg(m(¢)) = A sin(k,m(t))
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and bandpass signal is
x:(t) = AV2cos(2r fot + kpm(t))

For FM the modulation is defined as

t
x1(¢) = gr(m(t)) = Ac cos | ky /m()»)d)»

t

xo(t) = go(m(t)) = A.sin | ks / mGIdA
and the bandpass signal is
t
x.(t) = Acv/2cos | 2 f.t + ky / m(A\)dA

An example message signal and the integral of this message signal is given
in Figure 7.1. The corresponding bandpass phase modulated signal is shown
in Figure 7.2. The corresponding bandpass FM modulated signal is given in
Figure 7.3. It is obvious from this plot that the instantaneous frequency of the
carrier! is being modulated in proportion to the message signal.

2.5 ] ] ]
2 —
5 G2 (R S

I S
-1 -

-1.5

o
(9}

10 15
Time, t, sec

[\
o

Figure 7.1 An example message signal and message signal integral.

IThe instantaneous carrier frequency can be estimated by noting the frequency of the peaks of
the sinusoid.
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Time, t, sec

Figure 7.2 The PM modulated bandpass waveform corresponding to the message in Figure 7.1.

EXAMPLE 7.2
Angle modulation with

m(t) = Ay, sin(27 fiut)
produces a complex envelope of

x,(t) = Ac expljBp sin(27 )] (PM) x(t) = Ac explj(Bf cos(2nfmt) +07)] (FM)

Time, t, sec

Figure 7.3 The FM modulated bandpass waveform corresponding to the message in Figure 7.1.
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where B, = Ankp, fr = _212;4” and 67 is a constant phase angle that depends on the

initial conditions of the integrrgltion. The in-phase and quadrature signals then have the
form

x1(¢) = Ac cos[Bp sin(27 fr,2)] xQ(t) = Ac sin[Bp sin(2x fit)] (PM)
and

x1(t) = Ac cos[Bf cos(2m ft) + 071 xQ(t) = Acsin[Bf cos(2r fint) +07] (FM)

7.1.1 Angle Modulators

Two methods are typically used to produce analog angle modulation in modern
communication systems; the voltage controlled oscillator (VCO) and the direct
digital synthesizer. The VCO is a device which directly generates an FM signal
and the block diagram is given in Figure 7.4. The VCO varies the frequency of
the oscillator in direct proportion to the input signal and it is very useful in a
variety of applications besides FM modulation as well. Note, the VCO was first
introduced as a component in a Costas loop in Chapter 6.

Direct digital synthesis (DDS) is a powerful technique used in the generation
of radio frequency signals for use in a variety of applications in analog and digi-
tal communications. The technique has become widespread with the advances
being made in integrated circuit technology that allow high performance digital
synthesis to be made cheaply. The DDS is detailed in Figure 7.5. The input
to a DDS is an analog signal (for angle modulation m(¢)). This analog signal
can be processed in a variety of ways but for angle modulation this processing
corresponds to a multiplication (for PM) or an integration (for FM). The output
of this processing is then input into two parallel trigonometric functions (cosine
and sine). The structure is most often implemented with digital processing and
these trigonometric functions are implemented in a digital lookup table. Often
the DDS function is integrated with an upconverter so that a bandpass signal
is produced at the output of the DDS.

The output power of an angle modulated signal is of interest. To this end
using Eq. (4.24), the power in an angle modulated signal is given as

P, =A? (7.4)

For an angle modulated waveform the output power is only a function of the
power associated with the carrier (A?) and not a function of the message signal
at all.

. VCO '
m(t) mn out ——+/2 cos[anL,t +ky '[ m(k)dl]

—oo

Figure 7.4 A voltage controlled oscillator.
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Cosine Generator ~ ———— X,(t)
Multiplier
m(t) — or —
Integrator
Sine Generator —X,(?)

Figure 7.5 A direct digital synthesizer.

7.2 Spectral Characteristics

Unfortunately, a general expression cannot be found for a Fourier transform of
the form

X(f) = Flexplju@®)l}

so no general results can be given for angle modulated spectrums.

EXAMPLE 7.3

The computer-generated voice signal given in Chapter 2 (W = 2.5 kHz) is used with
phase modulation (£, = 1). The power spectrum of the complex envelope of the PM signal
is shown in Figure 7.6. Note, there is no apparent relationship between the baseband
message spectrum (see Figure 2.8) and the modulated spectrum. The nonlinear nature
of angle modulation produces a situation where the prerequisite signals and systems
material fails to characterize the resulting modulation bandwidth. It is interesting to
note that the apparent tone at DC is due to the periods of silence in the message signal
(m(t) =0).

7.2.1 A Sinusoidal Message Signal

As a first step in understanding the spectrum of angle modulated signals, con-
sider the simple case of

x,(t) = A. explj B sin(27m [ t)] (7.5)

It should be noted here that by looking at the signal in Eq. (7.5) that insight
can be achieved about the spectrum of both phase and frequency modulation.
It should be noted that an achieved g is a function of both the message signal
characteristics and the modulator characteristics (£, in the case of PM and
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Figure 7.6 The power spectral density of the complex envelope of a phase modu-
lated carrier. The message signal is the computer-generated voice signal from
Chapter 2 (W = 2.5 kHz). k, = 1.

k¢ in the case of FM). The complex envelope in Eq. (7.5) can correspond to a
phase modulated signal where

m(t) = kﬁ Sin(27 ft) = Apm sin(2r fint) (7.6)
p

or a frequency modulated signal where

m(t) = ﬂ& cos(27 ft) = Afp cos(27 frt) (7.7)

fe

Or stated another way, for PM if the message signal has the form m(¢) =
Ay, sin(27 fut) then the resulting angle modulated complex envelop will be as
in Eq. (7.5) with 8 = A,,k,. Likewise, for FM if the message signal has the form
m(t) = A, cos(27 f,,t) then the resulting angle modulated complex envelop will
be as in Eq. (7.5) with 8 = %. It is important in this setup to note that for
PM signals 8 is proportional to the message amplitude and the phase deviation
constant. In FM 8 is directly proportional to the message amplitude and the ra-
dian frequency deviation constant while inversely proportional to the message
frequency (see Example 7.2).

The signal x,(¢) is a periodic signal with period T' = 1/f,,, i.e., it is obvi-
ous that x,(¢) = x,(¢ + 1/f). Since the signal is periodic, the obvious tool for
computing the spectral representation is the Fourier series.
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Figure 7.7 The measured power spectrum of an angle modulation with a sinusoidal message signal. f,,, = 300 Hz.

EXAMPLE 7.4

Consider an angle modulation with a sinusoidal message signal with f,,, = 300 Hz,
A. =1,and B8 = 1, and B = 3. The measured power spectrum of the angle modulated
complex envelope is shown in Figure 7.7. The impulsiveness of the spectrum indicates
the signal is periodic and the fundamental frequency is f7,, = 300 Hz. It can be deduced
from Figure 7.7 that a larger value of 8 produces a larger transmission bandwidth.

The Fourier series is given as
o0
x(t) = Y znexplj2n frnt] (7.8)

where

A first spectral characteristic obvious on examining Eq. (7.8) is that angle
modulation can potentially produce a bandwidth expansion compared to AM
modulation. Note that a DSB-AM signal with a message signal of

m(t) = sin(27 fiut)

will produce a bandpass bandwidth of 2 f,,. If z, # 0 for any |n| > 2 then an
angle modulated signal will have a bandwidth greater than that of DSB-AM
and Eg < 50%. The actual coefficients of Fourier series can be obtained by
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noting that
by
Zn="fm / A expl—j Q2 fnt — Bsin(2r ft))]dt (7.9)
%
The change of variables 6 = 27 f,,t simplifies Eq. (7.9) to give
_A . N
Zn exp[—j(On — Bsin0)]dO = A.J,(B)

T 2n

where J,(e) is the Bessel function of the first kind order n. More details about
the Bessel function are provided in the sequel as these characteristics give
insights into the spectral characteristics of angle modulation. Consequently,
we now have

%) = Y AcJu(B)explj2r frnt] (7.10)

n=-—0oo

and a frequency domain representation of

(o]

XAf)= > AduBS(f —nfm) (7.11)

n=—oo

A convenient form for the spectrum of the angle modulation for a sinusoidal
message signal is now available once we characterize the Bessel function.

The Bessel Function

The Bessel function of the first kind is a transcendental function much like sine
or cosine and has the following definition [Ae72]

Jp(x) = 1 /exp[—j(n9 —xsin6)]do
2w

-7

This Bessel function can completely characterize the spectrum of an angle
modulated signal with a sinusoidal message signal. Plots of the Bessel function
of the first kind for various orders are seen in Figure 7.8. The Bessel function
has the following important characteristics

1. J,(x) is real valued

2. Jplx) =J_,(x) neven
3. Julx) =—-J_,(x) nodd

43 J2x)=1

n=—oo
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Figure 7.8 The Bessel function of the first kind.
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5. lim |J,(x)|=0

6. When 8 « 1
(a) Jo(B)~ 1
(b) J1(B) ~ g
e J(B)=0 V |n>1

The first three characteristics of the Bessel function indicate that the power
of the angle modulated signal is distributed evenly around zero. Characteristic
4 of the Bessel function is simply a consequence of Parseval’s theorem, i.e.,

1 r 2 = 2 2 = 2 2
sz:?/o b()Pdt = Y |zl? = A2 > |Ju(BI? = A2

n=—00 n=—o00

The fifth characteristic simply indicates that the angle modulated signal has a
finite practical bandwidth (the Fourier coefficients converge to zero). Charac-
teristic 6 of the Bessel function will be important for understanding the case of
narrowband angle modulation.

EXAMPLE 7.5

The previous example considered a sinusoidal message signal. Comparing the measured
power spectrum in Figure 7.7 to the results one could obtain from Figure 7.8 shows a
perfect match between theory and measurement.
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Engineering Bandwidth

The bandwidth of angle modulation for a sinusoidal message signal is controlled
by B. All terms of the Fourier series expansion of the complex envelope are such
that, z, = J,(B) # 0, so to transmit this angle modulated waveform without
distortion requires an infinite bandwidth. As noted above

n—o00o
so a bandwidth can be selected such that the distortion that occurs due to
not including higher frequencies is appropriately small. A traditional design
practice used by communications engineers sets the filtering at the transmitter
such that the transmission bandwidth is the 98% power bandwidth. Since the
Bessel function has the characteristics

Y JAw=1  lim[J,x)]| =0 (7.12)

it is clear that the power in an angle modulation is finite and the spectral distri-
bution of power of the angle modulated signal dies off eventually with increasing
frequency. For angle modulation of a sinusoidal message signal selecting the
98% bandwidth implies selecting how many harmonics of the message signal
are transmitted. Consequently, the 98% bandwidth of a angle modulated sinu-
soid is Bgg = 2K f,,, where the value of K satisfies

K K-1
S JAB 098> > JXB) (7.13)

n=—K n=—K+1

While this value can be evaluated for each g, a good approximation for 8 > 1
is given as K = B + 1. The 98% transmission bandwidth is accurately approxi-
mated as

Br =28+ 1) fn (7.14)

and consequently the bandwidth efficiency of angle modulation is approximated
by

w 1

E = m (7.15)

Ep =
Figure 7.9 shows a comparison between the actual 98% transmission band-
width and the simple approximation given in Eq. (7.14). Consequently, setting
B for a particular message frequency, [, sets the transmission bandwidth.
Commercial FM broadcast can be thought of as having 0.8 < 8 < 5, but we will
discuss this in more detail later.
Early engineers noted that the peak frequency deviation of an angle modu-
lated carrier largely determines the bandwidth occupied by the signal [CF37].
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Figure 7.9 A comparison of the actual transmission bandwidth Eq. (7.13) and the
rule of thumb approximation Eq. (7.14) for angle modulation with a sinusoidal mes-
sage signal.

(98% Bandwidth)/f,,

Definition 7.4 The peak frequency deviation is
fp = max|fq(t)] Hz

For the sinusoidal message signal the frequency deviation is given as

1 dxp(®)
2 dt

and the peak frequency deviation is given as

fp =max|fq(t)| = Bfm

Consequently, the transmission bandwidth is approximated as

BT Zz(fp+fm)

fat) = = Bfm cos(2m frt)

713

(7.16)

(7.17)

(7.18)

(7.19)

This approximation is valid for other signals besides sinusoidal message signals.

In conclusion, the bandwidth of an angle modulated sinusoidal message sig-
nal is completely a function of 8. Returning to Example 7.2 shows the value of
B for PM is directly proportional to the message amplitude, A,,, and the phase
deviation constant, k,. For FM the value of g is directly proportional to the
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b x.(f)
A Jo(B)
J(B)= g
—I”m T .
f;n
T1(B)= _g

Figure 7.10 The resulting spectrum of a narrowband angle
modulation with a sinusoidal message signal.

message amplitude, A,,, and the radian frequency deviation constant, &, but
inversely proportional to the message frequency, f;,.

Narrowband Angle Modulation

Interesting insights can be obtained by examining 8 « 1 which is known as
narrowband (NB) angle modulation. Using the characteristics of the Bessel
function for small arguments, only DC and f,, spectral lines are significant,
i.e., zo ~ A, and z1; = +£A.8/2. The resulting spectrum is given in Figure 7.10
and we have

x,(t) =~ Ac(1 + B/2explj2n ft] — B/2expl—j2r fmt])

= A1+ jBsin[27 ft]) (7.20)
Note this implies that
x7(t) = A, xq(t) = A B sinl2n frt] (7.21)

Itis interesting to note that by examining Eq. (7.21) one can see that NB angle
modulation is quite similar to LC-AM. Both have a large carrier component but
the message signal is modulated on the in-phase component of the complex
envelope in LC-AM while the message signal is modulated on the quadrature
component in NB angle modulation. Also it should be noted that no bandwidth
expansion of an angle modulated signal compared to an AM signal occurs in
this case as the bandpass bandwidth in both cases is 2 f,,. This implies that the
bandwidth efficiency of narrowband angle modulation is also Eg = 50%.

7.2.2 General Results

We cannot obtain similar analytical results for a general message signal but
we can use the results in Section 7.2.1, which was for the sinusoidal message
signal, to provide general guidelines for angle modulation characteristics.
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Engineering Bandwidth

Again we can use the approximation using f, found for sinusoidal message
signals to get some insight into the occupied bandwidth for general signals.
For FM f, = frmax|m(¢)| and for PM f, = (kp/2rr)max|itm(t)|. Recall the
sinusoidal message signal case detailed in Section 7.2.1 and we have

fo=7FrArm FM fo=kpApnfm PM (7.22)
Hence noting W = f,,, we can see that Eq. (7.14) reduces to
Bp =2(f, + W) (7.23)

Generalizing Eq. (7.14) can be accomplished by identifying the peak fre-
quency deviation.

Definition 7.5 The bandwidth expansion factor of an angle modulated signal is the ratio
of the peak frequency deviation to the message bandwidth, i.e.,

_

D
w

(7.24)
For the angle modulations, considered in this chapter, the bandwidth expansion
factor is given as

frmax |m(t)|

W FM

D= (7.25)
kp max‘%m(t)’

PM
2n W

D is roughly the equivalent factor for an arbitrary message signal that g is for
a sinusoidal message signal?. Consequently, an engineering approximation to
the 98% power bandwidth of an angle modulated signal is

By =2(D+1DW (7.26)

and the bandwidth efficiency is

1

Ep = 2D +1)

(7.27)
This is known as Carson’s rule and is a common rule of thumb used for the
engineering bandwidth of angle modulated signals. Early work by Carson and
Fry [CF37] showed theoretically how the bandwidth varies with f, and W, and
since Carson was an early pioneer of communication theory his name became
associated with this powerful rule of thumb.

2In fact, if m(¢) is a sinusoidal signal it is easy to show D = 8.
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Another way to interpret Carson’s rule is to note that
Br =2(f, + W) (7.28)

f» corresponds to the largest frequency deviation of the complex envelope, x,(2),
and so the total bandwidth required on one side of the carrier is f, plus the
bandwidth necessary to support the message signal (W). Obviously Carson’s
rule assumes m(¢) behaves similiarly for positive values as it does for negative
values.

EXAMPLE 7.6
Commercial FM broadcast was originally configured with the following characteristics

1. Channel separation = 200 kHz,
2. Peak frequency deviation = f), = fg[max|m(¢)|] < 75 kHz (set by the FCC),
3. Message bandwidth = W = 15 kHz (mono broadcast).

Consequently we have

- 75 kHz
— 15kHz ~

and
Br =2(D +1)15kHz = 180 kHz < 200 kHz

Modern FM broadcast has two audio channels (stereo) and sometimes even a auxiliary
channel so W > 15 kHz. The later discussion of multiplexing analog signals will provide
more details.

EXAMPLE 7.7

The computer-generated voice signal given in Chapter 2 (W = 2.5 kHz) is used with
phase modulation (%, = 3.0). The peak frequency deviation constant is measured to be
about 2608 Hz in this case. Carson’s bandwidth rule of thumb predicts a By = 10000 Hz
(5000 Hz one-sided) would be required. The measured cumulative power as a function
of frequency is plotted in Figure 7.11 for the whole time record in the left plot and
for a smaller time record which includes the largest values of the message signal and
the frequency deviation in the right plot. The measured 98% bandwidth of the whole
time record (approximately 3.5 kHz) is much less than that predicted by Carson’s rule.
This characteristic is due to the message signal having fairly long passages of silence
(m(t) ~ 0) which tend to concentrate power at low frequencies. On the other hand the
measured spectrum of the part of the time record where the signal and the frequency
deviation take their largest values, the spectral distribution of power is quite accurately
modeled by Carson’s rule. Filtering the transmitted signal to a bandwidth less than
Carson’s bandwidth will distort the bandpass signal when the message signal is large
and results in degraded performance. The bandpass PM signal (f. = 5500 Hz) filtered
to Carson’s bandwidth has a measured power spectrum shown in Figure 7.12.
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Figure 7.11 The normalized cumulative power of the phase modulated computer
generated voice saying “Bingo”. k, = 3.0.
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Figure 7.12 The bandpass spectrum for the phase modulated computer-
generated voice saying “Bingo” filtered at Carson’s bandwidth. £, = 0.8, f. =
5500 Hz.
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Narrowband Angle Modulation
Recall that PM has the complex envelope

x,(t) = Acexpljk,m(t)]

and FM has the complex envelope
t
x,(t) = Ac exp [j / kg m(A)dk]

Narrowband angle modulation results when either 2, (PM) or k¢ (FM) is small
such that the total phase deviation caused by the modulation is small. Con-
sequently, we can use the Taylor series expansion and examine the first order
approximation, i.e.,

t
() ~ AL+ jk,m(t)) (PM) xz<t)~Ac(1+jkf / mu)dx) (FM)

—00

This leads to a bandpass signal of the form

%) ~ AN2cos(2n fot) — Ackpym(t)v2sin(2rf.t) (PM)

t
x(t) = AN2cos(2n fot) — Acky / m(\)dav2sin(2r fot) (FM) (7.29)

The bandpass implementation is seen in Figure 7.13 and is very similar to
the LC-AM modulator presented in Figure 6.14. This modulator was often used
in the early days of broadcast as one stage in a wideband angle modulator. This
idea will be explored in the homework.

«/Ecos(ZchCt)

Figure 7.13 A bandpass implementation of a narrowband angle modu-
lator.
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Figure 7.14 The signals in a direct phase detector.

7.3 Demodulation of Angle Modulations

Since angle modulation only affects the angle of the complex envelope, the de-
modulation algorithms also focus on the phase of the received complex envelope.
Recall the received complex envelope has the form

¥:(¢) = x,(t) explj ¢,] + noise

Consequently, the received complex envelope of the angle modulated signal is

given as
v:(¢) = A, explj (kp,m(¢) + ¢,)] + Noise (PM)
t
&) = Acexp | j [ ks / mO)dr+o, | | +Noise (FM)  (7.30)
—0
EXAMPLE 7.8
Consider phase modulation of a unit amplitude sinusoidal message signal with 2, = 2
and ¢, = —112.6° = —1.97 radians. The complex envelope of transmitted signal, x,(¢),

plotted in Figure 7.14(a), demonstrates a phase deviation of 2 radians as expected.
It should be noted that the slight amplitude variation of the transmitted complex enve-
lope is due to a filtering at Carson’s bandwidth. The complex envelope output from the
channel has a phase rotation as predicted by Eq. (7.30). The plot of the received complex
envelope shown in Figure 7.14(b) clearly demonstrates this phase shift.
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The obvious detection approach for PM is to compute the angle of this complex
envelope,

y,(t) = tan"Nyq(®), yr(¢)) (7.31)

and implement a DC block to eliminate the phase shift induced by the propa-
gation delay in the channel. The demodulator is the form

m(t) = g(y1(t), yo(8)) = hu(t) x y,(¢) = k,m(t) + Noise (7.32)

where hg(¢) represents the DC block. To recover the message signal in the
FM case this direct phase detector could be implemented and followed by a
differentiator so that the demodulator would have the form

t
d d
m(t) = g.(y1(t), yo(t)) = ayp(t) = ky /m(k)d)» + Noise
= krm(¢) + Noise (7.33)

Figure 7.15 shows the block diagram for such a detector. This detector is known
as a direct phase detector. Note that the DC block is unnecessary in the case
of FM because the constant phase shift will be eliminated by the derivative.
This demodulation technique does not have to know or estimate ¢, hence it is
a noncoherent demodulator. The resulting fidelity of demodulation of angle
modulations will be detailed after noise is introduced in Chapter 11.

One practical characteristic of a direct phase detector that must be accom-
modated is that phase is typically measured in the range [, 7]. A phase shift
or a large phase deviation will cause the measured phase to wrap around the
range [—m, 7]. Recovery of the message signal requires that measured phase
be unwrapped. The unwrapping ensures that the output phase from the di-
rect phase detector is a smooth function of time. The unwrapping function is
implemented in Matlab in the function unwrap.

yi(0)
1/Q to
ye®) | d
y.(t) @ Phase E ar FM Out
Converter
DC
Block PM Out

Figure 7.15 The direct phase detector for analog angle modu-
lation.
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Figure 7.16 An example of phase unwrapping with a sinusoidal message signal.

EXAMPLE 7.9
Consider phase modulation of a unit amplitude sinusoidal message signal with %z, = 2
and ¢, = —112.6° = —1.97 radians. The plot of yp(¢) is shown in Figure 7.16(a).

It is clear that the direct detected phase has the form of a sinusoid offset roughly
—2 radians. The deviation from this sinusoidal characteristic occurs when the value
of the direct detected phase goes below —r, in this case the direct phase detector will re-
turn a positive phase angle. These abrupt changes in the detected phase can be reliably
identified since the message signal is bandlimited. The unwrapped phase is plotted in
Figure 7.16(b). In this case the unwrapping function has moved all the negative values
of the phase to positive values of phase by adding 27.

EXAMPLE 7.10

Consider the PM signal generated in Example 7.7 with a measured transmitted power
spectrum given in Figure 7.12. In a channel with a propagation delay 7, = 45.3us a
phase shift of ¢, = —89.8° is produced in transmission. The vector diagram of the re-
ceived complex envelope is shown in Figure 7.17. The received signal does not have
a constant amplitude due to the filtering to Carson’s bandwidth at the transmitter.
The phase shift due to the propagation delay in transmission is clearly evident in
Figure 7.17(a). It is clear that the phase shift incurred in transmission will require
phase unwrapping in a direct phase demodulator as the received signal phase crosses
the [—x, 7] boundary frequently. The direct detected phase is given in Figure 7.17(b)
and the unwrapped phase is given in Figure 7.18(a). The unwrapped phase has a DC
offset due to the propagation delay in the channel. The output of the DC block is also
given in Figure 7.18(b). The demodulated output signal has little distortion compared to
the original computer-generated message signal introduced in Chapter 2. Note, in this
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(a) Received vector diagram

Figure 7.17 The signals in a direct phase detector.

yp()

01 02 03 04 05 06 07 08
Time, t, sec
(b) Directly deected phase

example there is a little glitch at the beginning of the transmission due to the transient

response of the DC block.

A second detector called a discriminator has frequently been used in prac-
tice because it can be implemented without an active device. The basis for the
operation of the discriminator is found in the relation

4,
dt

Unwrapped Phase
s

0

01 02 03 04 05 06 07 08
Time, t, sec
(a) The unwrapped phase

Figure 7.18 The signals in a direct phase detector.

atty _ &) o)

15

dt

10t

Demodulator Output
o

—10¢

-15

0

0.1 02 03 04 05 06 07 08
Time, t, sec
(b) The signal after a DC block
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or equivalently

d d a(t)
I cos(a(t)) = I

cos(a(t) +m/2)

For angle modulated signals this implies that the derivative of the complex
envelope will have the form

dy,(t) . dm) .
2,5 = jkp—g—Acexplj (kym(t) + ;)] (PMD

t
d Z“) = jkrm(t)A; exp [j (kf / mmdﬁ%)

Note that taking the derivative of an angle modulated signal produces an am-
plitude modulation which is a direct function of the message signal. If we can
simply demodulate the AM then we have a simple angle demodulator. Recall
the simplest AM demodulator is the envelope detector but this only works for
LC-AM. Fortunately, similar processing can be implemented to produce a large
carrier signal amplitude modulated signal. Recall that the form of the bandpass
signal is

(FM) (7.34)

Ye(t) = A2 cos(2 fot + kpym(t) +¢,)  (PM)

t
¥e(t) = A2 cos (anct +ky / m(A)dxr + ti)p) (FM) (7.35)

so taking a derivative at bandpass actually gives a LC-AM signal, i.e.,

d th(t) — A, (kp dfz(t) + anc) V2cos(2n fot +kpm(t) + ¢p +7/2) (PM)
t
d 2‘;(” = Ac(krm(t) + 27ch)\/§COS(27TfCt +kf /m()‘)d)‘ +op + ”/2) (FM)

(7.36)

Note that f, is usually very large in comparison with the frequency devi-
ation of the angle modulation so that the resultant signal is an LC-AM and
the modulation can be recovered by envelope detection. Figure 7.19 shows the
block diagram of the discriminator for angle modulations. Implementation of
the discriminator can be accomplished without active devices (see Figure 5.39
in [PS94]) so it was popular in the early days of FM broadcast. The discrimi-
nator also does not need to know or estimate ¢, so it is also a noncoherent
demodulation scheme.
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Bandpass to
(1) | d . | | DC
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I
LC-AM Demodulator I(')dk —— PM out

Figure 7.19 Model of a discriminator detector for angle modulation.

7.4 Comparison of Analog Modulation Techniques

A summary of the important characteristics of analog modulations is given
in Table 7.1. At the beginning of Chapter 5 the performance metrics for ana-
log communication systems were given as: complexity, fidelity, and spectral
efficiency. At this point in our development we are able to understand the
trade-offs involved in two of the three metrics (spectral efficiency and comple-
xity). Characterizing fidelity of reconstruction can only be addressed after the
tools to analyze the effects of noise and interference in electronic systems are
introduced.

When examining the complexity of the implementation, angle modulations
offer the best characteristics. Transmitters for all of the analog modulations are
reasonably simple to implement. The most complicated transmitters are needed
for VSB-AM and SSB-AM. The complexity is needed in VSB-AM and SSB-AM
to achieve the improved bandwidth efficiency. The angle modulations have a
transmitted signal with a constant envelope. This makes designing the output
amplifiers much simpler since the linearity of the amplifier is not a significant
issue. Receivers for LC-AM and angle modulation can be implemented in simple
noncoherent structures. Receivers for DSB-AM and VSB-AM require the use
of a more complicated coherent structure. SSB-AM additionally will require a
transmitted reference for automatic coherent demodulation and operation.

When examining the spectral efficiency, SSB-AM offers the best character-
istics. SSB-AM is the only system that achieves 100% bandwidth efficiency.
DSB-AM and LC-AM achieve a bandwidth efficiency of 50%. VSB-AM offers
performance somewhere between SSB-AM and DSB-AM. Angle modulations
are the least bandwidth efficient. At best they achieve Eg = 50%, and often
much less.

TABLE 7.1 Summary of the important characteristics of analog modulations

Modulation Ep Er Transmitter Complexity Receiver Complexity
DSB-AM 50% ? moderate moderate
LC-AM 50% ? moderate small

VSB-AM > 50% ? large large

SSB-AM 100% ? large large

PM < 50% ? small moderate

FM < 50% ? small moderate
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This concluding discussion on the characteristics of analog modulations
demonstrates the trade-offs typically encountered in engineering practice.
Rarely does one option lead in all of the possible performance metric categories.
The trade-offs between analog modulations will become even more complicated
when the fidelity of message reconstruction is included.

7.5 Homework Problems
Problem 7.1. A message signal is given as

—-1+2t 0<t<l1
mi) = { 2—t¢ 1<t<?2 (7.37)
0 elsewhere

Assume A, = 1.

(a) If m(¢) is phase modulated with &, = 7 radians/volt, plot xp(¢), x7(¢), and
xg(t).

(b) If m(¢) is frequency modulated with 2, = 7 radians/second/volt, plot xp(¢),
x7(2), and x¢(2).

(c) If m(t) is frequency modulated with 2 = 10r radians/second/volt, plot
xp(t), x1(t), and xq(¢).

Problem 7.2. As a first task at Swensson, your boss asks you to design a PM
modulator (obvious busy work) for a 1 kHz, 2 V peak amplitude test tone.

(a) She wants a 5 W output power across a 1-Q resistor with a 98% power
bandwidth of 20 kHz. Provide the values of A. and %, to achieve this speci-
fication.

(b) If you chose m(t) = 2sin(27 f,,t), then the Fourier series coefficients are a
direct lift from lecture. What if m(¢) = 2 cos(27 f,,t)?

Problem 7.3. A true angle modulated signal has an infinite bandwidth but the
Federal Communications Commission (FCC) makes each station strictly limit
their output frequency content as shown in Figure 7.20. For the case of si-
nusoidal angle modulation as discussed in class with 8 = 3 plot the output
waveforms, X.(¢), when the angle modulation is ideally bandlimited before

Angle | ™ ®) Q x:(t) (1)
Modulator Upconverter BPF
[
fe

Figure 7.20 Bandlimiting the output of an angle modulator for
Problem 7.3.
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Figure 7.21 The measured bandpass amplitude spectrum for Problem 7.4.

transmission. Consider plots where the bandlimiting is done at 30%, 75%, 100%,
and 150% of Carson’s bandwidth. For uniformity in the answers assume that
fm = 1kHz and f. = 20 kHz. The plots should have time points no more than
5 us apart.

Problem 7.4. You work for North Dakota Instruments and they are pathetically
behind the competition in building portable PM radio transmitters. Your boss
has obtained a transmitter from the competition and has asked you to reverse
engineer the product. In the first test you perform, you input a signal into the
phase modulator of the form

m(t) = sin(27 frut)

The resulting normalized amplitude spectrum is measured (where A, = v/2)
and plotted in Figure 7.21.

(a) What is f,,?

(b) What is the phase deviation constant, k,? Hint: It is a whole number for
simplicity.

(¢) Draw a block diagram for a demodulator for this signal.

Problem 7.5. In Problem 7.3 you were asked to compute the output waveforms
when a sinusoidally modulated FM or PM signal is bandlimited at various
fractions of Carson’s bandwidth. We return to this problem and look at the
distortion in demodulation of this signal for the various bandwidths.

(a) Find the functions y;(¢) and yg(¢) assuming that ¢, = 7 /4.

(b) Compute the output from a direct phase detector. Will unwrapping the
phase be necessary to reconstruct the signal?

(¢c) Show that the signal can be written in the form mi(¢) = Am(¢) + n(¢) and
identify A and n(¢). n(¢) here represents the distortion due to nonideal pro-
cessing at the transmitter and the receiver. This distortion is much different
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than the noise that will be introduced in Chapters 9 and 10 but produces
similar effects.

(d) With
AP,

Find Br such that the SNR > 30 dB Hint: n(t) is periodic with the same
period as the message signal so P, can be computed in a simple way.

SNR =

Problem 7.6. A test tone of frequency f,,, = 1000 Hz with an amplitude A,, = 2
volts is to be transmitted using both frequency modulation (FM) and phase
modulation (PM).

(a) Give values of k£, and k¢ to achieve a 8 = 2. Using Carson’s rule what is
the resulting transmission bandwidth.

(b) Keeping A,,, k,, and ks the same as in part (a) and setting f,, = 200 Hz
compute the resulting transmission bandwidth for both modulations.

(c) Keeping Ay, kp, and ks the same as in part (a) and setting f,, = 5000 Hz
compute the resulting transmission bandwidth for both modulations.

(d) What characteristic does FM have that would be an advantage in a practical
system?

Problem 7.7. A message signal, m(¢), with bandwidth W = 10 kHz, max |m(¢)| =
A,,, and average power P,, is frequency modulated (FM) (the frequency devia-
tion constant is £ radians/second/volt) onto a carrier (f.) with amplitude A..

(a) Give the form of the transmitted signal (either in bandpass form or complex
baseband form).

(b) Choose the signal parameters such that the transmitted power is P, =
25 W in a 1-Q system.

(¢) Define the deviation ratio, D, for an FM signal and choose the signal para-
meters such that D = 4.

(d) With D = 4 give a transmission bandwidth which will contain approxi-
mately 98% of the signal power.

Problem 7.8. As a new engineer at Badcomm, you are given the task to reverse
engineer a phase modulator made by your competitor.

(a) Given your lab bench contains a signal generator and a spectrum analyzer,
describe a test procedure that would completely characterize the phase
modulator.

(b) Given your lab bench contains a signal generator, a bandpass filter with
center frequency f. and bandwidth 2000 Hz, a power meter, and an I/@
downconverter describe a test procedure that would completely characterize
the phase modulator.
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Problem 7.9. This problem is concerned with frequency modulation (FM) by the
message signal given in Problem 5.1. Assume a carrier frequency of f. =
1000 Hz, a radian frequency deviation constant of 2 and a carrier amplitude

of A,.
(a) Give the baseband, x.(¢), and bandpass, x.(¢), time waveforms.
(b) Using the results of Problem 5.1 what is the peak frequency deviation?

(c) State Carson’s rule for an arbitrary message signal that is angle modulated.
Select a value of ¢ that will achieve a Carson’s rule bandwidth of 600 Hz
for FM with a message signal given in Problem 5.1.

(d) For the value of £ selected in (c) plot the bandpass time waveform, x.(¢)
and the vector diagram of x,(¢).

(e) Use Matlab to compute a measured power spectrum. How do the results
compare to that predicted by the Carson’s rule approximation?

(f) Give the value of A, that will produce a 50-W output power in a 1-Q system.

Problem 7.10. Repeat Problem 7.9 with the message signal of Problem 5.5 except
with a Carson’s rule bandwidth of 20 Hz and a carrier frequency of f, = 40 Hz.

Problem7.11. This problem is concerned with phase modulation (PM) by the mes-
sage signal given in Problem 5.1. Assume a carrier frequency of f. = 1000 Hz,
a phase deviation constant of 2, and a carrier amplitude of A..

(a) Give the baseband, x.(¢), and bandpass, x.(¢), bandpass time waveforms.
(b) Using the results of Problem 5.1 what is the peak frequency deviation?

(c) State Carson’s rule for an arbitrarily message signal that is angle modu-
lated. Select a value of £, that will achieve a Carson’s rule bandwidth of
600 Hz for PM with a message signal given in Problem 4.1.

(d) For the value of %, selected in (c) plot the bandpass time waveform, x.(¢)
and the vector diagram of x,(¢).

(e) Use Matlab to compute a measured power spectrum. How do the results
compare to that predicted by the Carson’s rule approximation?

(f) Give the value of A, that will produce a 50-W output power in a 1-Q2 system.

Problem7.12. Repeat Problem 7.11 with the message signal of Problem 5.5 except
with a Carson’s rule bandwidth of 20 Hz and a carrier frequency of f, = 40 Hz.

Problem 7.13. Angle modulation with a sinusoidal message signal has the form
x,(t) = A. expljB sin(2x [ t)]

The vector diagram of the received signal y,(¢) is plotted in Figure 7.22 for
0<t=<(fm
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Figure 7.22 A vector diagram for a sinusoidal angle modulation for Problem 7.13.

(a) What are the approximate values of A., 8, and ¢,,?

(b) Give the approximate values of time (or times) associated with each labeled
point (A, B, & C).

Problem 7.14. For m(¢) = sin(2nf,,t) the received complex envelope is
y.(t) = 5explj(0.1cos(2n fint — ) + 7/5)]

Identify as many parameters of the modulation and channel as possible.

Problem 7.15. The waveform shown in Figure 7.23 is phase modulated on a car-
rier with &, = 7/3.

(a) Plot the output bandpass waveform for f. = 10f,,. For uniformity in the
answers assume that f,, = 1 kHz and f, = 10 kHz. The plots should have
time points no more than 5 us apart.
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m(t)

I
1/fm

Figure 7.23 Message waveform for Problem 7.15.

(b) This same bandpass waveform can be generated with frequency modula-
tion (FM). Specify the message signal and the f; that achieves the same
waveform as plotted in part (a).

Problem 7.16. (UM) In this problem, you will consider the effects of the mes-
sage amplitude on angle modulation. Consider a message signal, m(¢) = 2 cos
(20007c¢). Let the deviation constants be k2, = 1.5 radians/volt and f;, =
3000 Hz/V.

(a) Determine the modulation indices: 8, for PM and g, for FM.
(b) Determine the engineering transmission bandwidths.

(c) Plot the spectrum of the complex envelopes, considering only those compo-
nents that will lie within the transmission bandwidth determined above.
Hint: You’ll need to think about what the modulated signal will look like.

(d) If the amplitude of m(¢) is decreased by a factor of two, how will your pre-
vious answers change?

You can use Matlab to compute the Bessel function evaluated for relevant orders
and relevant arguments (besselj (n, x)).

Problem 7.17. Consider the following complex envelope signal for angle modu-
lation with a sinusoidal message x.(¢) = expljB cos(27 f,,t)] and compute the
Fourier series. Recall that sin (9 + %) = cos(6). How does the power spectrum
of this complex envelope compare to the signal considered in Eq. (7.5)?

Problem 7.18. You are making a radio transmitter with a carrier frequency f.
that uses an angle modulation. The message signal is a sinusoid with 4,, = 1
and the complex envelope of the signal output from your voltage controlled
oscillator is

x,(t) = 2 explj B sin(27500¢)] (7.38)

where 8 is a constant.
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(a) Choose B such that By = 6000 Hz (use Carson’s rule).

(b) The output spectrum for this transmitted signal will have a line (or impul-
sive) spectrum since the baseband signal is periodic. What is the value of
the output bandpass spectrum impulse at f = f, for the value of 8 given
in part (a).

(c) What is the message signal and the value of 2, if the signal is phase modu-
lated (PM)?

(d) What is the message signal and the value of & if the signal is frequency
modulated (FM)?

(e) For PM if f,, is reduced from 500 Hz to 100 Hz choose a value of k£, such
that the output bandwidth is still By = 6000 Hz according to Carson’s rule.

(f) For FM if f,, is reduced from 500 Hz to 100 Hz choose a value of k¢ such
that the output bandwidth is still By = 6000 Hz according to Carson’s rule.

Problem 7.19. Recall that narrowband phase modulation has a very similar form
to LC-AM, i.e.,

x%:(t) ~ AN2cos(2m fot) — Ackpym(t)V2sin(2n fot) (PM)

% (t) = A2 cos(2 fot) + Acam(t)V2 cos(2n fot)  (AM)

Because of this similarity one might be tempted to use an envelope detector as
a simple demodulator.

(a) Compute the envelope, ys(t), of the received signal.

(b) Consider a simple example with m(¢) = cos(27(100)¢) and 2, = 0.1. Plot the
vector diagram of the true PM signal and the approximate form in Eq. (7.20).

(c) Plot the envelope for the signal in Eq. (7.20).
(d) Could the envelope detector be used for demodulating narrowband PM?

Problem 7.20. For a sinusoidal angle modulated signal
x,(t) = A; explj B sin(27500¢)] (7.39)

and a propagation phase rotation of ¢,.

(a) For ¢, = 0, how large could 8 be and not require phase unwrapping?

(b) For ¢, = 5, how large could g be and not require phase unwrapping?

(c) For ¢, = —%’, how large could 8 be and not require phase unwrapping?
Problem 7.21. What condition must hold for the message signal, m(¢), and the

modulation constants, k2, and k¢, such that the signals in Eq. (7.36) are guar-
anteed to be of the form of a LC-AM signal.
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Problem 7.22. In a digital receiver samples of the complex envelope, y.(kT),
are often processed to demodulate a message signal. Here T is the sample
period and £ enumerates the sample number. Assume the received signal is
FM modulated, i.e.,

t
v.(¢) = A. exp (jkf / m(A)dxr + ¢p) (7.40)

(a) Show that if the sampling frequency is high enough that
q(k) = v, (kT )y ((k — DT,) ~ A2 exp(j Km(t)) (7.41)

z

(b) Postulate how small T's must be such that the result in (a) holds with a good
accuracy.

(c) Identify the value of K.

(d) Usingtheideain (a) as a basis for an FM demodulator, show a block diagram
of the whole FM demodulator.

Problem 7.23. You have been given the received complex envelope, y,(t) = y;(¢) +
J¥q(t), of a periodic message signal transmitted via phase modulation (PM) as
shown in Figure 7.24. The message signal has an average value of 0 so that it
will pass through a DC block unchanged and max |m(¢)| = 1.

(a) Give the form of the received complex envelope for PM, y.(¢) as a function
of the phase deviation constant &, A;, m(¢), and ¢,.

(b) Find ys(#) and use that to find A,.

¥, ()
1 —

)’Q(f)

-1

Figure 7.24 The received complex envelope of a PM signal.
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M(f)

~15 kHz ' 15 kHz

Figure 7.25 An example spectrum for audio broadcast.

(¢) Find received phase yp(¢) from the data in Figure 7.24. Hint: I made it easy
enough to do without calculators or Matlab.

(d) Pass yp(¢) through a PM demodulator and use the result to find a possible
message signal and a value of k£,,. Will phase unwrapping be necessary?

(e) Find the transmitted power, P,,.

Problem 7.24. High fidelity audio broadcast typically tries to maintain a 15 kHz
of bandwidth in transmitting to listener. An example audio spectrum is given
in Figure 7.25.

(a) In the days before stereo became a reality FM broadcasts frequency modu-
lated a message signal of the form seen in Figure 7.25 onto a carrier. The
FCC set f, < 75 kHz. Using Carson’s rule determine the D that would
achieve a 98% power bandwidth of 180 kHz.

(b) After these allocations were set in concrete by the FCC stereo audio became
a reality. After long discussions by the communication engineers of the day
it was decided that stereo FM was possible if the input message signal
to the FM modulator had the spectrum seen in Figure 7.26. Essentially
the signal resulting from the sum of the left and right channels, mg(¢) =
mr(t) + mg(t) is combined with an DSB-AM modulated signal (. = 38 kHz)
of the difference of the left and the right channels, mp(¢) = mp(¢) — mg(2).
This way of combining the left and right channel was considered a nice

M(f)
Pilot Tone Pilot Tone
—-38 kHz 38 kHz f
15 kHz 23 kHz

19 kHz

Figure 7.26 Stereo FM message signal.
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Figure 7.27 Vector diagram of angle modulation with a sinusoidal message
signal.

solution since a radio that did not have stereo capability would still decode
mg(¢) and not lose any capability. Again using Carson’s rule determine the
D that would achieve a 98% power bandwidth of 180 kHz.

Problem 7.25. Angle modulation with a sinusoidal message signal has the form
x,(t) = A. expljB sin(27w [, t)]

The vector diagram of the received signal y.(¢) is plotted in Figure 7.27 for

0<t=<(fw ™

(a) What are the approximate values of A., 8, and ¢,?

(b) Give the approximate values of time (or times) associated with each labeled
point (A, B, & C).

Problem 7.26. The message signal in Figure 5.11 is phase modulated witha ., =
/2 and an amplitude A, = 2.
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(a) What is the form for x,(¢).
(b) What is the transmitted power?
(c) Plot the instantaneous frequency deviation, fg(¢).

(d) Plot a vector diagram of x.(¢). Clearly label the points corresponding to
t=0,T7/4,T/2,3T/4,T.

(e) Is x.(¢) a periodic signal? If so what is the fundamental frequency?

(f) Using Carson’s rule estimate the 98% bandpass bandwidth of this phase
modulated signal.

(g) The spectrum of the bandpass signal will be impulsive (discrete frequen-
cies). What will be the value of the impulse at f = f..

Problem 7.27. If m(¢) is periodic with period T

(a) What is the largest possible period of a phase modulated signal with phase
deviation constant &,?

(b) Is it possible for the period of x,(¢) to be less than T'? If yes, give an example.

(c) State a condition on m(¢) such that Fourier series coefficient for DC,

T
zoz/ x,(t)dt (7.42)
0

is real valued.

Problem 7.28. If m(t) is periodic with period 7' and the integral of m(¢) is
t
mi(t) = / m()d (7.43)

(a) State a condition on m(¢) such that m;(¢) is periodic with the same period.

(b) Can m;(¢) be aperiodic but x,(¢) = exp[jm;(¢)] be periodic? Give an example
if the statement is true.

Problem 7.29. A periodic received signal, r,(¢), from an analog modulation is
given in Figure 7.28.

Figure 7.28 A received complex envelope.
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(a) Assume the transmitted signal is given as x,(¢), how have we modeled the
form for r,(¢) in terms of x,(¢) for this class?

(b) Given r,(¢) in Figure 7.28, is it possible for the transmitted signal to be a
PM signal? Why?
Problem 7.30. For m(¢) = cos(2007¢) a received complex envelope in the absence

of any noise is

y,(t) = 5explj(0.8sin(2007¢) + 7 /5)]

(a) With what modulation has the analog message been transmitted?

(b) Identify as many parameters of the modulation and the channel as
possible.

(¢) You have been tasked to build a lowpass filter for the signals y;(¢) and
yq(¢) such that you pass about 98% of the power of the signals. With what
bandwidth should the lowpass filters be designed?

Problem 7.31. The message signal detailed in Problem 5.5 is used in a phase
modulation. Assume the amplitude is A, and that &, = 3.

(a) Choose A, such that P, = 16.

(b) With the A, as specified in a) plot x7(¢) and xg(¢).

(¢) Find D.

(d) Use D and Carson’s rule to estimate By . What is Eg?

(e) Assume ¢, = n/4 and plot y;(¢), yo(¢), and y,(¢).

Problem 7.32. (JG) If the waveform in Figure 7.29 is input into an angle
modulator,

0 0.5 1 1.5 2 2.5 3 3.5 4 45 5

Figure 7.29 A message signal.
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(a) Derive an expression for the time domain bandpass waveform if PM is used
with k), =7 and A, = 1/+/2. Plot the PM signal for f, = 4.

(b) Derive an expression for the time domain bandpass waveform if FM is used
with 2y = 27 and A, = 1/+/2. Plot the FM signal for f, = 4.

Problem 7.33. An often used pulse in radar systems has a complex envelope of

{Acexp [j2ngot?] 0<t<T,

elsewhere

x,(t) = (7.44)

(a) Is this an angle modulated signal? Justify your answer.

(b) Plot the bandpass signal, x.(¢) for f. = 10 Hz and go = 100 Hz/s, A, = 1,
and T, = 1.

(c) Find the instantaneous frequency deviation, f;(¢), and the peak frequency
deviation, f,, for this signal.

(d) Plot G,.(f) and estimate Bgg when gy = 100 Hz/s and T, = 1.

(e) Show that Carson’s rule of thumb does not hold for this signal and identify
the characteristic of this radar signal that is different than a typical angle
modulated message signal that causes this well respected rule of thumb not
to hold.

7.6 Example Solutions

Problem 7.7.

(a) The complex baseband signal for FM is given as
x,(t) = A exp {jkf /t m(k)dk} (7.45)
The bandpass signal is given as
x.(t) = A.v/2 cos (zn fet +ky / t m(x)d)\) (7.46)

(b) Since P,, =25 = Af it is straightforward to see that A, =5
(¢) The definition of the deviation ratio is

frmax|m(@)]

D =
w

(7.47)

Rearranging gives

40, 000
fr
(d) Using Carson’s rule gives By = 2(D+1)W =2 x5 x 10,000 = 100,000 Hz.

(7.48)

max |m(t)| =
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Problem 7.18.
(a) Carson’s rule gives

Br =28+ 1 fn (7.49)
6000 = 2(8 + 1)500 (7.50)

Solving gives 8 = 5.
(b) Using the results in Eq. (6.7) gives

%)= Y Acdn(p) eI (7.51)
and consequently
XAf) =Y ATuBS(f —nfn) (7.52)

Note A, = 2 and 8 = 5 and recall the relationship between the baseband
and bandpass spectrum is

1 1
Xc ) = _Xz( - c) + _X: - - c) 7.53
(f 7 f=r 7 (=f - f (7.53)
 Acdn(B)  Acd(B)
= 8 — m— Jec ) m c
n;m 75 O —nf f)+nzz_m 75 O A nfut £
(7.54)
so consequently the value of the spectral impulse at f, is % = —0.3678
(c) Recall
kp -m(t) = 5sin(27 ft) (7.55)
and since A,, = 1 we have k£, = 5 and m(¢) = sin(10007¢).
(d) Recall
t
ky / m(A)dr = 5sin(2x fi,t) (7.56)
consequently
krm(t) = 5% Sin(27 fint) = 5(27 ) cos(27 frnt) (7.57)

and since A,, = 1 we have £ = 5(27f,,) = 5000 rad/s/V and m(¢) =
cos(10007¢).
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(e) Carson’s rule gives

Br =2(B+1Dfn (7.58)
6000 = 2(8 + 1)100 (7.59)

Solving gives 8 =k, = 29.

() Carson’s rule again gives § = 29 and k2 = B(2nf,,) = 58007 rad/s/V.
Parts (e) and (f) show one of the interesting differences between FM and
PM. A characteristic of FM is that once the frequncy deviation is chosen
the transmission bandwidth remains relatively constant regardless of the
signal bandwidth. PM on the otherhand has the transmission bandwidth
varying in direct proportion to the message signal bandwidth for a fixed
phase deviation constant. This is one reason why FM is preferred in practice
to PM.

7.7 Miniprojects

Goal: To give exposure

® to a small scope engineering design problem in communications.
® to the dynamics of working with a team.

® to the importance of engineering communication skills (in this case oral pre-
sentations).

Presentation: The forum will be similar to a design review at a company
(only much shorter). The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). Each team
member should be prepared to make the presentation on the due date.

7.7.1 Project 1

Project Goals: Undergraduate communication courses often only look at ide-
alized problems. For example, one thing that is ignored in a course is that fre-
quency sources at the transmitter and receiver cannot be made to have exactly
the same value. This miniproject will investigate the effects of this frequency
offset on one phase demodulation algorithm.

When a frequency offset exists the complex envelope of the received signal
will be rotating due to this frequency offset, i.e.,

¥:(t) = x,(¢t) explj (¢ + 27 fot)] (7.60)

where f, is the existing frequency offset. Get the Matlab file angmodex1 .mand
angmodex3 .m from the class web page. In these files a PM transmitter (for a
sinusoid message signal) and receiver is implemented. If the carrier frequency
offsetissetto 10 Hz (in the Matlab code deltaf = 10) the demodulator
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implemented in the m-file still works pretty well with this frequency offset.
Explain why. Note, at higher frequency offsets (e.g., 100 Hz) the performance
suffers noticeable distortion. Extra credit will be given if you can figure out a
method to eliminate this distortion.

7.7.2 Project 2

Project Goals: Use your knowledge of communication theory to decode an
unknown analog modulated signal.

You have been hired by the National Security Agency of the US Federal
government as an engineer. The first job you have been given by your new boss
is to decode a radio message signal between two members of a South Albuman
drug cartel. This signal was intercepted by a spy satellite and the data has been
processed and forwarded on to you for decoding.

The technical details are

® The sampled data file contains about 1 second worth of data at a 44,100-Hz
sampling rate. (Precisely 44,864 samples). This data is available at the class
web site in the file entitled Intercept.mat.

® The radio signal is analog modulated. The type of analog modulation is un-
clear. Human intelligence sources have indicated that the modulation used
is either DSB-AM, LC-AM, SSB-AM, or PM.

® The carrier frequency is unknown. Obviously since the data is provided to
you with a sample rate of 44,100 Hz the carrier frequency must be between
0 and 22,050 Hz.

® The channel includes an unknown delay that produces an unknown phase
shift, ¢,.

Your job is to decode the signal. It should be obvious when you are correct as
you can play the demodulated output as a sound. The solution should include
® 3 discussion of the methodology that led you to identifying the modulation.

® 3 discussion of the methodology that led you to identifying the carrier fre-
quency.

® g discussion of the demodulator architecture and the method used to estimate
the phase shift or to operate in the presence of an unknown phase shift.

® submission of Matlab code for the demodulator.



Chapter

More Topics in Analog
Communications

This chapter covers two topics which are important for both amplitude and an-
gle modulation methods of analog communications: the phase-locked loop and
the multiplexing of message signals. In fact, almost all modern communications
systems, analog or digital, contain a phase-locked loop and contain some form
of multiplexing.

8.1 Phase-Locked Loops

8.1.1 General Concepts

The phase-locked loop (PLL) is a commonly used component in communica-
tion systems. It can be used for tracking the phase and frequency of signals,
demodulating angle modulated signals, and frequency source synthesis. The
PLL is a tracking system that uses feedback. We have seen one example so
far in the Costas loop for synchronous demodulation of DSB-AM. This section
will investigate the use of the PLL for FM and PM demodulation (feedback
demodulation) but the general characteristics are valid for any application of
the PLL. The input complex signal into a PLL has amplitude variation A(¢), a
phase variation, 6(¢), and a nuisance phase variation, d (¢). The goal of a PLL,
in most cases, is to track and/or estimate the value of 6(¢).

The typical PLL, seen in Figure 8.1, has three components: the phase detector,
the loop filter, and the voltage controlled oscillator (VCO). Recall the VCO has
the characteristics shown in Figure 8.2. The VCO has a quiescent frequency of
fc and a gain of by = 27 f3 radians/s/volt.

EXAMPLE 8.1
For demodulation of PM we have A(¢) = A¢, 6(t) = kpm(t) + ¢p, and d(¢) = 0.

8.1

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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A()exp|j(d(t) +6(1)] == Deteacstfz)r g llili(l)toeﬁ

Al

yd(t)

VCO

exp[ j é(t)]

Figure 8.1 Phase-locked loop block diagram.

EXAMPLE 8.2
For the Costas loop used as a synchronous demodulator for DSB-AM we have A(¢) =
Aclm(@)l], 0(¢) = ¢p, and d(¢) = (1 —m(?)) 5.

The phase detector simply measures the phase difference between the input
signal and the locally generated reference. Denoting the input signal to the PLL
as y,(t) the phase detector is a nonlinear function denoted e (t) = g(v.,(¢), 6(¢)),
which is usually designed to be proportional to the phase error ¢(¢) = 6(¢) — 6(¢).

EXAMPLE 8.3

The most common phase detector for an unmodulated sinusoidal input signal (A(¢) = A,
and d (¢) = 0) is the quadrature multiplier and the analytical model is seen in Figure 8.3.
This phase detector is given as

8(y:(2), 0(8)) = AckmSly:(t) expl—j6(t)]]

In Out ‘
(1) VCO —Jicos(zn]gmkijd(x)de
K, -
Bandpass
1 0 0
n I .
v, (1) veo V= exp (/kf | yd(x)‘”‘}
I<V
Baseband

Figure 8.2 The bandpass and baseband block diagrams for a VCO.
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A, exP[jQ(t)] ::(%): Im[o] A—I%ed(t)

e
f
exp[6(1) ]

Figure 8.3 The quadrature multiplier phase detector block
diagram.

—_—

where k,, is the multiplier gain. The phase detector output can be expressed in terms
of the phase error as

ed(t) = Ackm sin(0(t) — 0(¢)) = Acky, sin(p(t))

The signal e4 (¢) is a function of the phase error and it can be used as a feedback signal
in a closed loop tracking system.

EXAMPLE 8.4
Note, Figure 6.9 shows another type of a phase detector which is useful for phase tracking
with DSB-AM signals (A(¢) # A and d (¢) # 0). The phase detector is given as

8(y:(), 0(t)) = kmS[(y:(t) expl—jO(®))?]
= 2k S[y:(¢) expl—j O()]190[y.(¢) exp[—jO(2)]] 8.1)

Expressing the phase detector output in terms of the phase error gives

ed(t) = km AZm2(t) sin(2¢(t))

The loop filter is a linear filter and its design is often critical in getting the
desired performance out of a PLL. For this development the loop filter is rep-
resented with F'(s). Two common types of loops are the first and second order
PLL. The first-order PLL loop filter has a transfer function given as

F(s)=1

and the second-order PLL loop filter is given as

F =
2 s+b

It should be noted that the most common type of second order loop is one with
a perfect integrator (b = 0). The second-order PLL loop filter is more commonly
used in practice because it can both track a phase and a frequency offset.
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o(1) F(s)

Figure 8.4 The linear model of
the phase-locked loop.

8.1.2 PLL Linear Model

The linear analysis of the PLL is valid when the loop is closely tracking the
input signal (¢(¢) ~ 0). Close tracking implies that ¢(¢) is small and that the
phase detector can be linearized around ¢(¢) = 0 so that

g(y.(1),0() ~ kqap(t)

where &y is denoted the phase detector gain. This results in a linear model for
the PLL that is shown in Figure 8.4. Note, since the phase of the VCO output
is proportional to the integral of the input signal the VCO can be modeled by a
transfer function with a Laplace transform of k¢/s where k¢ is the gain of the
VCO.

EXAMPLE 8.5
The quadrature multiplier has egq () = Ackm, sin(¢(¢)) so that the linear approximation
has kg = Ackn, and sin(p(t)) ~ ¢(2).

8.2 PLL-Based Angle Demodulation

8.2.1 General Concepts

Demodulation of angle modulations with a PLL is actually quite simple con-
ceptually. This section will concentrate on demodulation of FM signals and the
differences for PM will be pointed out when appropriate. Recall a received FM
signal has the form

t
y.(¢) = A. exp [jkf / m)d i+ jo, (8.2)

Figure 8.5 shows a block diagram of an FM system with a feedback demodulator.
A VCO is used to produce the FM signal and the proposed receiver consists of
a two input, one output black box and a VCO identical to the one used for
modulation. After a transient period if 6(¢) = 0(¢) then we know m(¢) = m(¢).
The job of the black box in the diagram is to measure the phase difference
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In Out

m(t) VCO Black Box
ky ﬁ
A

exp[jg, ] T\Out In | (1)

VCO |«
kr

Transmitter Channel Receiver

Figure 8.5 The conceptual diagram for FM demodulation.

o(t) = 0(t) — 6(¢) and update m(¢) in such a way as to drive ¢(¢) to zero. Note
that if

¢ ¢
o(t) =0(t) —0(t) <0 = / mAdr < / m(A)d A

t t
o) =0(t) —0(¢) > 0 = / m(Ad A > / m(A)d A (8.3)

Equation (8.3) indicates that ¢(¢) can be driven to zero if m(¢) is updated in
proportion to ¢(¢). Thus the black box in Figure 8.5 is composed of the other
two elements of the PLL: the phase detector and the loop filter.

Since the FM signal has a constant amplitude the quadrature multiplier (see
Figure 8.3) can be used as the phase detector. Consequently, the overall block
diagram is seen in Figure 8.6 and the equation defining the operation is

t
m(t) = f(¢) x kg sin (kf / (m(\) —m(A)d r + ¢p) (8.4)

where ky; = Ak, is the quadrature multiplier phase detector gain. It is im-
portant to note that the phase detector gain is a function of the received signal
amplitude. While this amplitude is treated as a known constant in these notes
in practical systems accounting for this amplitude is an important function in
a FM demodulator based on a PLL.

() tm{e] ——{km D

O k& chfo m(r)

Figure 8.6 The block diagram of a PLL for FM demodulation.
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Equation (8.4) is a nonlinear integral equation that can be solved but only
with mathematical tools that undergraduate engineering students typically
have not been exposed to. Consequently, this presentation examines approxi-
mations that simplify the mathematical description of a PLL. This simplified
description enables the use of undergraduate engineering tools to be applied to
the problem of analyzing the performance of a PLL. These approximations will
give some design insights and provide a rough performance characterization.

8.2.2 PLL Linear Model

The linear analysis of the PLL is valid when the loop is closely tracking the
input signal. Close tracking implies that ¢(¢) is small and for the quadrature
multiplier phase detector

eq(t) = Ackm sin(p(t)) ~ Ackpo(t) = kap(t)

This results in a linear model for a PLL used in FM demodulation that is shown
in Figure 8.7. Rearranging and defining & = krk; gives the block diagram
shown in Figure 8.8. It is quite obvious from Figure 8.8 that the linear model for
the PLL reduces to a simple linear feedback control system commonly studied
in an undergraduate program. Taking Laplace transforms yield

F
(M(s) — M(s))@ = M(s)
Solving for the transfer function gives
M(s)  EF(s)

Hi(s) = (8.5)

M(s)  s+EkF(s)

Often the error between the demodulated output and the message signal is of
interest. Defining e(¢) = m(¢) — y4(¢) and using identical techniques a transfer
function for the error is given as

E(s) s

He®) = 416) = s hF ()

m(t) — f

Figure 8.7 The PLL linear model for FM demodula-
tion.
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Figure 8.8 The PLL linear model
rearranged to have a classic feed-
back control systems structure.

Frequency Response

The frequency response of the loop is of interest. The frequency response is
given as

H(f) = H(S)|s=jonf

The loop and error transfer functions are plotted Figure 8.9 for a first-order loop
with £ = 1000. Consequently, when the linear model is valid the PLL appears
much like a lowpass filter to the message signal. For example, for the case
considered in Figure 8.9 (¢ = 1000) the 3 dB-loop bandwidth is about 100 Hz.
Consequently, design of PLLs for FM demodulation must carefully consider the
bandwidth of the message signal in choosing the bandwidth of the loop.

Acquisition

Let’s consider the transient response produced by a first-order loop (F'(s) = 1)
to a sinusoidal input signal, m(¢) = sin(2x f,,t). The Laplace transform of this
signal is

27 fm

M) = e

(8.6)

20 T T T rororrT T T T TTTIT T T T TT1TIT T T T TTTIT T lllllll_

r \\ H (D ]
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\

Figure 8.9 The frequency response of a first-order PLL used for FM demodula-
tion. £ = 1000
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Figure 8.10 The time response of the linear model of a PLL for FM demodulation.

Using Eq. (8.6) in Eq. (8.5) produces a loop output Laplace transform of

27 fim k

Mis) = 2+ 2nfm)2s+k

Inverse transforming this signal gives

m(t) = R (27 fm) e M 4 k sin [anmt +tan! (271}0'")}

k% + (27 fn)? VEZ + (27 fn)2 k

Figure 8.10 shows a plot of the time response for £ = 1000 and f,, = 10 and
fm = 1000. Note that if the signal is inside the passband of the loop, the loop
quickly locks onto the signal and tracks it very closely. If the signal is outside the
loop bandwidth the signal is not tracked and the FM demodulation performance
is poor.

8.3 Multiplexing Analog Signals

Definition 8.1 Multiplexing for analog message signals is the common transmission of
multiple message signals using a single communications resource.

The common resource is typically spectrum (e.g., broadcast radio), expensive
electronic equipment (e.g., satellites), or both (e.g., analog cellular telephony).
For this discussion we will denote the ith message signal as m;(¢) and K as
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my(t) iy (1)

my(1) x(1) et De- )
Multiplexer Resource multiplexer

my(t)

Figure 8.11 The multiplexing concept.

the number of users of the resource. Consequently, the idea of multiplexing is
shown in Figure 8.11. As a measure of how efficiently we are using the resource
we define the multiplexing efficiency as

K
By = 2=t Vi (8.7

Br
where W; is the ith message bandwidth and By is the transmission bandwidth
of the composite signal. Note, the best multiplexing efficiency without signifi-
cant distortion for analog communications is unity. For analog signals there are
two basic types of multiplexing techniques: (1) quadrature carrier multiplexing
and (2) frequency division multiplexing.

EXAMPLE 8.6

For those homes that subscribe to cable television services a single cable enters the home
with an electronic signal. Typically greater than 100 channels are supported with that
one cable.

8.3.1 Quadrature Carrier Multiplexing

Quadrature carrier multiplexing (QCM) uses the two degrees of freedom in a
bandpass signal to transmit two message signals on the same carrier. This type
of multiplexing is achieved by setting x;(¢) = A.m1(¢) and xq(¢) = A.ma(¢). The
block diagram is shown in Figure 8.12. The efficiency of QCM is

o Wi+ Wy
~ 2max Wy, Wy

Note, if W; = Wy then Ej; = 1 which is the best that can be accomplished
in analog communications. The advantage of QCM is that it is a very efficient
method of multiplexing message signals. The disadvantage is that the applica-
bility is limited to only two message signals and that coherent demodulation
must be used (typically with a transmitted reference carrier which will reduce
the bandwidth efficiency somewhat).

Ey (8.8)
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my(7) iy ()

x(1) yel?) I/
/Q ¢ Resource ' Do\(;gn-
Up-converter converter
my(1)

Figure 8.12 Quadrature carrier multiplexing.

8.3.2 Frequency Division Multiplexing

Frequency division multiplexing (FDM) assigns each user a different carrier
frequency for transmission. Typically the carrier frequencies for each user are
chosen so that the transmissions do not overlap in frequency. Figure 8.13 shows
a typical energy spectrum for a FDM system. Typically each user in the system
is modulated with an analog modulation and has a bandwidth of B;. This mod-
ulation is then separated from its spectral neighbor by a guard band. The size
of this guard band and the modulation type limits the spectral efficiency. The
multiplexing for FDM is accomplished by simply summing together appropri-
ately modulated bandpass waveforms as shown in Figure 8.14. Demultiplexing
for FDM, seen in Figure 8.15, simply corresponds to bandpass filtering to iso-
late each user followed by a standard I/® demodulator. Note, the guard bands
between users are usually chosen to be compatible with the bandpass filtering
operation (i.e., the guard band is made large enough to ensure each user can
be adequately separated at the demultiplexer).

EXAMPLE 8.7
Broadcast communications in the United States use the resource of free space radio wave
propagation. The multiplexing is typically implemented with a combination of frequency

4G (f)
By >
-— B1 — <—Bz—> <—B3 - BK >
User 1 User 2 User 3 T User
| | -
T T I
1 2 3 K
A A 1 f

Figure 8.13 A typical energy spectrum for a frequency division multiplexed signal.



m(t)

my(t)

mg (1)
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Resource

multiplexing and location multiplexing (stations far enough away from each other can
use the same transmission frequency). AM radio broadcast in the United States has been
assigned the spectrum of 535-1605 kHz, B = 1070 kHz. There are 107 FDM channels
spaced about 10 kHz apart ( fc(’) = 540 + 10; kHz). Each AM station provides an audio
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Figure 8.15 A FDM demultiplexing system.
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Figure 8.16 A two-level multiplexing scheme.

signal of about 4 kHz bandwidth (W; = 4 kHz). The efficiency of AM broadcast is then
given as

Note, 20% of the loss in efficiency is due to guard bands and 40% of the loss is due to
using spectrally inefficient LC-AM as the modulation.

There can be several levels of multiplexing that are implemented for a given
system. The first level often groups related messages together and the subse-
quent levels multiplex several groups of messages together. The block diagram
for a system using two levels of multiplexing is shown in Figure 8.16.

EXAMPLE 8.8

An example of multilevel multiplexing is seen in broadcast communications in the
FM band in the United States. Each FM station in the United States typically broad-
casts three message signals. Two are audio channels: the left channel, m(¢) and the
right channel, mg(¢) for stereo broadcast, and one is an auxiliary channel, m(¢) (e.g.,
Musak, or Radio Data Services). These three message signals are multiplexing onto one
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composite message signal which is FM modulated and transmitted. For discussion pur-
poses the bandwidth of these message signals can be assumed to be W; = 15 kHz. The
first level of multiplexing FDM with m(¢) = mp(¢) + mpg(t), mo(t) = mp(t) — mg(t),
and m3(t) = ma(t), TP = 12 = 12 = DSB-AM, and £V = 0, £? = 38 kHz, and
£ =76 kHz.

8.4 Conclusions

This chapter considered two ideas that have found utility in analog communi-
cations; phase locked loops and multiplexing. Phase-locked loops are used in a
variety of applications in analog communications. Examples include phase ref-
erence estimation and tracking in DSB-AM demodulation and in demodulation
of angle modulations. This chapter gave an introductory overview and showed
how tools from feedback control are useful in gaining an understanding of the
operation of phase-locked loops. Multiplexing is an important aspect of commu-
nications. Multiplexing allows multiple information sources to be transmitted
on a common resource. The common forms of multiplexing for analog commu-
nications include quadrature carrier multiplexing and frequency multiplexing.
Again the trade-offs between spectral efficiency and complexity were evident
in multiplexing techniques.

8.5 Homework Problems

Problem 8.1. Your boss at Enginola has assigned you to be the systems engineer
in charge of an FM demodulator. Unfortunately, this design must be done in one
day. The demodulator is required to be a PLL-based system and since you are
pressed for time, you will use the linear approximation for the loop. Figure 8.17
is the model for your system.

The transfer function, H.(f), from the input (;m(¢)) to the output ((¢)) has

the form
20 wyS + w2
H ="
U = o 2t + w2
Loop Filter
! o(t Ph. ki(s+a N
L @) O 0 i)
é, VCO
t
ky [ m(X)d

Figure 8.17 Block diagram of a PLL demodulator for FM.
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(a) Select values of k¢, k1, and a such that ¢ = 1.00 and |H(12 kHz)| > 0.707
(i.e., the 3-dB bandwidth is 12 kHz). Note, while this problem can be com-
pleted with pencil and paper, a proficiency with a computer would be useful.

(b) If the input signal is m(¢) = sin(27(10 kHz)#)U (¢) where U (¢) is the unit
step function, calculate the output response to this signal and plot the
response.

Problem 8.2. As a communication engineer you need to transmit eight voice sig-
nals (W = 4 kHz) across a common communication resource at a carrier fre-
quency of 1 GHz. For hardware reasons you need to maintain a 1 kHz guard
band between frequency multiplexed transmissions.

(a) If you use DSB-AM and FDM, what is the total used bandwidth, By, and
the multiplexing efficiency, Es?

(b) If you use SSB-AM and FDM what is the total used bandwidth and the
multiplexing efficiency, E?

(c) If a two-stage multiplexing scheme is employed such that two voice sig-
nals are grouped together with QCM and the resulting four signals are
multiplexed using FDM, what is the total bandwidth and the multiplexing
efficiency, E?

Problem 8.3. In the text the example of a first-order loop was considered for FM
demodulation. 2 = 1000 gave a design of a loop with a bandwidth of about
100 Hz.

(a) Redesign the loop gain, &, to give a 3-dB bandwidth of 5 kHz.

(b) Note that the loop gain is a function of the signal amplitude, A.. Keeping
the remainder of the loop the same and if the signal amplitude is cut in half
what will be the loop 3 dB bandwidth?

(c) Keeping the remainder of the loop the same and if the signal amplitude is
doubled what will be the loop 3 dB bandwidth?

(d) Postulate how PLL-based FM demodulators might deal with amplitude
variations in the received signal.

Problem 8.4. High fidelity audio broadcast typically tries to maintain a 15 kHz of
bandwidth in transmitting to listener. An example audio spectrum is given in
Figure 8.18. In the days before stereo became a reality FM broadcasts frequency
modulated a message signal of the form seen in Figure 8.18 onto a carrier. This
message signal had a bandwidth of 15 kHz.

After FM had been around a while stereo audio became a reality and a finan-
cially desirable service to provide. After long discussions by the communication
engineers of the day it was decided that stereo FM was possible if the input
message signal to the FM modulator had the spectrum seen in Figure 8.19.
Essentially the signal resulting from the sum of the left and right channels,
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M(f)

-15kHz 15 kHz

Figure 8.18 An example spectrum for audio broadcast.

mg(t) = mp(t) + mg(t) is combined with an DSB-AM modulated signal (s =
38 kHz) of the difference of the left and the right channels, mp(¢) = mz(¢) —
mpg(t). There is a third signal that is a tone at 19 kHz that is used as a reference
for the DSB-AM demodulator. The composite message signal has the form

m(t) = mg(t) + mp(t)vV2 cos(2r fat) + A2 cos( fat) (8.9)

This way of combining the left and right channel was considered a nice solu-
tion since a radio that did not have stereo capability would still decode mg(¢)
and not lose any capability.

(a) For this method of multiplexing these two signals, my(¢) and mpg(¢), on to
one signal, m(¢) compute the multiplexing efficiency, E ;.
(b) Draw a block diagram of the multiplexing system.

(c) After demodulation assume the decoded message signal has the form
m(t) = mg(t) + mp(t)vV'2cos(2n fat) + Anv2cos(nfat) + N(t)  (8.10)

Assume a bandpass filter is centered at f/ = 19 kHz, what bandwidth must
the filter have to not pass anything but the tone at f = 19 kHz so that the
resulting bandpass filter output is

my(¢) = ApN2cos(n fat) + N, () (8.11)

(d) Show that when the noise is ignored Figure 8.20 will produce the needed
carrier signal for a coherent demodulator of the DSB-AM.

M(f)

Pilot Tone Pilot Tone
L-R L+R L+R L-R

38 kHz 53 kHz
15 kHz 23 kHz

19 kHz

Figure 8.19 Stereo FM message signal.
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— mc(t)

2 DC
( ) Block

mr(t) ]

Figure 8.20 Tone processor.

(e) Draw a block diagram of the stereo demultiplexer having an input of 7u(¢)
and outputs m(¢) and mg(¢), using the idea presented in (d).

(f) If SSB-AM (lower sideband) replaced DSB-AM in Eq. (8.9), draw the block
diagram of the multiplexing system and compute the multiplexing effi-
ciency, Ej;.

(g) Draw a block diagram of the stereo demultiplexer for the system using SSB-
AM using the idea presented in (d). Why do you think the engineers of the
day chose DSB-AM over SSB-AM?

Problem 8.5. In systems where frequency division multiplexing is used the con-
cept of a superheterodyning receiver has found utility in practice. The idea is
to take a bandpass signal, which is centered on a carrier frequency, and shift
the frequency to some intermediate value, called the intermediate frequency
(IF). For practical purposes, the superheterodyne receiver always reduces to the
same value of IF. The block diagram of the superheterodyne receiver is shown
in Figure 8.21 where the filters are bandpass filters centered at frequency f.
and fir, respectively.

(a) Assuming a typical bandpass modulated spectrum at the input to the radio
what is the output spectrum corresponding to y;(¢)?

(b) A common IF frequency is fo = 10.7 MHz. Find the value(s) of f such that
this receiver architecture could be used to demodulate a radio signal at
89.3 MHz.

(¢) In a superheterodyne receiver two frequencies arrive at the IF frequency
after the mixing with f;. One signal is the desired and one signal is denoted

yelr)

(1) 1/Q Down- |
H(f) H(f) ] cgnv:r‘:/e? -
[
bp)
«/5005(27: fct)

Figure 8.21 The superheterodyning receiver.
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the “image” frequency. For the case detailed in (b) what is the image fre-
quency? It should be noted that one of the main functions of H.(f) in a
superheterodyne receiver is to make sure this image frequency has been
appropriately suppressed.

(d) The FM radio band is from 88 to 108 MHz. The FM stations are assigned
center frequencies at 200 kHz separation starting at 88.1 MHz, for a max-
imum of 100 stations. Assume a frequency synthesizer that can step f; to
whatever frequencies that is desired and f9 = 10.7 MHz. Specify the filters
H.(f) and H;(f) so that it would be possible to perfectly demodulate every
FM channel and eliminate interference from any adjacent transmissions.

Problem 8.6. In television (TV) broadcast there are four signals that must be
multiplexed into one channel. These signals are

® Black and white video — W1 = 4.2 MHz
® Color 1 - Wy =1.5 MHz

® Color 2 — W3 = 0.5 MHz

® Stereo audio — W, = 54 kHz.

Design a multiplexer and a modulator that would fit the transmission of
these four signals in a small bandpass bandwidth. Do not feel constrained by
past practice in developing a design. Sketch block diagrams for both the mod-
ulator/multiplexer and the demodulator/demultiplexer. What do you think the
minimum achievable bandwidth would be for a TV channel that would contain
these four independent signals?

Problem 8.7. You are working for Glenfyre a leading paging company. Your first
assignment is to set up a communications link from just outside the main paging
headquarters to the telephone company home office. The FCC has allocated to
the Glenfyre 20 kHz of spectrum for this communication at a carrier frequency
of 1 GHz. You are told that you have four voice channels containing speech
(W = 4 kHz). The guard band between frequency multiplexed systems must be
at least 1 kHz.

(a) Design a complete multiplexing scheme that transmits the four voice chan-
nels on the 20 kHz allocated to Glenfyre. Specify the center frequencies of
any bandpass signals, the guard bands between frequency division multi-
plexed signals, and sketch the multiplexer.

(b) Plot an example output spectrum and draw the demultiplexer. Compute E ;.
(¢) You are asked to support eight voice channels in the same 20 kHz of spec-
trum. Is this possible? If yes, sketch the multiplexer and demultiplexer.

Problem 8.8. A voiceband signal is typically specified to have frequencies from
200 to 3200 Hz. A telegraph signal is usually specified to have frequencies from
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0 to 100 Hz. These signals are easily frequency multiplexed. Draw a possbile
multiplexer and a demultiplexer. Compute the multiplexer efficiency, Ej;.

Problem 8.9. A voiceband signal is typically specified to have frequencies from
200 to 3200 Hz. In the United States analog voice communications was the stan-
dard for telephone communications in the early days of the telephone network.
One of the important jobs of the telephone company is to efficiently multiplex
many voice signals across the cables that were laid between cities. The first
level of multiplexing in analog telephony in the United States (denoted 12VF
by American Telephone and Telegraph (AT&T)) used SSB modulation for each
message and frequency multiplexed 12 voiceband signals into a By = 48 kHz
bandwidth. The second level of multiplexing (denoted 60VF by AT&T) used
SSB modulation for each message and frequency multiplexed 5 12VF signals
into a By = 240 kHz bandwidth.

(a) Compute the overall multiplexing efficiency, E s, for this two-level multi-
plexing scheme.

(b) Draw an example block diagram of the two-level multiplexer.

(¢) Draw an example block diagram of the two-level demultiplexer.

Problem 8.10. The telecommunication infrastructure in the United States was
originally an analog transmission system. Telephone calls were multiple layer
multiplexed on cables that were strung across the nation. The lowest levels of
multiplexing are detail as

® V12 — 12 voiceband channels grouped together
® V60 — 5 V12 signals multiplexed together

® V600 — 10 V60 signals multiplexed together

® V3600 — 6 V600 signals multiplexed together.

The cost of the multiplexer and demultiplexer grow with the number of voice
band signals that are supported. A typical design problem is to identify the size
of the multiplexer needed to support a desired quality of service in a telecom-
munication system. A cable is to be run between Akron, Ohio, and Columbus
Ohio to carry phone calls between these two cities and measurements show
that the number of calls is well modeled as a Poisson random variable, i.e.,

Ak exp[—2]

Py(n) = A

(8.12)

where A is the average number of calls. Assuming that between Akron and
Columbus the average number of calls is A = 40, find the size of multiplexer
that should be deployed for this cable such that there is less than a 1% chance
that a call will be blocked.
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8.6 Example Solutions
Problem 8.2.

(a) If eight signals are frequency multiplexed using DSB-AM the transmitted
signal spectrum is shown in Figure 8.22. The transmission bandwidth is
given as

Br = 8 users x 2 WHz/user + 7 guardbands x 1 kHz/guardband (8.13)

Therefore, By =8 x 8 +7 = 71 kHz and

8§xW 32
Ey= By — 7l 45.07% (8.14)

(b) If eight signals are frequency multiplexed using SSB-AM the transmission
bandwidth is given as

Br = 8 users x WHz/user + 7 guardbands x 1 kHz/guardband (8.15)

Therefore, By =8 x 4+ 7 = 39 kHz and

8xW 32
Ey = =— =82 1
M B, 39 82% (8.16)

(c¢) If two signals are quadrature carrier multiplexed then the resulting band-
width is 8 kHz. FDM four pairs of signals will give a transmission bandwidth
of

Br = 4 pairs x 2 WHz/pair + 3 guardbands x 1 kHz/guardband (8.17)

Therefore, By =4 x 8 +3 = 35 kHz and
_8x W 32

Ey = = — =914% 8.18
M By 35 ) ( )
1 kHz
x(f) W
I -
fe

Figure 8.22 Bandpass spectrum of a DSB-AM FDM system.
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8.7 Miniprojects

Goal: To give exposure

® to a small scope engineering design problem in communications.
® to the dynamics of working with a team.

® to the importance of engineering communication skills (in this case oral pre-
sentations).

Presentation: The forum will be similar to a design review at a company
(only much shorter). The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). All team
members should be prepared to give the presentation.

8.7.1 Project 1

Project Goals: Analyze a signal and figure out a multiplexing and demulti-
plexing strategy.

Problem 8.4 gives the details of the multiplexing of stereo signals in analog
FM broadcast in the United States. To multiplex two channels of 15 kHz audio
requires 53 kHz of spectrum resulting in a

_ 30
53

Prof. Fitz would like to propose a more efficient multiplexing strategy that
would require no change in the demultiplexer. Get the Matlab file
projfdmldata.m from the class web page. This file contains a multiplexed
sum and difference audio signal sampled at f; = 132.3 kHz using Prof. Fitz’s
proposed multiplexing strategy.

Ey =57% (8.19)

(a) Examining the signal identify the multiplexing strategy.
(b) Compute the multiplexing efficiency of Prof. Fitz’s multiplexing strategy.

(c) Identify a demultiplexer and produce the two audio signals. If this signal
processing is done well a song should be able to be identified in the output
using the sound command in Matlab.
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Chapter

Random Processes

An additive noise is characteristic of almost all communication systems. This
additive noise typically arises from thermal noise generated by random mo-
tion of electrons in the conductors comprising the receiver. In a communication
system the thermal noise having the greatest effect on system performance is
generated at and before the first stage of amplification. This point in a commu-
nication system is where the desired signal takes the lowest power level and
consequently the thermal noise has the greatest impact on the performance.
This characteristic is discussed in more detail in Chapter 10. This chapter’s
goal is to introduce the mathematical techniques used by communication sys-
tem engineers to characterize and predict the performance of communication
systems in the presence of this additive noise. The characterization of noise
in electrical systems could comprise a course in itself and often does at the
graduate level. Textbooks that provide more detailed characterization of noise
in electrical systems are [DR87, Hel91, LG89, Pap84, YG98].

A canonical problem formulation needed for the analysis of the performance
of a communication systems design is given in Figure 9.1. The thermal noise
generated within the receiver is denoted W(¢). This noise is then processed
in the receiver and will experience some level of filtering, represented with
the transfer function Hg(f). The simplest analysis problem is examining a
particular point in time, ¢; and characterizing the resulting noise sample, N (¢;),
to extract a parameter of interest (e.g., average signal-to—noise ratio (SNR)).
Additionally, we might want to characterize two or more samples, e.g., N (¢1)
and N (¢2), output from this filter.

To accomplish this analysis task this chapter first characterizes the thermal
noise, W(¢). It turns out that W(¢) is accurately characterized as a station-
ary, Gaussian, and white random process. Consequently, our first task is to
define a random process (Section 9.1). The exposition of the characteristics of
a Gaussian random process (Section 9.2) and a stationary Gaussian random
process (Section 9.3) then will follow. A brief discussion of the characteristics of
thermal noise is then followed by an analysis of stationary random processes

9.1

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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Is

N
Thernllal & H(f) @) \< N(tx)
Noise

Figure 9.1 The canonical communications noise formulation.

and linear systems. In conclusion, we return and solve the canonical problem
posed in Figure 9.1 in Section 9.6.

9.1 Basic Definitions

Understanding random processes is fundamental to communications engineer-
ing. Essentially random or stochastic processes are indexed families of random
variables where the index is normally associated with different time instances.

Definition 9.1 Let (2, 7, P) be a probability space. A real random process, N (w, t), with
w € Qis a single-valued function or mapping from €2 to real valued functions of an index
set variable ¢.

The index set in this text will always be time but generalizations of the
concept of a random process to other index sets is possible (i.e., space in image
processing). The idea behind the definition of a random process is shown in
Figure 9.2. Essentially there is an underlying random experiment. The outcome
of this random experiment is then mapped to a function of time. The example
in Figure 9.2 shows the mapping of three of the possible experiment outcomes
into three different functions of time.

Definition 9.2 The function N (wq,t) for w; fixed is called a sample path of the random
process.

Communication engineers observe the sample paths of random processes and
the goal of this chapter is to develop the tools to characterize these sample paths.
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Figure 9.2 A pictorial explanation of the definition of a random process.
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From this point forward in the text the experimental outcome index will be
dropped and random processes will be represented as N (¢).

EXAMPLE 9.1
A particular random process is defined as

N@)=Uexpl-t]]1+V 9.1)

where U and V are independent random variables. It is clear that with each sample
value of the random variables U (w) and V (w) there will be a time function N (¢, w).
This example of a random process is not typical of a noise process produced in real
communication systems but it is an example process that proves insightful as we develop
tools to characterize noise in communications.

EXAMPLE 9.2

A noise generator and a lowpass filter are implemented in Matlab with a sample rate of
22,050 kHz. Recall each time Matlab is run this is equivalent to a different experiment
outcome, i.e., a different w. A sample path of the input noise to the filter, W(¢), and a
sample path at the output of the filter, N (¢), is shown in Figure 9.3 for a filter with a
bandwidth of 2.5 kHz. It is clear that filtering drastically alters the characteristics of
the noise process. Each time the Matlab program is run a different set of sample paths
will be produced.

W()

0.05 0.06 0.07 0.08 0.09 0.1 0.05 0.06 0.07 0.08 0.09 0.1
Time, t, sec Time, t, sec
(a) A sample path of the input noise (b) A sample path of the output noise

Figure 9.3 Input and output noise typical of the canonical problem highlighted in Figure 9.1 when Hr(f) is a
lowpass filter of bandwidth 2.5 kHz.
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Property 9.1 A sample of a random process is a random variable.

If we focus on a random process at a particular time instance then we have
a mapping from a random experiment to a real number. This is exactly the
definition of a random variable (see Section 3.2). Consequently, the first impor-
tant question in the canonical problem stated at the beginning of this chapter
has been answered: the sample N (t;) of the random process, N (t), is a random
variable. Consequently, to characterize this sample of a random process we use
all the tools that characterize a random variable (distribution function, density
function, etc.). If random processes are indexed sets of random variables then
a complete statistical characterization of the random process would be avail-
able if the random variables comprising the random process were completely
characterized. In other words, for a random process, N (¢), if M samples (where
M can be an arbitrary value) of the random process are taken at various times
and if the PDF given by

NNy, N, ng, - -+, nar)

is known then the random process is completely characterized. This full charac-
terization, in general, is very difficult to do. Fortunately, the case of the Gaussian
random process is the exception to the rule as Gaussian random processes are
very often accurate models for noise in communication systems.

Point 1: The canonical problem can be solved when the random variable
N (¢;) or a set of M random variables, N (¢1), ..., N (¢j7), can be statistically
characterized with a PDF or a CDF.

Property 9.2 A numeric average of a set of independent samples of a random variable or
sample paths of a random process will converge to the statistical average of that random
variable or random process as the number of samples grows large.

This property is formally known as the weak law of large numbers (WLLN)
and will not be proven here (see e.g., [DR87, Hel91, LG89, Pap84] for a more
detailed discussion). Statistical averages play a very important role in under-
standing random processes. The intersting characteristic of the WLLN for this
text is that Matlab can generate large number of sample paths and the numeric
averages will give some insight into the statistical averages.

EXAMPLE 9.3

An example of the WLLN is given by the sample mean. For this example it will be
assumed that there is a random variable X with finite set of moments. The N sample
mean is

1 N
my =+ ZIXW) 9.2)
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If X (w,) is independently obtained, then the WLLN implies that
E[X]= lim my. (9.3)
N —>o0
For example, Matlab can be used to generate N independent samples of a random

variable or a random process and insight can be gained into the ensemble average by
looking at my as N gets large.

9.2 Gaussian Random Processes

Definition 9.3 A Gaussian random process is a random process where any set of samples
taken from the random process are jointly Gaussian random variables.

Many important random processes in communication system analysis are
well modeled as Gaussian random processes. This is important since Gaussian
random variables are simply characterized. A complete characterization of
Gaussian random variables (their joint PDF) is obtained by knowing their first-
and second-order moments.

EXAMPLE 9.4

Considering the Matlab experiment briefly highlighted in Example 9.2, histograms of
values of the sample paths at ¢ = 45 ms are shown for the input in Figure 9.4(a) and
for the output in Figure 9.4(b). These histograms show that the noise in the canonical
problem is well modeled by Gaussian random processes. Also the filtering has obvi-
ously changed the distribution of the random variables W(0.045) and N (0.045) since
the measured variance of the input is clearly larger than the measured variance of
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Figure 9.4 Histograms of input and output samples taken at ¢ = 45 ms.
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the output. The goal in the remainder of this chapter is to develop the needed tools
to predict the change in statistical characterization of the noise as a function of the
filtering, Hg(f).

EXAMPLE 9.5

Considering random process defined in Example 9.1, if U and V' are independent, zero
mean, unit variance Gaussian random variables then, for every ¢, N (¢) will be the sum
of two Gaussian random variables and hence a Gaussian random variable. Likewise,
joint distributions of the samples of N (¢) will be jointly Gaussian random variables.
Three example sample paths of the Gaussian random process N (¢) = U exp[—|t|]] + V
is shown in Figure 9.5.

Property 9.3 If N (¢) is a Gaussian random process then one sample of this process,
N (), is completely characterized with the PDF

_ 2

1
Na)(ns) = 7exp<
N (t,) /72:10]%(753) 203, (ts)

~1.5—— —
o 1 2 3 4 5 6

Time, t, sec

g F
e}
O

10

Figure 9.5 Three example sample paths of the Gaussian random process N (¢) =
Uexpl—|t]l+V.
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where
my(ts) = EIN(t)] o0& (ts) = var(N (t))

Consequently, the complete characterization of one sample of a Gaussian
random process only requires the mean value and the variance of N (¢;) to be
evaluated. Here is the first example of how ensemble averages of random quan-
tities help characterize the random quantities. The Gaussian random variable
has great utility because only two ensemble averages completely characterize
the randomness. Section 3.2.4 has more discussion on the PDF of a Gaussian
random variable.

EXAMPLE 9.6

Consider the random process defined in Example 9.1, where U and V are independent,
zero mean, unit variance Gaussian random variables and samples are taken at ¢ = 0
and ¢ = 2. The appropriate moments needed to characterize the marginal PDFs of these
two samples are

EINO)] =E[UI+E[VI=0 E[N@)]=E[Ule2+E[V]=0 (9.5)
EIN%2(0)] = El(U + V)21 = EIU%1+ E[V?] =2 (9.6)

EIN22)] = El[(Ue 2+ V) 1 =E[UYe ™ +E[V2] =1+¢7* 9.7)

Property 9.4 Most thermally generated noise corrupting a communication system typ-
ically has a zero mean.

This is motivated by the physics of thermal noise generation. If the average
voltage or current in a conductor is not zero that means that electrons are
on average leaving the device. Physically this nonzero mean is not possible
without an external force to induce an average voltage or current flow. All
random processes will be assumed to have a zero mean throughout
the remainder of this chapter.

Property 9.5 If N (¢) is a Gaussian random process then two samples of this process,
N (#1) and N (¢3), are completely characterized with the PDF

1
NN () (11, 12) =
27 [0 (o () (1 - pw (1, 12)2)
-1 n? 2pnN (81, ta)nng n3
X exp P 2 - 2
1— pn(t1,t9) 207 (t1) 20N (t1)on (t2) 204 (t2)

where
E[N(t1)N ()]

2 (1) — 2(¢, =
on()=E [N (tl)} PN (t1, 1) = on (t)on (t2)
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The joint PDF of two Gaussian random variables can be characterized by
evaluating the variance of each of the samples and the correlation coefficient be-
tween the two samples. Here is a second example of how random quantities are
entirely characterized by ensemble averages (variance and correlation). Recall a
correlation coefficient describes how similar two random variables behave. The
two random variables in this case are samples from the same random process.
Section 3.3.3 has more discussion on the PDF of a bivariate Gaussian random
variable. Similarly, three or more samples of a Gaussian random process can
be characterized by evaluating the variance of each of the samples and the cor-
relation coefficient between each of the samples as was shown in Section 3.3.6.

Property 9.6 The correlation function,
Ry (t1,t9) = EIN (t1)N (¢2)] (9.8)

contains all the information needed to characterize the joint distribution of any set of
samples from a zero mean Gaussian random process.

Proof: Property 9.5 shows that only o%(¢) and py (¢1, £2) need to be identified
to characterize the joint PDF of the Gaussian random variables resulting from
samples of the random process. To this end

RN(t17 tZ)
VRN, t1) Ry (Ea, £2)

The correlation function plays a key role in the analysis of Gaussian random
processes.

02(t) = Ry(t,t) = EIN2(t)]  pn(t1,t2) =

EXAMPLE 9.7
For the random process defined in Example 9.1, the correlation function is given as

Ry (t1,t9) = EIN (t1)N (¢9)] = e tile=12l 4 1 9.9

The correlation function, Ry (¢1, ¢9), is plotted in Figure 9.6(a). Consequently, the corre-
lation coefficient between N (0) and N (2) is

pn(0,2)= — S Ft2 (9.10)

V2et+1)

The joint density of these two samples is plotted in Figure 9.6(b).

Point 2: When the noise, N (¢), is a Gaussian random process the canonical
problem can be solved with knowledge of the correlation function, Ry (¢1, t2).
The correlation function completely characterizes any joint PDF of samples
of the process N (¢).
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Figure 9.6 The functions that characterize N (¢) = U exp[—|¢|]] + V.

9.3 Stationary Random Processes

If the statistical description of a random process does not change over time, it
is said to be a stationary random process.

EXAMPLE 9.8

Figure 9.7(a) shows a sample function of a nonstationary noise, Wxg(¢), and
Figure 9.7(b) shows a sample function of a stationary noise, Wg(¢). The random pro-
cess plotted in Figure 9.7(a) appears to have a variance, aj%(t), that is growing with
time, while the random process in Figure 9.7(b) appears to have a constant variance.

Examples of random processes which are not stationary are prevalent

® Temperature in Columbus, Ohio

® The level of the Dow-Jone’s Industrial Average

In these nonstationary random processes the statistical description of the
resulting random variables will change greatly depending on when the process
is sampled. For example, the average temperature in Columbus, Ohio is signif-
icantly different in July than in January. Nonstationary random processes are
much more difficult to characterize than stationary processes. Fortunately, the
thermal noise that is often seen in communication systems is well modeled as
stationary over the time spans which are of interest in understanding commu-
nication system’s performance. For the remainder of this book all noise
will be assumed to be stationary.
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Figure 9.7 Sample paths of random processes.

9.3.1 Basics

Definition 9.4 A random process, N (¢), is called stationary if the density function de-
scribing M samples of the random process is independent of time shifts in the sample
times, i.e.,

FNGO,N (), N )15 2, -+, 0D = [N (81+0), N (ta4+0),++, N (tar-+) (P15 g, -+, o)

for any value of M and ¢.

In particular the random variable obtained by sampling a stationary random
processes is statistically identical regardless of the selected sample time, i.e.,
nw () = fnae)(n1). Also two samples taken from a stationary random pro-
cess will have a statistical description that is a function of the time difference
between the two time samples but not the absolute location of the time samples,
Le., [N),N @) (1, N2) = [N, N+ (N1, ).
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EXAMPLE 9.9
For the random process defined in Example 9.1, since the second moment is given as

E[N2(t)] = Ry(¢,¢) = 1 + e 20 (9.11)

it is obvious that N (¢) is not a stationary process.

9.3.2 Gaussian Processes

Stationarity for Gaussian random processes implies a fairly simple complete
description for the random process. Recall a Gaussian random process is
completely characterized with Ry (¢1,%2) = E[N (£1)N (¢2)]. Since fn(ny) =
fN(t+t,) (n1) this implies that the mean (E[N (¢)] = 0) and the variance (o3 (#;) =
o%) are constants. Since fn ) N ) (1, 12) = FN(ty).N (1410 (11, N2) We know from
Property 9.5 that Ry(0,t1) = Ry(to,to + t1) for all ¢y. This implies that the
correlation function is essentially a function of only one variable, Ry (¢1,t3) =
Ry(t) = EIN(t)N (¢t — t)] where t = #; — to. For a stationary Gaussian process
this correlation function Ry (t) completely characterizes any statistical event
associated with the noise N (¢).

EXAMPLE 9.10

This example examines again the random process defined in Example 9.2 where a wide-
band noise is lowpass filtered. Recall that the mean function of the input and output is
defined as

mw () =E[W@] mn@) =E[INQ@)] (9.12)

Insight into the ensemble mean can be obtained by looking at the sample mean defined
as

1Y 1Y
() = 57 ;W(t’wi) () = 57 ;N(t,wi) (9.13)

Figure 9.8 shows a plot of the sample mean function for 4000 sample paths. It is pretty
clear that both the input and the output random processes from the canonical problem
have a zero mean. Similarly, the sample variance functions of the input and output
process are computed from 4000 sample paths, e.g.,

N N
1 1
58 (t) = ~ § W2(t, )  6%(t) = ~ § N2, w;) (9.14)
i=1 =1

Figure 9.9 shows the resultant averaged square value of the noise functions. It is clear
from Figure 9.9 that the variance of both the input and output noise processes for the
canonical problem are a constant function of time. These curves are empirical evidence
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Figure 9.8 The ensemble averages of the process mean function for the input and
output of the filter. 4000 trials.
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that the processes in the canonical problem are stationary processes, since the mean
and variance appear to be constant functions of time. The sample mean and variance of
the processes match the histograms in Figure 9.4.

The correlation function gives a description of how rapidly the random process
is changing with time. For a stationary random process the correlation function
can be expressed as

Ry(7) = az%pN(r) (9.15)

where oy (7) is the correlation coefficient between two samples taken t seconds
apart. Recall that if oy (z) ~ 0 then the two samples will behave statistically
in an independent fashion. If py(t) ~ 1 then the two samples will be very close
in value (statistically dependent). In addition to giving an engineer an idea of
how rapidly the random process varies as a function of time, the correlation
function also fully specifies the PDF of any number of samples from a Gaussian
random process. Recall the quantities needed to specify the PDF of zero mean,
jointly Gaussian random variables are the variance which is constant given as

o2 = Ry(0) (9.16)

and the correlation coefficient between the random variables. The correlation
coefficient between the random variables N (¢) and N (¢ — ) is given as

pn(7) = R:;” 9.17)

N

Consequently for a zero mean, stationary Gaussian process the correlation func-
tion completely determines the statistical characteristics of the process.

The idea of a correlation function has been introduced before in the context of
deterministic signal analysis. For deterministic signals the correlation function
of a signal x(¢) was defined as

[ee]

V(o) = / x(t)x*(t — v)dt (9.18)

—0Q

This correlation function also was a measure of how rapidly a signal varied
in time just like the correlation function for random processes measures the
time variations of a noise. Table 9.1 summarizes the comparison between the
correlation functions for random processes and deterministic energy signals.



9.14 Chapter Nine

TABLE 9.1 Summary of the important characteristics of the correlation function

Signal Definition Units Correlation value at r = 0
oo
Deterministic V(1) = f x(t)x*(t —t)dt  Joules V.(0) = E, (Energy of x(¢))
—00
Random Ry(t)=E[N(@)N(@# —1)] Watts Rpy(0) = a]%, (Average power of N (t))

EXAMPLE 9.11
Consider a correlation coefficient parameterized as

pN (1) = sinc(2W 1) (9.19)

For two samples taken T = 250 us apart, a process characterized with W = 400 Hz would
have these samples behaving very similar (pn (.00025) = 0.935). A process characterized
with W = 6400 Hz would have pn(.00025) = —0.058 and essentially the two samples
will be independent. Figure 9.10 shows a plot of several sample functions of Gaussian

1.5 T T T T T T T T T
—— BW=6400Hz
— — - BW=1600Hz
| 6—=o BW=400Hz | |
0.5 .

-1.5 1 1 1 1 1 1 1 1 1
0.025 0.0251 0.0251 0.0252 0.0252 0.0253 0.0253 0.0254 0.0254 0.0255

Time, t, sec

Figure 9.10 Sample paths for several Gaussian random processes parameterized by Eq. (9.19).
Note this plot show samples of random processes where the sample rate is fs = 44, 100 Hz. The
jaggedness and piecewise linear nature of the high bandwidth noise is due to this sampling. A
higher sampling rate would result in a smoother appearance.
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(a) W=6400 Hz. (b) W=1600 Hz.
Figure 9.11 Sample paths of a stationary Gaussian process along with the associated correlation function.

random processes whose correlation function is given Eq. (9.19) with different values of
W. The process parameterized with W = 6400 Hz varies rapidly over 250 us, while the
process parameterized with W = 400 Hz is nearly constant. Another way to view the
relation between the correlation function and the time variability of the random process
intuitively is to plot sample paths of the random process along with the correlation
function. Examples of this type of plot are shown in Figure 9.11 for W = 6400 Hz and
W = 1600 Hz. This type of plot clearly highlights how the correlation function relates
to the variability of a random process; the narrower the correlation function the faster
the random process varies in time.

Point 3: When the noise, N (¢), is a stationary Gaussian random process
the canonical problem can be solved solely by knowing the form of Ry (z) =
E[N@#)N(t — 1)] as the PDF of any number of samples taken arbitrarily
from the process N (¢) can be determined from Ry (7).

9.3.3 Frequency Domain Representation

Stationary noise can also be described in the frequency domain. Frequency
domain analysis has been very useful for providing an alternate view (compared
to time domain) in deterministic signal analysis. This characteristic holds true
when analyzing stationary random processes. Recall the definition of a finite
time Fourier transform given in Eq. (2.8), i.e.,

T
Nr(f,0) = / N(t, ) expl—j2r fHldt (9.20)
-7,
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The finite time Fourier transform is a complex random function of frequency.
Since N (¢) is a stationary random process the energy of N (¢) grows unbounded
as the measurement interval, T',,, gets large. Because of the unbounded energy
it proves useful to examine the finite time measured power spectral density
(units Watts per Hertz), which is given as

1
SN(f; w, Tm) = muva(f, w)lz (921)

It should be noted that the finite time measured power spectral density is now
a real random function of frequency. In analogy to the energy spectrum, G,(f),
introduced in Chapter 2, the measured power spectral density gives a distribu-
tion of power in the frequency domain for the sample path N (¢, w). Stationary
Gaussian random processes are characterized in the frequency domain by the
average power spectral density. The average of the measured power spectral
density is given as

SN (f,Tw) = 51 BNz, (f,0)P] = EISx(f,0,T,)]  (922)

and the limit as the measurement time gets large of this average is known as
the power spectral density of a stationary random process.

Definition 9.5 The power spectral density of a random process N (¢) is

Sn(f)= lim Sn(f,Tm)

Since the power spectral density is obtained by taking the ensemble average
and the time average of the energy spectrum of the sample paths, the power
spectral density is a measure of how the average power of the process is dis-
tributed as a function of frequency. The characteristics of the power spectral
density of stationary random signals, Sy (f), will parallel that of the energy
spectral density of deterministic signals, Gx(f). Intuitively, random processes
that vary rapidly must have power at higher frequencies in a very similar way
as deterministic signals. This definition of the power spectral density puts that
intuition on a solid mathematical basis.

Property 9.7 The power spectrum of a real valued! random process is always a nonnega-
tive and an even function of frequency, i.e., Sy (f) > 0 and Sy (f) = SNy (—f).

Proof: The positivity of Sy(f) is a direct consequence of Definition 9.5 and
Eq. (9.22). The evenness is due to Property 2.4. O

IThis chapter only considers real valued random processes but the next chapter will extend these
ideas to the complex envelope of a bandpass noise, hence the need to distinguish between a real
and a complex random process.
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(a) A sample path, Sy(f, w;, T},,) (b) Average of 4000 sample path, Sy (f, T,,)

Figure 9.12 A sample path and the average of 4000 sample paths.

EXAMPLE 9.12

For the output random process defined in Example 9.2, sample power spectra, Sy (f, o,
T1), can be computed from one sample path. Insight into the ensemble average can be
computed by looking at the sample mean of this function, i.e.,

N
_ 1
Sn(f,Twm) = N;SN(f,wi,Tm) (9.23)

Figure 9.12 shows one sample path, Sy (f, w;, T'm), and the average of the sample paths,
SN (f,Tpn),for 4000 samples paths. This is empirical evidence that Sy (f) is well defined
and exists for this canonical process that is the focus of this chapter.

Spectral analysis of stationary random processes proves extremely valuable
because the power spectral density is related to the correlation function as a
Fourier transform pair.

Property 9.8 (Wiener-Khinchin) The power spectral density for a stationary random
process is given by

Sn(f) = F{Rn (1)}

Proof: The power spectral density (see Definition 9.5) can be rewritten as

1
Sn(f) = lim ——E[|N7,()P]
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Using the definition in Eq. (9.20) gives

E[INz, ()] U N (ty) expl—j2rf tyldty / N (t) explj2nf tadts

= / " / " E [N (t1)N (t2)]) expl—j 21 f (t1 — to)]dt1dts (9.24)
T —1Im

Making a change of variables t = #; — ¢2 and using the stationarity of N (¢)
reduces Eq. (9.24) to

'n—t2
E[|Nrp, (f)l / / Ry (1) expl—j2nfrld tdts (9.25)
' —t2

Taking the limit gives the desired result. O

Actually the true Wiener-Khinchin theorem is a bit more general but this
form is all that is needed for this text. The Wiener-Khinchin theorem has utility
in communication system engineering because it implies that Ry (t) can be
computed once Sy (f) is identified. This correspondence between Ry () and
Sy (f) implies that the statistical description of N (¢) is fully characterized
with Sy (f).

The power spectral density can be used to find the average power of a random
process with a direct analogy to Rayleigh’s energy theorem. Recall that

EIN@)N(t — 1)) =Ry(t)=F YSn ()} = / Sn(f)exp(j2rfr)df (9.26)
so that the total average power of a random process is given as
EIN*®)] = Ry(0) =0} = [ Sx(fdf (9.27)

Equation (9.27) demonstrates that the average power of a random process is
the area under the power spectral density curve.

EXAMPLE 9.13

If
Ry (1) = 0% sinc(2W ) (9.28)
then
2
N
Sn(p) = daw 1=V (9.29)
0 elsewhere

A random process having this correlation—spectral density pair has power uniformly
distributed over the frequencies from —W to W.
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TABLE 9.2 Summary of the duality of spectral densities nonnegativity

Signal Definition Units Correlation Value at 7 = 0

Deterministic ~ Gy(f) = F(Vo()}  JHz = Vo0 =E.= [*_ Gu(f)df  Gu(f)=0

Random Sn(f)=F(Ry(v)} WHz Ry©0) =0} = [ Sn()df Sn(f)=0

The duality of the power spectral density of random signals, Sy (f) and the
energy spectral density of deterministic energy signals, G,(f), is also strong.
Table 9.2 summarizes the comparison between the spectral densities for ran-
dom processes and deterministic energy signals.

Point 4: When the noise, N (¢), is a stationary Gaussian random process
the canonical problem can be solved with knowledge of the power spectral
density of the random process, Sy (f). The power spectral density determines
the correlation function, Ry (t) through an inverse Fourier transform. The
correlation function completely characterizes any joint PDF of samples of
the process N (¢).

9.4 Thermal Noise

An additive noise is characteristic of almost all communication systems. This
additive noise typically arises from thermal noise generated by random motion
of electrons in conductors. From the kinetic theory of particles, given a resistor
R at a physical temperature of 7' degrees Kelvin, there exists a random additive
noise voltage, W(t), across the resistor. This noise is zero mean, stationary?, and
Gaussian distributed (due to the large number of randomly moving electrons
and the central limit theorem), with a spectral density given as [Zie86, Joh28,
Nyq28b]

2RAf |

W (9.30)

Sw(f) =

where h = 6.62 x 10734 is Planck’s constant and K = 1.3807 x 1023 is Boltz-
mann’s constant. A plot of the power spectral density of thermal noise is shown
in Figure 9.13. The major characteristic to note is that this spectral density is
constant up to about 1012 Hz at a value of 2KTR. Since Johnson [Joh28] made
measurements to characterize the thermally generated noise in conductors and
Nyquist [Nyq28b] provided the theory that matched these measurements, ther-
mal noise is often known as Johnson noise or Johnson—-Nyquist noise.

2As long as the temperature is constant.
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Figure 9.13 The PSD of thermal noise.

Since a majority of communications occurs at frequencies much lower than
10'2 Hz? an accurate and simplifying model of the thermal noise is to assume
a flat spectral density (white noise). This spectral density is a function of the
receiver temperature. The lower the temperature of the receiver the lower the
noise power. Additive white Gaussian noise (AWGN) is a basic assumption
made about the corrupting noise in most communication systems performance
analyses. White noise has a constant spectral density given as

Sw(f) = % 9.31)

where N(/2 is the noise power spectral density. Note that since
EW o) = [ Swiidf 9.32)

this thermal noise model has an infinite average power. This characteristic is
only a result of modeling Eq. (9.30) with the simpler form in Eq. (9.31). Tra-
ditionally some engineers have been loath to admit to the idea of negative
frequencies hence they are not comfortable with the model in Eq. (9.31). These
engineers like to think about noise power distributed over positive only fre-
quencies with a spectral density of double the height. In the literature one will
often see people denote Ny/2 as the two-sided noise spectral density and Ny as
the one-sided noise spectral density.

3Fiber optic communication is a notable exception to this statement.
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The autocorrelation function of AWGN is given by
No
Rw(t) = EW@EW(E —1)] = 75(r) (9.33)

AWGN is a stationary random process so a great majority of the analysis in
communication systems design can utilize the extensive theory of stationary
random processes. White noise has the interesting characteristic that two sam-
ples of the process W (¢) will always be independent no matter how closely the
samples are taken. Consequently, white noise can be thought of as a very rapidly
varying noise with no predictability.

A resistor in isolation will produce an approximate white noise with a two-
sided spectral density of 2KTR. If this system is placed in an electronic system,
the greatest value of the average power that would be able to be transferred
out of the resistor is one fourth of value that would exist if the resistor was
shorted (using the maximum power transfer theorem of linear systems, see
Problem 9.13). Hence an important number for communication system engi-
neers to remember is Ny = KT . For room temperature (T = 290°K) N =
4 x 1072! W/Hz (—174 dBm/Hz). When signals get amplified by active com-
ponents in a receiver the value of this noise spectral density will change. We
explore some of these ideas in the homework and refer the interested student to
the detailed references [Zie86, Cou93, Sk188] on the ideas of noise figure, link
budgets, and computing output signal to noise ratio.

This noise spectral density at the input to a communication system is very
small. If this thermal noise is to corrupt the communication signal then the
signal must also take a small value. Consequently, it is apparent from this
discussion that thermal noise is only going to be significant when the signal at
the receiver has been attenuated to a relatively small power level.

EXAMPLE 9.14

The noise plotted in Figure 9.7(b) could result from sampling of an wideband noise at a
sample rate of fs = 22,050 Hz. The rapidly varying characteristic of the noise samples
predicted by Eq. (9.33) is evident from Figure 9.7(b). A sample path of the measured
power spectrum and the average of 4000 trials of this experiment (see Eq. (9.22)) for
this process is shown in Figure 9.14. This average spectrum clearly shows the white
noise model for the PSD is appropriate. Figure 9.15 shows the histogram of the samples
of the AWGN. The Gaussian nature of this histogram is also clearly evident. In a vast
majority of communication system analysis the model of a AWGN is very accurate and
used in practice.

Point 5: The dominant noise in communication systems is often generated by
the random motion of electrons in conductors. This noise process is accurately
modeled as stationary, Gaussian, and white.
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(a) The measured PSD of a sample path. (b) The average of the measured PSD, 4000 trials.

Figure 9.14 Spectral characteristics of sampled wideband Gaussian noise.
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Figure 9.15 The measured histogram of wideband Gaussian noise, 4000 trials.
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9.5 Linear Systems and Random Processes

The final step in solving the canonical problem is to characterize the output of
a linear time-invariant filter when the input is a stationary, white, Gaussian
random process.

Property 9.9 Random processes that result from linear filtering of Gaussian random
processes are also Gaussian processes.

Proof: The technical machinery needed to prove this property is beyond the
scope of this class but most advanced texts concerning random processes will
prove this. For example [DR87]. It should be noted that a majority of the im-
portant ideas used in this proof can be understood by examining Problem 3.24.

O

Property 9.10 A random process that results from linear filtering of a zero mean process
will also be zero mean.

Proof: Assume the filter input is W(¢), the filter impulse response is hg(¢), and
the filter output is N (¢).

EINW]=E {/OO hr(WW(t — A)dk} = /loo hr(WME[W(t —MIdr =0. (9.34)
—0 —00 0

Property 9.11 A Gaussian random process that results from linear time-invariant fil-
tering of another stationary Gaussian random process is also a stationary Gaussian
process.

Proof: Assume the filter input is W(¢), the filter impulse response is hg(¢), and
the filter output is N (¢). Since we know the output is Gaussian, the stationarity
of N (¢) only requires that the correlation function of N (¢) be a function of
only, i.e., Ry(t1,t2) = Ry(7). The two argument correlation function of N (¢) is
given as

Ry(#1,t2) = EIN (¢1)N (¢2)]

=EK {/ hr(L )W (t — M)d)»l/ hr(A)W(ta — 22)d Ao| (9.35)
Rearranging gives

Ry(ty, t2) = / hrGu) / hrODEIW (- AW (ts — 2)ld Md A
_ / hrGa) / hrO) Ry (b1 — M — by + ho)d ad iz

_ / he(i1) / hrGa) Ry (€ — A + Ao)d id s

= g(1). (9.36)
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Point 6: The output noise in the canonical problem, N (¢), is accurately mode-
led as a stationary Gaussian process.

The canonical problem given in Figure 9.1 can now be solved by finding the cor-
relation function or spectral density of the stationary Gaussian random process
N (z). For the canonical problem W (¢) is a white noise so that Eq. (9.36) can be
rewritten as

o gee} N
Ry = [ e [ ha) 75280 — o = 0diad iy (9.37)
Using the sifting property of the delta function gives
Ny [™ N
Ry (0= 50 [ haGadhaGia = 0dis = =5 Vi (0 (9.38)

where V;,,(7) is the correlation function of the deterministic impulse response
hr(t) as defined in Chapter 2. This demonstrates that the output correlation
function from a linear filter with a white noise input is only a function of the
filter impulse response and the white noise spectral density.

The frequency domain description of the random process N (¢) is equally
simple. The power spectral density is given as

Sv() = FIRN () = L F Vi () = Gy () = TP 9.39)

The average output noise power is given using either Eq. (9.38) or Eq. (9.39) as
Ny [ Ny [*
of = EIN*1)] = Ry (0) = —° / Hr(F)Pdf = = / \hp(t)2dt  (9.40)

It should be noted that Eq. (9.40) is another example of Parseval’s theorem in
signal analysis.

The result in Eq. (9.39) is a special case of a more general result. The general
result is

Sn(f) = Sw(PIHR(I? = Sw(f)Ghy(f) (9.41)

This can be obtained by taking the Fourier transform of Eq. (9.36) as this dou-
ble integral can be reformulated as a double convolution. It is clear that by
substituting Sw(f) = Ny/2 into Eq. (9.41) gives the result in Eq. (9.39). Con-
sequently, the output spectral density of a linear time-invariant filter is equal
to the product of the input power spectral density and the energy spectrum of
the impulse response (the magnitude squared of the transfer function). This
characteristic enables an easy characterization of the impact of a filter in the
frequency domain.

EXAMPLE 9.15
This example considers the sampled wideband Gaussian noise shown in Figure 9.7(b)
being put into a lowpass filter of bandwith 1600 Hz. This lowpass filter will significantly
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Figure 9.16 Sample paths of wideband and filtered noise. Filter bandwidth =
1600 Hz.

smooth out the sampled noise and reduce the variance of the output process. Two sample
functions; one for the input wideband noise and one for the filtered noise, are shown in
Figure 9.16. The lowering of the output power of the noise and the smoothing in the
time variations that is expected to be produced at the lowpass filter output are readily
apparent in this figure. The output measured PSD of the filtered noise is shown in
Figure 9.17(b). This measured PSD validates Eq. (9.39), as this PSD is clearly the result
of multiplying the measured input noise spectral density (modeled in the text as a
white noise) with the lowpass filter energy spectrum as seen in Figure 9.17(a). This is
another great example in communication engineering where the theory exactly predicts
the measurement and why the theory has found such utility in practice. As a final point,
the histogram of the output samples, shown in Figure 9.18, again demonstrates that the
output noise is well modeled as a zero mean Gaussian random process.

EXAMPLE 9.16
Consider an AWGN with a one-sided spectral density of N being input into an ideal
lowpass filter of bandwidth W, i.e.,

L IfI=W
Hg(f) = (9.42)

0 elsewhere
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Figure 9.17 Measured spectral characteristics of filtered wideband noise.
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Figure 9.18 A histogram of the samples of the filtered noise.
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The output spectral density is given as

Ny -
=0 w
Sn(f) = 2 I71= (9.43)

0 elsewhere

and the average output power is given as ‘71%] =NyW.

Engineers noted the simple form for the average output noise power expression
in Example 9.16 and decided to parameterize the output noise power of all filters
by a single number, the noise equivalent bandwidth.

Definition 9.6 The noise equivalent bandwidth of a filter is

1 oo
By=-—" Hr(P)|?d,
N 2|HR(O)|2/, |HR(f)I"df

o]

For an arbitrary filter the average output noise power will be 0% = NoBy
|[Hr(0)|2. Note, for a constant |Hz(0)| the smaller the noise equivalent band-
width the smaller the noise power. This implies that noise power can be mini-
mized by making By as small as possible. In the homework problems we will
show that the output signal to noise ratio is not a strong function of |Hr(0)|
so that performance in the presence of noise is well parameterized by By. In
general, Hr(f) is chosen as a compromise between complexity of implementa-
tion, signal distortion, and noise mitigation.

Point 7: A stationary, white, and Gaussian noise of two-sided spectral den-
sity No/2 when passed through a filter will produce a stationary Gaussian
noise whose power spectral density is given as

Sn(f) = %mg(f)ﬁ

9.6 The Solution of the Canonical Problem

Putting together the results of the previous five sections leads to a solution of
the canonical problem posed in this chapter.

First, the characterization of one sample, N (z;), of the random process N (¢)
is considered. This case requires a four step process summarized as
1. Identify Ny and Hg(f).
2. Compute Sy (f) = Ze|Hg(f)|2.
3. 0§ = EIN2(t)] = Ry (0) = o [ |Hg(f)?df = NoBn|Hg(0)?

2
4. fyney(n) = \/231—2 exp (-%)
N
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EXAMPLE 9.17
Consider two ideal lowpass filters with

Hpo(f) = 4+ T1=Wi (9.44)
B |0 elsewhere '
with W; = 400 Hz and W9 = 6400 Hz and a noise spectral density of
1
No = 1500
Step 2 gives
=W,
Sn,(f) = { 3200 - (9.45)
0 elsewhere

Step 3 gives 012\, = 0.25 and O‘N = 4. The average noise power between the two filter
outputs is dlfferent by a factor of 16. The PDFs in step 4 are plotted in Figure 9.19.

Second, the characterization of two samples, N (¢1) and N (¢2), of the random
process N (t) is considered. This case requires a five step process summarized
as
1. Identify Ny and Hy(f).

2. Compute Sy (f) = Je|HR(£)2.

0.8||||||||||||||||'_|||||||||||||||||

o M

—O— W =6400 / \

—B— W =400

N (ny)
o o
N~ W
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\
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L L

Figure 9.19 The PDF of a filter output sample for W = 400 and W = 6400 Hz.
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3. Ry(v) = F HSNn(f)}
4. 0% = Ry(0) and py (1) = Ry (1) /0%

_ 1 -1
5. NN, n9) = 2708 Ao () P [20 71 PN(‘L')Z)( — 2pn(T)mang + nz)}

EXAMPLE 9.18
Consider two ideal lowpass filters with

Hpop) = {1 1= (9.46)
R® ~ |0 elsewhere '
with Wy = 400 Hz and Wy = 6400 Hz and a noise spectral density of
1
No = 1600
Step 2 gives
R < W.
Sn.(f) = { 3200 I1f1= (9.47)
0 elsewhere

Step 3 gives Ry,(t) = 0.25sinc(8007) and Ry,(7) = 4sinc(12,8007). Step 4 has the
average noise power between the two filter outputs being different by a factor of 16
since 01%, = 0.25 and O'N = 4. For an offset of 7 seconds the correlation coefficients
are ,oNl(r) = sinc(8007) and PN,(t) = sinc(12,8007). The PDFs in step 5 are plotted
in Figure 9.20(a) and Figure 9.20(b) for r = 250 us. With the filter having a band-
width of 400 Hz the variance of the output samples is less and the correlation between
samples is greater. This higher correlation implies that the probability that the two
random variables take significantly different values is very small. This correlation is

0.04
0.03 |
0.02 |
0.01 |

NN (@1 12)

-2
4y m
(a) W=400 Hz. (b) W= 6400 Hz.

Figure 9.20 The PDF of two samples separated by T = 250 us.
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evident due to the knife edge like joint PDF. These two joint PDFs show the charac-
teristics in an analytical form that were evident in the noise sample paths shown in
Figure 9.10.

Similarly, three or more samples of the filter output could be characterized
in a very similar fashion. The tools developed in this chapter give a student the
ability to analyze many of the important properties of noise that are of interest
in communication systems design.

9.7 Homework Problems

Problem 9.1. For this problem consider the canonical block diagram shown in
Figure 9.21 with s;(¢) = cos(27(200)¢) and with W(¢) being an additive white
Gaussian noise with two-sided spectral density of Ny/2. Assume Hg(f) is an
ideal lowpass filter with bandwidth of 400 Hz. Two samples are taken from the
filter output at time¢# =0 and ¢ =7, i.e., Y,(0) and Y, (7).

(a) Choose Nj such that the output noise power, E[N2(¢)] = 1.

(b) Y,(0)is arandom variable. Compute E[Y,(0)] and E[Y 2(0)], and var(Y,(0)).
(¢) Y,(r)is arandom variable. Compute E[Y,(t)] and E [Yoz(l')], andvar(Y,(1)).
(d) Find the correlation coefficient between Y,(0) and Y,(7) i.e.,

E[(Y,(0) — E[Y,(0))(Y,(7) — E[Y,(7)])]

9.48
V/var(Y,(0)var(Y,(t)) 948

oy, (1) =

(e) Plot the joint density function, fy,)y,x) (y1,¥2), of these two samples for
7 = 2.5 ms.

(f) Plot the joint density function, fy, )y, (¥1, y2), of these two samples for
T =25 us.

(g) Compute the time average signal to noise ratio where the instantaneous
signal power is defined as E[Y,(t)]2.

Problem 9.2. Real valued additive white Gaussian noise (two-sided spectral den-
sity No/2) is input into a linear-time-invariant filter with a real valued impulse
response hr(¢) where hr(¢) is constrained to have a unit energy (see Figure 9.21
where s;(¢) = 0).

s;(t) + W(2) Y, (1) = s5,()+ N(@)

H(f)

Figure 9.21 Block diagram for signals, noise, and linear
systems.
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(a) Calculate the output correlation function, Ry (7).

(b) The output signal is sampled at a rate of f;. Give conditions on the im-
pulse response, hg(¢), that will make these samples independent. Give one
example of a filter where the output samples will be independent.

(c) Give the PDF of one sample, e.g., fn,)(n1).

(d) Give the PDF of any two sample, e.g., fnu)N+2/f)(11, n2) where k is a
nonzero integer and the filter satisfies the conditions in (b).

(e) Give an expression for P (N (¢1) > 2).
Problem 9.3. Real valued additive white Gaussian noise, W(¢) with a two-sided

spectral density N¢/2 = 0.1 is input into a linear-time-invariant filter with a
transfer function of

0 elsewhere

2 If1=10
H(f) = { (9.49)

The output is denoted N (¢).

(a) What is the correlation function, Rw(7), that is used to model W (¢)?

(b) What is E[N (¢)]?

(c) Calculate the output power spectral density, Sy (f).

(d) Whatis E[N2(¢)]?

(e) Give the PDF of one sample, e.g., fn,)(n1).

(f) Give an expression for P(N (1) > 3).

Problem 9.4. For this problem consider the canonical block diagram shown in
Figure 9.21 with s;(¢#) = A and with W(¢) being an additive white Gaussian
noise with two-sided spectral density of N(/2. Assume a 1-Q system and break
the filter response into the DC gain term, Hr(0) and the normalized filter
response, Hy (f), i.e., Hr(f) = Hr(0)Hy (f).

(a) What is the input signal power?

(b) What is the output signal power, Ps?

(c) What is the average output noise power, 0% ?

(d) Show that the output SNR = P /o is not a function of Hg(0).

(e) Give the output SNR as a function of A, Ny, and By.

Problem 9.5. For the canonical problem given in Figure 9.1, the output noise
spectral density is given as

Nyf?2 w
Sy(f) = { of * 1F1= 9.50)

0 elsewhere
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(a) What is the average ouput noise power?
(b) Give a possible Hr(f) that would result in this output noise?

(c) Think of a way to implement this Hr(f) using a lowpass filter cascaded
with another linear system that is used in the demodulation of an analog
modulation.

Problem9.6. Show that Sy (f) = Sw(f)|Hg(f)|? by taking the Fourier transform
of Eq. (9.36).

Problem 9.7. Consider the following linear system with a signal, s;(¢), plus a
white Gaussian noise, W(¢), as inputs.

t t
V() = s,(t) + N(t) = / *(Vd 2 = / (si(A) + WO A 9.51)
t—-T; t—T;

where T'; is defined as the integration time.

(a) What is the impulse response of this linear system, A, (¢).
(b) Show that

N o0
o2 = 7" @)t (9.52)

(c) If the input to the filter is a DC term plus the AWGN, i.e.,

t
Y(t) = / (A+ WG A 9.53)
t—T;

i

find the output SNR= P;/c% as a function of T';.
(d) For the case considered in (c¢) show that SNR grows monotonically with T';.
(e) If the input to the filter is a sinusoid signal plus the AWGN, i.e.,

t
Y(t) = / (V2Acos(2r fot) + WO (9.54)
t—T;

i

find the output SNR as a function of T';.

(f) For the case considered in (e) show that SNR does not grows monotonically
with T'; and find the optimum T'; for each f,,.

Problem 9.8. Real valued additive white Gaussian noise, W(¢) with a two-sided
spectral density No/2 = 0.1 is input into a linear-time-invariant filter with a
transfer function of

2 If1=W
Hg(f) = (9.55)

0 elsewhere

The output is denoted N (z).
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(a) What is the correlation function, Rw(t), that is used to model W (¢)?
(b) What is E[N (£)]?

(c) Calculate the output power spectral density, Sy (f).

(d) Select W to give E[N2(t)] = 10.

(e) Give the PDF of one sample, e.g., fn(,)(n1) when E[N2(¢)] = 10.

(f Given an expression for P(N (¢;) > 3) when E[N2(¢)] = 10.

Problem 9.9. As simple model of a radar receiver consider the following problem.
A radar sends out a pulse and listens for the return at the receiver whose
filtering is represented with an impulse response hg(¢). The situation when no
target is present is represented with the input being modeled as a real valued
additive white Gaussian noise, Y(¢) = W(¢), (W(¢) has a two-sided spectral
density Ny/2) being input into a linear-time-invariant filter with a real valued
impulse response Ag(#). Denote the output as V (¢). The situation where a target
is present can be represented as the same filter with a input Y (¢) = A+ W(¢).
A target detection decision is given by a simple threshold test at time ¢

Target Present
>

- Y (9.56)
Target Absent

V(t)

(a) For the case when no target is present, completely characterize a sample of
the process V (¢).

(b) For a particular time ¢, find a value of the threshold, y, where the probability
that a target will be declared present when one is not present is 107°.

(c) For the case when a target is present completely characterize a sample of
the process V (¢).

(d) For the value of the threshold selected in (b) find how large A should be to
correctly detect a target present with a probability of detection greater than
0.9 for any value of ¢.

Problem9.10. Areal valued additive white Gaussian noise, W (¢), (two-sided spec-
tral density N(/2) is input into a linear-time-invariant filter with a real valued
impulse response hr(¢). Assume hg(¢) represents an ideal lowpass filter with
bandwidth By and N (¢) is the output of the filter.

(a) Find Ry (7).

(b) Choose By such that E[N2(¢)] = 1.

(¢) For the random process Z(t) = N (¢t) — N (¢t — t1) find Rz(7).

(d) Select a value of t; such that E[Z2(¢)] = 0.5 for the By computed in (b).

Problem 9.11. (Adapted from PD) Prof. Fitz likes to gamble but he is so busy
thinking up problems to torment students that he can never find time to get
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to Las Vegas. So instead he decides to gamble with the students in his com-
munication classes. The game has real valued additive white Gaussian noise
(two-sided spectral density No/2 = 1), W(¢), input into a linear-time-invariant
filter with a real valued impulse response
2 0<t=<05
hrt) = ¢ -2 05<t<1 (9.57)

0 elsewhere

Prof. Fitz samples the noise, N (¢), at a time of his choosing, ¢y, and notes the
sign of the noise sample. The student playing the game gets to choose a later
time, ¢y + 7, 7 > 0 to sample the noise and if the sign of the noise sample is the
opposite of Prof. Fitz’s sample then the student gets out of the final exam.

(a) Calculate the output correlation function, Ry (7).
(b) Prof. Fitz samples at ¢, = 1, find E[N2(1)].
(c) Give the probability density function of Prof. Fitz’s sample, e.g., [, (n1).

(d) If you are playing the game and Prof. Fitz samples the noise at ¢y = 1, select
a sample time to optimize your odds of getting out of the test. Justify your
answer. Could you do better if you were allowed to sample the process at a
time before Prof. Fitz samples the process?

(e) If Prof. Fitz gets a realization N (1) = 2 in his sample, compute the proba-
bility of your getting out of the test for the optimized sample time you gave
in (d).

Problem 9.12. Consider the model in Figure 9.1 where the noise is zero mean
white Gaussian with a one-sided noise spectral density of Ny W/Hz and filter
has an impulse response of

he() expl—at] t>0 9.58)
B ~]o elsewhere ’

where a > 0.

(a) Find E[N2(¢,)].

(b) Find P(N(¢,) < D).

(¢) Find the noise equivalent bandwidth of this filter, By .

(d) Find P(N (¢; + ) < O|N () = 1). Hint: Eq. (3.23) might be useful.

Problem 9.13. Noise in communication systems are often modeled with the sys-
tem in Figure 9.22. The noise source consists of an ideal voltage noise source
and a source resistance. If the noise source produces a voltage of N (¢) where
N (t) is a stationary noise with E[N2(¢)] = Py.
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Figure 9.22 A noise source and sink.

(a) Find the average power delivered to the sink as a function of R; and R.

(b) What is the value of R that would maximize this power and what would be
the corresponding maximum average power delivered.

Problem 9.14. Given Figure 9.23 and W(¢) being an additive white Gaussian
noise (Rw (1) = No/25(1)).

(a) Expressthe probability density function (PDF) of the random variable N1(¢1)
for a fixed ¢; in terms of A;(¢) and Ny.

(b) Find the E[N1(t1)No(#1)] for a fixed #1 in terms of h;(¢), he(¢), and Ng. Specify
the joint PDF of N1(¢1) and Ny(#1).

(¢) If hy(¢) is given in Figure 9.24 then find an impulse response for hy(¢) such
that N1(¢;) and Ny(#1) for a fixed ¢; are independent random variables with
equal variances Hint: The answer is not unique.

Problem 9.15. For this problem consider the canonical block diagram shown in
Figure 9.21 with s;(¢) = Acos(200x¢) and with W(¢) being an additive white
Gaussian noise with two-sided spectral density of No/2 = 0.01. Hg(f) is a filter
with a transfer function given in Figure 9.25.

(a) What is s,(¢) and what is P ?

(b) If two samples are taken from W (¢), e.g., W(¢1) and W(¢2), what spacing in
the time samples, 2 — t1, must be maintained to have two samples that are
statistically independent random variables?

Ny(t)

Na(f)  Figure 9.23 White noise into a linear filter,
4000 trials.
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Iy(1)

Figure 9.24 An example impulse
response.

(¢) What is the spectral density of N (¢), Sy (f)?
(d) What is the noise power, E [N 2(¢)]?
(e) Choose A such that the output SNR = 10.

Problem 9.16. Consider the model in Figure 9.1 where the noise is zero mean
white Gaussian with a one-sided noise spectral density of Ny W/Hz and filter
is an ideal bandpass filter of bandwidth B7 that has a transfer function of

(9.59)
0 elsewhere

8 fo-H=Ifi=fet+ B
HR(f)z{ fe—F =IfI=fe+

Assume f. > Br.

(a) Find Sy (f).

(b) Find E[N2(¢,)].

(¢) Find Ry (7).

(d) Find P(N (¢) < D).

(e) Find P(N (t; + ) < 0|N (¢5) = 1). Hint: Eq. (3.23) might be useful.
() Find the value of T that maximizes P(N (¢, + 1) < 0[N (¢) = 1).

Hg(f)
-

200 400

Figure 9.25 Transfer function of Hr(f).
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Figure 9.26 A correlation function for a stationary noise.

Problem 9.17. A zero mean, stationary, Gaussian noise, N (¢), is characterized by
the correlation function given in Figure 9.26.

(a) Give the average power of this noise.

(b) Give the joint probability density function of two samples of this noise, N (1)
and N (1.02).

(c) Find P(N(1) > 4).

(d) If this noise is the output of an ideal lowpass filter with Hr(0) = 1 driven
by white noise, estimate the filter bandwidth and two-sided noise spectral
density of the noise, Ny/2.

Problem 9.18. Two noise processes, N1(¢) and Nq(¢), are zero mean, stationary,
Gaussian proceses, and have the following correlation functions:

Ry, (¢) = 100sinc (i) Ry, (v) = 50sinc(257) (9.60)
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Ny (1)

(1)
@)M hy(t) 4_&)7 E(r)

N (1)

Figure 9.27 A system block diagram.

(a) Which random process has a greater power? Why?

(b) Two samples are taken from No(¢), No(#1), and No(¢;+7). What is the small-
est value of 7 such that the two samples are orthogonal random variables?

(¢) For N1(¢), what is the correlation coefficient corresponding to t = 1? Give
the joint PDF of two samples of N1(¢) taken 1 second apart.

(d) Find P(N;(¢t) < —10).
(e) Using only linear devices (amplifiers and filters), generate a random process
statistically identical to N1(¢) from N(z).

Problem 9.19. Consider the block diagram in Figure 9.27 where W;(¢) are inde-
pendent white Gaussian noises with Ry,(t) = No/25(z), i=1,2.

(a) Fil’ld fN(tO)(n).
(b) Find P(N () > —1).

(¢) Find /NN o—n(ma, n2).
(d) Find fn)(nIN (¢ — 1) = np).
(e) Find the simplest expression for Sg(f).

Problem 9.20. Two random processes are defined as
Ni1(t) =X cos2rfot) +Y (9.61)
and
No(t) = X cos(2rfot) + Y sin(2r fot) (9.62)

where X and Y are independent zero mean jointly Gaussian random variables
with unity variance and f, is a deterministic constant.
(a) Are these processes Gaussian processes?

(b) For each of the processes that are Gaussian given a joint density function
of the samples of the random process taken at¢ =0and ¢ = 1/(4f,).

(¢) Are these processes stationary? Hint: Trigonometry formulas will be useful
here.
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Thermal W(t)
Noise

Hg(f) N@)

Figure 9.28 The noise model.

Problem 9.21. Consider an additive white Gaussian noise input into a linear-
time-invariant system as given in Figure 9.28. Suppose that

I A |fI=W
r(f) = (9.63)

0 elsewhere

and that Sw(f) = .

(a) Choose A such that 0%, = 1.

(b) If W = 100 Hz and N (¢y) = 2 find the conditional mean E[N () — 7)|
N (¢9) = 2]. Hint: See Section 3.3.3.

(c) IfW =100 Hz, N (¢y) = 2,and 7 > 0.01 find the value of t that will minimize

var(N (o — ©)|N (¢9) = 2) (9.64)

Problem 9.22. Often in engineering practice message signals are modeled as ran-
dom processes. Assume M(¢) is a Gaussian random process with the power
spectrum given in Figure 9.29.

(a) What is the power of this signal, P,,?

(b) Find the PDF of one sample of this message signal.

(c) What is the correlation function of the message signal, Ry(1)?

(d) Find and plot the PDF of two samples of this message signal taken r =
1/200 seconds apart.

(e) Find and plot the PDF of two samples of this message signal taken t
0.25/200 seconds apart.

I 1
=200 200

v

Figure 9.29 The power spectrum of the message signal.
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Problem 9.23. This chapter came to the conclusion that noise in a communica-
tion system is well modeled as Gaussian and stationary. In a similar modeling
exercise provide a detailed justification of whether it is appropriate to model
the following random processes as Gaussian and/or stationary

(a) The number of victories in a year for the Ohio State University men’s
American football team

(b) The number of skiers per day at the Vail Colorado ski resort

(¢) The number of oxygen molecules in one liter of air in your classroom

(d) The number of women engineers graduating from Purdue University in a
year

(e) The number of cars per hour passing a point on a Los Angeles freeway
Problem9.24. Consider a model with a zero mean Gaussian and stationary noise,

N1(¢), input into a linear filter with an impulse response A(¢) and a transfer
function of H(f). Denote the output noise Ny(t).

(a) Show that the cross—correlation between the input and the output of the
filter is given as

Ryw,(0) = EIN1 ()Nt — 0)] = / Ryt + ORGIdA  (9.65)

(b) Show the cross spectrum between the input and output is
Sy, (f) = F{Rn N, ()} = SN (FYH*(f) (9.66)

Problem 9.25. Active electronic devices produce more noise than passive devices
(e.g., aresistor) and this can decrease the output SNR from the device. An ideal
model of an amplifier in a communication system is given in Figure 9.30.

(a) In the ideal model of an amplifier with P; = 10, Ny = 0.001 and with Hg(f)
being an ideal lowpass filter of bandwidth, B = 1000 Hz, find the output
SNR, i.e.,

P,
SNR1p = 5 (9.67)

s,(t) + N(1)

W (1)

Figure 9.30 An idealized model of an active device.
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—s,(0) + N(1)

Figure 9.31 A model of an active device accounting for the extra noise gener-
ated in the device.

(b) In fact, for an active device the output SNR is given as

SNRp
F

where F > 1 is defined as the noise figure of the device. Show that this
nonideal active device can be modeled as shown in Figure 9.31 where W(¢)
is an additive white Gaussian noise independent of W(¢). Find the spectral
density of W1(¢) as a function of F.

SNR, = (9.68)

(c) Figure 9.32 shows a model of two active devices cascaded in a communica-

tion system. Show that the cascaded noise figure is Fp = F; + £ j\%l, ie.,

SNRip  SNRp

SNR, = =
Fr Fi+ Fzgl

(9.69)

Problem 9.26. Gaussian random variables are convenient in communication sys-
tems analysis because only a finite number of parameters are needed to fully
characterize the statistical nature of the random variables. Samples taken from
a stationary Gaussian random process require even fewer parameters to char-
acterize.

(a) If N1 and Ng are two jointly Gaussian zero mean random variables how
many parameters and what are the parameters needed to specify the joint
distribution.

,,,,,,,,,,,,,,,,,,
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|
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|A2 L H(f) s+ NG

™M
N>/
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Figure 9.32 A model for a cascade of two active devices.
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(b) If Ny = N(¢) and Ny = N(¢t + 1) are two jointly Gaussian zero mean
random variables obtained by sampling a stationary zero mean bandpass
Gaussian process at time ¢ and ¢ + 7, how many parameters and what are
the parameters needed to specify the joint distribution.

(¢) If N1, No, and N3 are three jointly Gaussian zero mean random variables
how many parameters and what are the parameters needed to specify the
joint distribution.

(d) IfNy=N(), No=N(t+71),and N3 = N (¢ — 1) are three jointly Gaussian
zero mean random variables obtained by sampling a stationary zero mean
bandpass Gaussian process at times ¢, {+ 1, and ¢t — t, how many parameters
and what are the parameters needed to specify the joint distribution.

9.8 Example Solutions
Problem 9.4.

(a) Py, = A2

(b) Since the input signal is a DC signal (f = 0) and has a Fourier transform
S;(f) = AS(f) the output is s,(t) = AHR(0). Consequently, P, = A2|Hzr(0)|.

(c)
N o0 N o0
ok =5 [ IHepPdf= L HOF [ HN (PP 070)
)
P, 242 [® -1
SNR = =5 = 222 U \Hy (F)[? df] 9.71)
oN NO —00
(e) Using the definition of By gives
By = ;/w \Hp(f)2df = ;/m \Hz(0) | Hy (F)[2df
N = o HR P ) R 2HR(O)? ) o "

(9.72)

Therefore, By = %f_oooo |Hy (f)|? df and SNR = NOA:?N'

Problem 9.20.

(a) Note that N1(¢) and Nq(¢) are both zero mean Gaussian processes with
correlation functions

Ry, (7)) = % /OO hi()hi(t — ©)dt (9.73)
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Since N (t) = N1(¢) + No(t) and N(¢) is independent of No(¢) we have

ox = Ry(0) = var(N (¢)) = var(N1(¢)) + var(Ns(¢))
_No [*

3 (1)1 + |ha(8)[?)dt (9.74)

and
2
—"—] (9.75)

1
fne(n) = exp[ 002
1/27101%, oN

(b)

o0 1 1 1
P(N(t -1) = dn=—-+ —erf | ——— 9.76
(V) > —1) /4 fvowdn 2 * 2% ( 2var(N(t))> ( .

(c) Since N (¢) is a zero mean process the PDF is characterized with

R N 0
RO =of o0 =257 = 20 [ ot - o)+ oot — o)
Oi 2085 J-oo
(9.77)
Using these results in
f (x,9) -
N®ON@E-\X,y) =
2n0%/1— p% ()

1

] (x® — 2pn (T)xy + y2)> (9.78)

(d) Recall that
1

on /27 (1= 3 (D)

fno@INE—1)=y) =

1
X ex —
P ( 20% (1 — p% (1)

(e) The effective transfer function from input 1 to the output is

)(x — ,ON(T)y)2> (9.79)

Hg:(f) = Hi(f)(1 — H3(f)) (9.80)
The effective transfer function from input 2 to the output is
Hpgo(f) = —H(f)H3(f) (9.81)

Since both of the input noises, W;(¢), are independent the output power
spectrum is given as

Se(f) = %|H1(f)(1 — Hy(f)1> + %| — Hy(f)Hs(f)|? (9.82)
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9.9 Miniprojects

Goal: To give exposure

® to a small scope engineering design problem in communications.
® to the dynamics of working with a team.

® to the importance of engineering communication skills (in this case oral pre-
sentations).

Presentation: The forum will be similar to a design review at a company
(only much shorter). The presentation will be of 5 minutes in length with an
overview of the given problem and solution. The presentation will be followed
by questions from the audience (your classmates and the professor). Each team
member should be prepared to give the presentation.

9.9.1 Project 1

Project Goals: To use your engineering knowledge of random processes to
solve a practical engineering problem.

You have a voice signal with average power of —10 dBm and bandwidth of
4 kHz that you want to transmit over a cable from one building on campus to
another building on campus. The system block diagram is shown in Figure 9.33.
The noise in the receiver electronics is accurately modeled as an AWGN with a
one-sided noise spectral density of Ny = —174 dBm/Hz. The cable is accurately
modeled as a filter with the following impulse response

he(t) = Lp5(t — 7,) (9.83)

where L, is the cable loss. You are using cable with a loss of 2 dB/1000 ft. How
long of a cable can be laid and still achieve at least 10 dB SNR? If the signal
was changed to a video signal with —10 dBm average power and bandwidth of
6 MHz, how long of a cable can be laid and still achieve at least 10 dB SNR?

9.9.2 Project2

Project Goals: To use the knowledge of random process theory to identify the
characteristics of an electronic signal.

Message | m(1) Lowpass

Source Channel %/ Filter H(f) Output

Noise

Figure 9.33 Block diagram of a baseband (cable) communication system.
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You have been given a radio receiver that was recovered from a crash site
of an alien spacecraft and are part of a project team that has been asked to
understand this radio. The technician on your project has sampled a waveform,
N (¢), from the radio output at a sample rate of f; = 10 MHz and put it in
the file aliennoise.mat. Examine the file and determine whether you think the
signal can be characterized as Gaussian and/or stationary. If the process is well
modeled as Gaussian and stationary then estimate the correlation function,
Ry (1), and the power spectral denisty, Sy (f), of this process. Determine what
bandwidth contains 99% of the signal power.
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Chapter

10

Noise in Bandpass
Communication Systems

Noise in communication systems is produced from a filtering operation on the
wideband noise that appears at the receiver input. Most communication occurs
in a fairly limited bandwidth around some carrier frequency. Since Chapter 9
showed that the input noise in a communication system is well modeled as an
additive white Gaussian noise, it makes sense to limit the effects of this noise by
filtering around this carrier frequency. Consequently, the canonical model for
noise in a bandpass communication system is given in Figure 10.1. The white
noise, W(¢), models a wideband noise which is present at the receiver input.
This noise can come from a combination of the receiver electronics, man-made
noise sources, or galactic noise sources. This noise is often well modeled as a
zero mean, stationary, and Gaussian random process with a power spectral
density of Ny/2 W/Hz. The filter, Hr(f), represents the frequency response of
the receiver system. This frequency response is often designed to have a band-
pass characteristic to match the transmission band and is bandpass around
the carrier frequency, f.. Chapter 9 showed that N.(¢) is a stationary Gaussian
process with a power spectral density (PSD) of

Sn.(f) = |HR(f)|2% (10.1)

The noise, N.(¢), will consequently have all it’s power concentrated around
the carrier frequency, f.. Noise with this characteristic is denoted bandpass
noise. The average power of the noise is given as

o0 N oo
ENX0) =of = [ swipdr="50 [ 1HROPA (02)
This noise in a bandpass communication system will then be passed through
an I/@ downconverter to produce an in-phase noise, N;(¢), and a quadrature

Copyright © 2007 by The McGraw-Hill Companies. Click here for terms of use.
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X(1)

Channel

tX
|

nO+N@ [ 3 [+ Ny

_ /Q
He(f) Y(t) =r.() + N Down-

converter

tS
|
ro() + No®| 3 |ro(t) +Nolt)

W(z)

Figure 10.1 The canonical model for communication system analysis.

noise, N g(¢). This chapter provides the necessary tools to characterize the low-
pass noise processes, N;(¢) and N g(¢), that result in this situation.

EXAMPLE 10.1
Consider a receiver system with an ideal bandpass filter response of bandwidth Br
centered at f¢, i.e.,

A NIfI-fl< B
Hg(f) = cT (10.3)
0 elsewhere
where A is a real, positive constant. The bandpass noise will have a spectral density of
A2NO BT
swp={ =2 MI-fl=7 (10.4)
0 elsewhere
Consequently
[o¢]
E[N2®)] =of = / SN, (f)df = A*NoBr (10.5)
—00

These tools will enable an analysis of the performance of bandpass commu-
nication systems in the presence of noise. This ability to analyze the effects
of noise is what distinguishes the competent communication systems engineer
from the hardware designers and the technicians they work with. The simplest
analysis problem is examining a particular point in time, ¢;, and character-
izing the resulting noise samples, N;(¢;) and Ng(¢), to extract a parameter
of interest, e.g., average signal-to-noise ratio (SNR). Bandpass communica-
tion system performance can be characterized completely if probability density
functions (PDF) of the noise samples of interest can be identified, e.g.,

f,(ny), NN+, ng),  and/or  f NN+ (na, ng) (10.6)
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To accomplish this analysis task this chapter first introduces notation for
discussing the bandpass noise and the lowpass noise. The resulting lowpass
noise processes are shown to be zero mean, jointly stationary, and jointly Gaus-
sian. Consequently, the PDF's like those detailed in Eq. (10.6) will entirely be
a function of the second order statistics of the lowpass noise processes. These
second order statistics can be produced from the PSD given in Eq. (10.1).

EXAMPLE 10.2

If a sampled white Gaussian noise like that considered in Figure 9.7(b) with a measured
spectrum like that given in Figure 9.14(a) is put through a bandpass filter a bandpass
noise will result. For the case of a bandpass filter with a center frequency of 6500 Hz and
a bandwidth of 2000 Hz one sample path of the measured output PSD, Sy, (f, w1, Tm),
is shown in Figure 10.2(a). An estimate of the PSD using an average of 4000 sample
paths is shown in Figure 10.2(b). The validity of Eq. (10.1) is clearly evident in this
output PSD as this PSD can be viewed as the multiplication of the input white PSD and
a bandpass transfer function. One resulting sample function of this output bandpass
noise, N (¢, w1) is given in Figure 10.3(a). A histogram of 4000 output samples taken
at t = 0.0045 seconds of this noise process, N.(0.0045), is shown in Figure 10.3(b).
This histogram demonstrates that a bandpass noise as is typically seen in bandpass
communication systems is well modeled as a zero mean Gaussian random process.

Point 1: In bandpass communications the input noise, N (¢), is a stationary
Gaussian random process with power spectral density given in Eq. (10.1).
The effect of noise on the performance of a bandpass communication system
can be analyzed if the PDF's of the noise samples of interest can be charac-
terized as in Eq. (10.6).

=30
—40
= —60
S)
S =70t
&)
A 801
-90
-100—7——
-1-0.8-0.6-04-020 02 04 06 0.8 1 -1-0.8-0.6-04-020 0.2 04 0.6 0.8 1
Frequency, f, Hz x 10* Frequency, f, Hz x 10%
(a) One sample function fo the measured PSD, (b) An estimate of the PSD using a 4000 trial
Sy f, o, Ty average.

Figure 10.2 The measured spectral characteristics of bandpass filtered white noise.
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Figure 10.3 Further characterization of bandpass noise resulting from bandpass filtering a white Gaussian noise.

10.1 Bandpass Random Processes

A bandpass random process will have the same form as a bandpass signal.
Consequently, it can be written as

N.(t) = N1(t)V2cos(2rft) — No(t)V2sin(2r f.t) (10.7)
= NA(t)V2cos(2nf.t + Np(2)) (10.8)

Nj(¢) in Eq. (10.7) is normally referred to as the in-phase (I) component of
the noise and N ¢(¢) is normally referred to as the quadrature (Q) component
of the bandpass noise. The amplitude of the bandpass noise is N 4(¢) and
the phase of the bandpass noise is Np(¢). As in the deterministic case the
transformation between the two representations are given by

Nu(t) = \/N1()? + No(0)? Np(t) = tan-1 [N Q(t)}

Ni(t)
and
Ni(t) = Na(t) cos(Np(2)) Ng(t) = Na(t)sin(Np(2))

A bandpass random process has sample functions which appear to be a
sinewave of frequency [, with a slowly varying amplitude and phase. An ex-
ample of a bandpass random process is shown in Figure 10.3(a). As in the de-
terministic signal case, a method of characterizing a bandpass random process
which is independent of the carrier frequency is desired. The complex envelope
representation provides such a vehicle.

The complex envelope of a bandpass random process is defined as

N.(t) = N1(t)+ jNq(t) = Na(?) explj Np(?)] (10.9)
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Nt) X ®Nl(t) @ Nit)
+
2 cos(2zf1) CZ) Nl 2 cos(2zf 1)
/2 ) /2
No(®) X 0 @ ~No(0)

Figure 10.4 The transformations between bandpass noise and the baseband components.

The original bandpass random process can be obtained from the complex enve-
lope by

N.(t) = V2R[N,(t) explj 2r f.t]]

Since the complex exponential is a deterministic function, the complex ran-
dom process N,(¢) contains all the randomness in N (). In a similar fashion
as a bandpass signal, a bandpass random process can be generated from its I
and Q components and a complex baseband random process can be generated
from the bandpass random process. Figure 10.4 shows these transformations.
Figure 10.5 shows a bandpass noise and the resulting in-phase and quadra-
ture components that are output from a downconverter structure shown in

Figure 10.4.
1.5 . . . . . . . 1.5
— Ni(®
1 1
0.5} °
=
s 5
z 0 B
3
-0.5 Z
11
-1.5 . . . . . . . -1.5 . . . . . . .
0.046 0.048 0.050 0.052 0.054 0.046 0.048 0.050 0.052 0.054
Time, t, sec Time, t, sec
(a) Bandpass noise (b) Baseband noises

Figure 10.5 A bandpass noise and the resulting in-phase and quadrature noises. By =2000 Hz and f, = 6500 Hz.
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Correlation functions are important in characterizing random processes.
Autocorrelation functions were a focus of Chapter 9. For bandpass processes
the crosscorrelation function will be important as well.

Definition 10.1 Given two real random processes, N1(¢) and N ¢(t), the crosscorrelation
function between these two random processes is given as

RN No(t1,t2) = EIN1(#1)N q(t2)] (10.10)

The crosscorrelation function is a measure of how similar the two random pro-
cesses behave. In an analogous manner to the discussion in Chapter 9 a cross-
correlation coefficient can be defined.

The correlation function of a bandpass random process, which is derived using
Eq. (10.7), is given by

Ry (t1,t2) = E[N:(¢1)N(t2)]
= 2Ry, (t1, t2) cos(2rm ft1) cos(2m fot2) — 2RN, N, (21, t2) cos(2m ft1)
x sin(27x fetz) — 2R NN, (t1, to) sin(27 ft1) cos(2m f.t2)
+2RN,(t1, t2) sin(2rm ft1) sin(27 ft2) (10.11)

Consequently, the correlation function of the bandpass noise is a function of
both the correlation function of the two lowpass noise processes and the cross-
correlation between the two lowpass noise processes.

Definition 10.2 The correlation function of the complex envelope of a bandpass random
process is

R, (t1,t9) = EIN(t1) N} (t2)] (10.12)

Using the definition of the complex envelope given in Eq. (10.9) produces

Ry, (t1,t2) = Ry, (t1, t2) + Ry (t1,2) + j [= Ry, Ny (t1, t2) + Ry, (t1, £2)]
(10.13)
The correlation function of the bandpass signal, Ry (¢1, t2), is derived from the
complex envelope, via

Ry, (t1,t2) = 2E(RIN,(t1) explj 2n ft1]IRIN [ (¢2) exp[—j2n fcto]])  (10.14)

This complicated function can be simplified in some practical cases. The case
when the bandpass random process, N.(¢), is a stationary random process is
one of them.

10.2 Characteristics of the Complex Envelope

10.2.1 Three Important Results

This section shows that the lowpass noise, N;(¢) and Ng(¢) derived from a
bandpass noise, N.(¢), are zero mean, jointly Gaussian, and jointly station-
ary when N (¢) is zero mean, Gaussian, and stationary. These characteristics
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simplify the description of N;(¢) and N ¢(¢) considerably. Important quantities
in this analysis will be

N1(t) = N.(t)vV2 cos(2n f.t)

No(t) = =N (6)V2sin(27 fot) (10.15)

which are the outputs of the multipliers in the down converter in Figure 10.4.

Property 10.1 Ifthe bandpass noise, N.(¢), has a zero mean, then N;(¢) and N ¢(¢) both
have a zero mean.

Proof: This property’s validity can be proved by considering how N;(¢) (or
Ng(2)) is generated from N.(¢) as shown in Figure 10.4. The I component of
the noise is expressed as

Ni(t) =N1(@t) xhp(t) = \/5/00 hi(t — )N (t)cos(2n f.r)dT

where hy(¢) is the impulse response of the lowpass filter. Neither Az (¢) nor the
cosine term are random, so the linearity property of the expectation operator
can be used to obtain

E(N;(®)) = \/E/OO hp(t —1)E(N (1)) cos2rf.t)dt =0

The same ideas holds for Ng(¢). O

This property is important since the input thermal noise to a communication
system is typically zero mean; consequently, the I and Q components of the
resulting bandpass noise will also be zero mean.

Definition 10.3 Two random processes N;(¢) and Ng(¢) are jointly Gaussian random
processes if any set of samples taken from the two processes are a set of joint Gaussian
random variables.

Property 10.2 If the bandpass noise, N.(¢), is a Gaussian random process then N (¢)
and N (¢) are jointly Gaussian random processes.

Proof: The detailed proof techniques are beyond the scope of this course but are
contained in most advanced texts concerning random processes (e.g., [DR87]).
A sketch of the ideas needed in the proofis given here. A random process which
is a product of a deterministic waveform and a Gaussian random process is
still a Gaussian random process. Hence N1(¢) and Ny(¢) are jointly Gaussian
random processes. N(¢) and N g(¢) are also jointly Gaussian processes since
they are linear functionals of N1(¢) and Ny(¢) (i.e., N;(¢) = N1(¢) «hy(t)). O

Again this property implies that the I and Q components of the bandpass
noise in most communication systems will be well modeled as Gaussian ran-
dom processes. It is easy to deduce that many of the samples of N;(¢) (and sim-
ilarly Ng(¢)) are Gaussian random variables. Sampling N (¢) at t = £/(2f.)
where % is an integer gives N.(k/(2f.)) = (—=1)*N;(k/(2f.)). Since N.(t) is a



10.8 Chapter Ten

300 . " " " " 300

[\e] N
S (94
(=) (e}
[\e)
W
(=)

Number of Occurrences
—
D
=)

Number of Occurrences
p—
N
<)

W
(e
W
o

0 . 0 -
-15 -1 -0.5 0 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5

Values of Ny(t) Values of Nq(t)
(a) N;(0.045) (b) Np(0.045)

Figure 10.6 Histogram of samples of the random variables N7(0.045) and N ¢(0.045) after downconverting a band-
pass noise process.

Gaussian random process these samples are Gaussian random variables and
consequently many samples of the lowpass processes are also Gaussian random
variables. Property 10.2 simply implies that all jointly considered samples of
Ni(t) and N (¢) are jointly Gaussian random variables.

EXAMPLE 10.3

Consider the previous bandpass filtered noise example where f. = 6500 Hz and the
bandwidth is 2000 Hz. Figure 10.6 shows histogram of samples of the random variable
N1(0.045) and N (0.045) (i.e., the lowpass processes sampled at ¢ = 45 ms) after down-
conversion of a bandpass noise process. Again it is apparent from this figure that the
lowpass noise is well modeled as a zero mean Gaussian random process. It is interesting
to note that at least in this example samples from N;(¢) and Ng(¢) appear to have a
common distribution.

Property 10.3 If a bandpass signal, N.(¢), is a stationary Gaussian random process,
then N;(¢) and N g(¢) are also jointly stationary, jointly Gaussian random processes.

Proof: Define the random process N,i(¢) = Ni(¢) + jNo(t) = N.(t)V2 x
exp[—j2rf.t]. Since N.(¢) is a stationary Gaussian random process then
Ry, (t1,t2) = 2Ry, (1) expl—j2n f.t] = Ry, (7) where v = t; —fo. Since N,(t) =
N.1(t)xhy(t), if N,1(¢) is stationary then the stationarity of the output complex
envelope, N.(t), is due to Property 9.11. Using the stationarity of N,(¢) with
the result in Eq. (10.13) gives the following relationship

RNZ(T) = RNI(tl, tg)—l—RNQ(tl, to)+J [_RNINQ(tl, tz)—}-RNQNI(tl, tg)] (10.16)
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which implies that both the real and imaginary part of Ry, (r) must only be
functions of t so that

Ry, (t1,t2) + Ry, (t1, t2) = g1(7) — Ry no(t1,t2) + Ry, (t1, t2) = g2(T)
(10.17)
Alternately, since N.(¢) has the form given in Eq. (10.11) a rearrangement
(by using trigonometric identities) with to = t; — 7 gives

RNC(T) = [RNI(tI, ta) + RNQ(tla t2)] cos(2rf.t) + [RNI(tl; to) — RNQ(tl, tz)}
X COS(ZTL'fc(ZtQ +17))+ [RNINQ(tly to) — RNQN](tla tg)} sin(anct)
—[RN,No(t1, 82) + Ryon, (t1, £2)] sin(27 £ (2t + 7)) (10.18)

Since N (¢) is Gaussian and stationary this implies that the right-hand side
of Eq. (10.18) is a function only of the time difference, r and not the absolute
time £5. Consequently, the factors multiplying the sinusoidal terms having ar-
guments containing fo must be zero. Consequently, a second set of constraints

is
Ry, (t1,82) = Rno(t1,t2) R ng(t1,t2) = —Rngn, (81, 82) (10.19)
The only way for Eq. (10.17) and Eq. (10.19) to be satisfied is if
Ry, (t1,t2) = Ryy(t1,t2) = Ry, (7) = Ry, (7) (10.20)

RN]NQ(t17 tZ) = _RNQN1(t17 tZ) = RNINQ(T) = —RNQNI(T) (1021)

Since all correlation functions and crosscorrelation functions are functions of t
then N;(¢) and Ng(¢) are jointly stationary. O

Point 2: If the input noise, N.(¢), is a zero mean, stationary, Gaussian ran-
dom process then N;(¢) and Ng(¢) are zero mean, jointly Gaussian, and
jointly stationary.

10.2.2 Important Corollaries

This section discusses several important corollaries to the important results
derived in the last section. The important result from the last section is sum-
marized as follows: if N.(¢) is zero mean, Gaussian and stationary then N;(¢)
and N g(¢) are zero mean, jointly Gaussian, and jointly stationary.

Property 10.4

Ry, (7) = Rny(7) (10.22)
Surprisingly, this property, given in Eq. (10.20), implies that both N;(¢) and
Nq(t) behave in a statistically identical manner. Consequently, the power of

the noise in each component is identical, i.e., E[N7(¢)] = E[N3(#)] = o5, . This
is empirically confirmed by examining the histograms in Figure 10.6.
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Property 10.5
RN No(1) = —RN;No(—T) (10.23)

This property, due to Eq. (10.21), implies Ry, n,(7) is an odd function with
respect to 7.

Property 10.6 Ry, (1) = 2RN, (1) — j2RN, N, (1)
Proof: This is shown by using Eq. (10.22) and Eq. (10.23) in Eq. (10.13). a

This implies that the real part of Ry, (r) is an even function of v and the
imaginary part of Ry_(7) is an odd function of .

Property 10.7

Ry, (1) = 2RN, (1) cos(27 fe) + 2RN, No (1) sin(27 f 1) = R [RN, (1) exp(j 27 fT)]
(10.24)

Proof: This is shown by using Eq. (10.22) and Eq. (10.23) in Eq. (10.18). O

This property implies there is a simple relationship between the correlation
function of the stationary Gaussian bandpass noise and the correlation function
of the complex envelope of the bandpass noise. This relationship has significant
parallels to the relationship between bandpass and the baseband signals given
in Chapter 4.

Property 10.8 var(N.(¢)) = 012\, =var(Nj(¢)) + var(Ng(¢)) = 2var(N(¢)) = var(IN,(¢))
= 20]2\,1

Proof: This is shown by using Eq. (10.22) in Eq. (10.24) for = 0. O

This property states that the power in the bandpass noise is the same as
the power in the complex envelope. This power in the bandpass noise is also
the sum of the powers in the two lowpass noises which comprise the complex
envelope.

Property 10.9 For the canonical problem considered in this chapter, Nj(¢) and Ng(¢)
are completely characterized by the functions Ry, (7) and Ry, N, (7).

Proof: Any joint PDF of samples taken from jointly stationary and jointly
Gaussian processes are completely characterized by the first- and second-order
moments. Note, first that N;(¢) and Ng(¢) are zero mean processes. Conse-
quently, the characterization of the process only requires the identification of
the variance, Uz%/, = Rn,(0), and the correlation coefficient between samples.
The correlation coefficient between samples from the same process is given
as pn,(t) = Ry, (t)/Ry,(0) while the correlation coefficient between samples
taken from N;(¢) and Ng(¢) is pn,n,(7) = BN, no(7)/ RN, (0). O
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EXAMPLE 10.4
If one sample from the in-phase noise is considered then

1 nl2
[N () = ——=cexp | ——5 (10.25)
\ /27101%,1 20NI

where UZ%]I = Rn,(0).

EXAMPLE 10.5
If two samples from the in-phase noise are considered then

1 —(n? — 2pn,(0)nyng + n2
N @)N;t—o)(n1, n9) = exp l (3 - 2)

2roy, /(1 - PR, (D) 20%, (1 - 0%, (D)

where oy, (t) = Ry, (7)/Rn,(0).

EXAMPLE 10.6
If one sample each from the in-phase noise and the quadrature noise are considered
then

1
N ONg—0) (11, n9) = ; - exp
2710NI (l—pNINQ(t))

—(n% = 2oN;No(TIning + ng)

20]%71 (1 - pZZV]NQ(T))

where pn, N, (7) = BN;No(7)//BN,;(0)RN,(0) = BN, Ny (7)/ RN, (0).

Property 10.10 The random variables N(¢s) and N g(¢;) are independent random vari-
ables for any value of ¢;.

Proof: From Eq. (10.23) we know Rx,n,(7) is an odd function. Consequently,
Rn,n,(0)=0. Since N;(#) and N (¢) are jointly Gaussian and orthogonal ran-
dom variables then they are also independent. O

Any joint PDF of samples of N;(¢;) and N g(¢;) taken at the same time have the
simple PDF

1 —(n2 + n2
NN (a1, ng) = 5 €Xp () 5 2
2rog, 20y,

(10.26)

This simple PDF will prove useful in our performance analysis of bandpass
communication systems.
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Point 3: Since N;(¢) and N ¢(¢) are zero mean, jointly Gaussian, and jointly
stationary then a complete statistical description of N;(¢) and N ¢(¢) is avail-
able from Ry, (7) and Ry, nq (7).

10.3 Spectral Characteristics

At this point we need a methodology to translate the known PSD of the band-
pass noise Eq. (10.1) into the required correlation function, Ry, (t), and the
required crosscorrelation function, Ry, n,(7). To accomplish this goal we need
a definition.

Definition 10.4 For two random processes N(¢) and N ¢(¢) whose crosscorrelation func-
tion is given as Ry, N, (1) the cross spectral density is

SNiNo(F) = F{RNn,;No(D)} (10.27)
Property 10.11 The PSD of N,(¢) is given by
SN.(f) = F{RN.(D)} = 28N, () — j 28N, No(F) (10.28)
where Sy, (f) and Sy, v, (f) are the power spectrum of N(¢) and the crosspower spec-
trum of N;(¢) and N (¢), respectively.

Proof: This is seen taking the Fourier transform of Ry, (t) as given in Prop-
erty 10.6. O

Property 10.12 Sy, v, (f) is purely an imaginary function and an odd function of f.

Proof: This is true since Ry,n,(7) is an odd real valued function (see Prop-
erty 2.6). A power spectral density must be real and positive so by examining
Eq. (10.28) it is clear S, v, (f) must be imaginary for Sy, (f) to be a valid power
spectral density. |

Property 10.13 The even part of Sy, (f) is due to Sy, (f) and the odd part is due to
SNiNo(F).

Proof: A spectral density of a real random process is always even. Sy, (f) is
a spectral density of a real random process. By Property 10.12, Sy, n,(f) is a
purely imaginary and odd function of frequency. O

Property 10.14

SN, (f)+Sn,(—1)
4

Sn.(=f)=8Sn.(f)

SN](f)Z J4

SNiNo(f) =

Proof: This is a trivial result of Property 10.13 O

Consequently, Property 10.14 provides a simple method to compute Sy, (f) and
Sn;No(f) once Sy, (f) is known. Sy, (f) can be computed from Sy, (f) given in
Eq. (10.1) in a simple way as well.
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Property 10.15

1 1
SNc(f) = ESNZ(IC — fo)+ ESNZ(_]C = fe)

Proof: Examining Eq. (10.24) and the frequency translation theorem of the
Fourier transform, the spectral density of the bandpass noise, N,(¢), is ex-
pressed as

Sw.(f) = 28, (F) * E(S(f C o+ %S(f + ﬂ)]

1 1
28N, ng(f) + [Z—J.S(f — fo— g9 + fa]
where * again denotes convolution. This equation can be rearranged to give

Sn.(f) =[S, (f = f) —JSning(f = fO] + [Sn,(f + [+ i Snine(f + [
(10.29)
Noting that due to Property 10.12

SN, (=) =28Nn,(f) + j2SN,ny(f) (10.30)
Equation (10.29) reduces to the result in Property 10.15. O

This is a very fundamental result. Property 10.15 states that the power spec-
trum of a bandpass random process is simply derived from the power spectrum
of the complex envelope and vice versa. For positive values of f, Sy (f) is ob-
tained by translating Sy (f) to f. and scaling the amplitude by 0.5 and for
negative values of f, Sy, (f) is obtained by flipping Sy, (f) around the ori-
gin, translating the result to — f,, and scaling the amplitude by 0.5. Likewise
Sn.(f) is obtained from Sy, (f) by taking the positive frequency PSD which is
centered at f. and translating it to baseband (f = 0) and multiplying it by 2.
Property 10.15 also demonstrates in another manner that the average power of
the bandpass and baseband noises are identical since the area under the PSD
is the same (this was previously shown in Property 10.8).

EXAMPLE 10.7
Example 10.1 showed a receiver system with an ideal bandpass filter that had a band-
pass noise PSD of

A2N, _ < Br
Sn.(f) = 20 = fel =3 (10.31)
0 elsewhere

Moving the positive frequency portion of the spectrum at f, to baseband and doubling
the height gives

A2N < Br
SN.(f) = o If1=7 (10.32)
0 elsewhere
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Figure 10.7 The measured PSD of the complex envelope of a bandpass process resulting from bandpass filtering a
white noise.

Since there is no odd part to this PSD

AZN() BT
1= 5

S, (f) ={ 2 Sning() =0 O (10.33)
0 elsewhere

Again considering the previous example of bandpass filtered white noise with f. =
6500 Hz and a bandwidth of 2000 Hz a resulting measured power spectral density of the
complex envelope is given in Figure 10.7. This measured PSD demonstrates the validity
of the analytical results given in Eq. (10.36).

EXAMPLE 10.8
Consider an example PSD that might appear in a receiver for SSB-AM transmission
given as

A’Ng 0< —fe<B
SNc<f)={ 0 0sIf1-fesBr (10.34)

0 elsewhere

Moving the positive frequency portion of the spectrum at f. to b